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Preface 


The recent physical interpretation of intrinsic differential geometry 
of spaces has stimulated the study of this subject. Riemann pro- 
posed the generalization, to spaces of any order, of the theory of 
surfaces, as developed by Gauss, and introduced certain fundamental 
ideas in this general theory. From time to time important con- 
tributions to the theory were made by Bianchi, Beltrami, Christoffel, 
Schur, Voss and others, and Ricci codrdinated and extended the 
theory with the use of tensor analysis and his Absolute Calculus. 
Recently there has been an extensive study and development of 
Riemannian Geometry, and this book aims to present the existing 
theory. 

Throughout the book constant use is made of the methods of 
tensor analysis and the Absolute Calculus of Ricci and Levi-Civita. 
The first chapter contains an exposition of tensor analysis in form 
and extent sufficient for the reader of the book who has not 
previously studied this subject. However, it is not intended that 
the exposition shall give an exhaustive foundational treatment of 
the subject. 

Most, if not all, of the contributors to the theory of Riemannian 
Geometry have limited their investigations to spaces with a metric 
defined by a positive definite quadratic differential form. How- 
ever, the theory of relativity deals with spaces with an indefinite 
fundamental form. Consequently the former restriction is not made 
in this book. Although many results of the older theory have 
been modified accordingly, much remains to be done in this field. 

The theory of parallelism of vectors in a general Riemannian 
manifold, as introduced by Levi-Civita and developed by others, 
is set forth in the second chapter and is applied in other parts 
of the book. The extensions of this theory to non-Riemannian 
geometries are not developed in this book, since it is my intention 
to present some of them in a later book. 


lv Preface 


Of the many exercises in the book some involve merely direct 
applications of the formulas of the text, but most of them con- 
stitute extensions of the theory which might properly be included 
as portions of a more extensive treatise. References to the sources 
of these exercises are given for the benefit of the reader. All 
references in the book are to the papers listed in the Bibliography. 

In the writing of this book I have had invaluable assistance 
and criticism by four of my students, Dr. Arthur Bramley, Dr. Harry 
Levy, Dr. J. H. Taylor and Dr. J. M. Thomas. I desire also 
to express my appreciation of the courtesies extended by the 
printers Liitcke & Wulff and by the Princeton University Press. 


October, 1925. 
Luther Pfahler Eisenhart. 
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CHAPTER I 
Tensor analysis 


1. Transformation of coérdinates. The summation con- 
vention. Any » independent variables x, where z takes the values 1 
to n, may be thought of as the codrdinates of an n-dimensional 
space V, in the sense that each set of values of the variables 
defines a point of V,. Unless stated otherwise it is understood 
that the coordinates are real. 

Suppose that we have n independent real functions ¢’ of the 
variables x1, z°, ---, #”.* A necessary and sufficient condition 
that the functions be independent is that the Jacobian does not 
vanish identically;+ that is, 


ay" eee 0g" 
z da’ 0a} 
a.) ee) =| 111 Fe 
Og? 0g” 
OMe " agn 
lf we put | 
(1.2) a! = gi(at,---, «”) Gi = 1,---,n), 


the quantities 7’ ave another set of codrdinates of the space; 
when in the right-hand members of (1.2) we substitute the co- 
drdinates x’ of any point P, these equations give the coordinates a!” 
of P. Thus equations (1.2) define a transformation of cobrdinates of 
the space Vn. In consequence of the assumption (1.1) the x’s are 
expressible in terms of the 2’’s, say 


(1.3) t= yea’, --g ee) G = 1,---, 7). 


*When we consider any function, it is understood that it is real and con- 
tinuous, as well as its derivatives of such order as appear in the discussion, in 
the domain of the variables considered, unless stated otherwise. 

+ Goursat, 1904, 1, p. 57; Wilson, 1911, 1, p. 133. 
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If we think of the x’s as functions of the x’’s, then by the 
rules for differentiation 


ack _ ' Si" oak Oa!" 
0 xd 7 Oa" da 
However, since the x’s are independent, the left-hand member of 


the above equation is zero unless k =, in which case it is unity. 
Accordingly we can write 


rie siete b, j 
tN OURO 


: =O, 
(1 4) 7. 9 al" dad He) 
where by definition 
(1.5) }=1o0r0, ask=—jork+j. 


These are called the Kronecker deltas and are used frequently 
throughout this work. In like manner we have 


Se" aa!” aut 
(1.6) > 2S Saar 


ta? Oar!” 


If in (1.4) we hold k fixed and let 7 take the values 1 to n, 


; Oak 
we have 7 equations linear in —e forz =—1,---,n. Solving for 
these quantities, we obtain 
aa” . | ax” 
, ofact ess ; 
an aie al cofactor of petal Saat 
ogre aa!” 
0 ad 


Any direction at a point P of the space is determined by the 
differentials dx’ and the same direction is determined in another 
set of codrdinates x’ by the differentials dx’*, where from (1.2) 


1,--+,7 


OG. age wi On ; 
1.8 ge Ese go ae 
(1.8) dx ~ hal dic! al ax. 
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It is desirable now to introduce a convention which will be used 
throughout this book, namely that when the same letter appears 
in any term as a subscript and superscript, it is understood that 
this letter is summed for all the values, say n, which this letter 
takes and consequently the one term stands for the sum of m terms. 
Thus we write (1.8) in the form 


17 


+f a) : ee 
(1.9) Tee = dx Onp iand ow ck 9)! 


Since 7 appears twice in the right-hand member in the manner 
indicated and 7 appears only once, the right-hand member stands 
for the sum 


i st 


a ye 
OX 
a) 
0 


When the same index appears twice and has the significance just 
defined, we call it a dummy index, since the letter used for such 
an index is immaterial. However, a letter appearing as another 
index must not also be used for a dummy index, otherwise an 
ambiguity would be introduced. Thus 2 in (1.9) could not be used 
also in place of 7, but the right-hand member of (1.9) could be 
written in such forms as 


(hy b= Dee a). 


It should be remarked that (1.9) represents n epua ton obtained 
by giving z the values from 1 to n. 
Using the summation convention, we write (1.4) and (1.6) in the 


forms 
aack® da" i aa!” oat 


Li = 0; S == —— Oe 
(1.10) Te CPE v5 dat ay J 


2. Contravariant vectors. Congruences of curves. Let 4 
be any » functions of the z’s and let n functions 2” be defined by 


9 xt 


0a 


(2.1) jie = M OE are 1, eke n). 


1* 
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We observe that equations (1.9) are of this form. If equations (2.1) 


ke 
be multiplied by oii and 2 be summed from 1 to , we have in 
x 


consequence of (1.10) 


Ke : nt Ke : 
Oa ij OX Ont ie 
Oa Ox! ag!" 


The right-hand member is the sum of » terms each of which is 
zero by (1.5) unless 7 = k, and consequently the right-hand member 
reduces to the single term 4*. Accordingly we have 


(2.2) ak == 3" 


The same result is obtained if we solve (2.1) for 4/ by algebraic 
processes and make use of (1.7). However, the process used above 
is very simple and will be used frequently. From (2.1) and (2.2) 
it is seen that the relation between the 4’s and 4s is entirely 
reciprocal. 

Suppose now that we have a set of functions 2”" in another 
coérdinate system x” defined by equations of the form (2.1), thus 


ne 


; Ox 
qi"? — je 
0 ack 
Then by means of (2.2) we have 
yn oa yr as 8 ar” = yi ats 
aa!’ dak 0a" 


Observe that we have changed the dummy index 7 in (2.2) to J, 
since 2 appears already. The above equations and (2.2) being 
similar to (2.1), we see that the relations (2.1) possess what may 
be called the group property. 

When two sets of functions 4* and 4” are related as in (2.1), we 
say that 4 are the components of a contravariant vector in the 
system x and 4’ the components of the same vector in the system 2”. 
From this definition it follows that any m functions of the z’s in 
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one codrdinate system may be taken as the components of a contra- 
variant vector, whose components in any other system are defined 
by (2.1). From (1.9) we see that the first differentials of the 
coérdinates in any system are the components of a contravariant 
vector whose components in any other system are the first differentials 
of the codrdinates of that system. 

A contravariant vector as defined determines a direction at each 
point of the space, that is, a field of vectors in the ordinary sense 
that a vector is a direction at a point. However, we will use 
interchangeably the terms vector and vector-field.* 

tf 4’ are the components of any contravariant vector, a displace- 
ment in the direction of the vector at a point satisfies the equations 


' dz} ax? dat 
(2.3) 2p aa Ge 


From the theory of differential equations of this form we have 
that these equations admit »—1 independent solutions 


(2.4) g ee ae ore ac”) =o Gj oar 1, PERL i) 


aed 

0 xt 
rank n—1. The functions ¢/ are solutions of the partial differential 
equationtT 


(2.5) ce ae 


where the c’s are arbitrary constants and the matrix is of 


Jf now we effect the transformation of coérdinates (1.2) in which 


for y/, where 7 = 1,---, ~—1, we take the above solutions and 
tor g” any function such that (1.1) is satisfied, we have from (2.1) 
(2.6) Mia O GH=1,-:,n—1), 2°40, 

Hence: 


When a contravariant vector is given, a system of codrdinates can 
be chosen in terms of which all the components but one of the vector 
are equal to zero. 

* Many of the ideas developed in this chapter were studied first by Christoffel, 
1869, 1, and by Ricci, whose development was presented by him and Levi-Cwita 
in their paper, 1901, 1. 

+ Goursat, 1891, 1, p. 29. 
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If the coordinates of any point P are substituted in (2.4), the 
values of c/ are determined and the » —1 equations (2.4) for these 
values of c/ define a curve through P, that is, the locus of points 
whose coordinates satisfy n—1 equations, or, what is equivalent, 
whose coordinates are expressible as functions of a single para- 
meter. Thus equations (2.4) define a congruence of curves, one of 
which passes through each point of the space Vn. We say that 
the congruence is determined by the vector-field 4* and that the 
vector 4’ at a point is tangent to the curve of the congruence through 
the point. Thus we identify the differentials for a curve with com- 
ponents of the tangent vector. 

3. Invariants. Covariant vectors. If a function / of the x’s 
and a function /’ of the z’’s are such that they are reducible to 
one another by the equations of the transformations of the variables, 
they are said to define an znvarzant. In this sense an invariant 
is a scalar as defined in vector analysis, and is so called by some 
writers on tensor analysis. It should be remarked that the term 
invariant as thus used has a different connotation from its definition 
in the field of algebraic invariants. In fact, any function of the 2’s 
can be taken as an invariant and then its definition in any other 
coordinate system is determined by the transformation of codrdinates. 

If f be any function, we have 


OF a) 0 acd ae 
(3.1) 9 alt —< of 9 alt (@, j = 1,--+, n). 


These equations are a special case of the equations 
0 ad 


(3:2) 1 oes Apes ge 
0x 


where 4; are any functions of the x’s and the 2’s are functions of 
the «’’s defined by (3.2). As in § 2 it can be shown that (3.2) are 


equivalent to 
aatt 


also that the relation (3.2) possesses the group property (§2). When 
two sets of functions 4; and 4; are in the relation (3.2), we say 
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that the 2’s are the components of a covariant vector in the x’s 
and the 2’’s are the components of the same vector in the x’s. 
Kyidently a covariant vector is defined uniquely by choosing any 
set of nm functions in one codrdinate system. In particular, it 
follows from (3.1) that if the first derivatives of a function / are 
taken as the components of a covariant vector, the components 
of the same vector in any other system are the first derivatives of 
the function with respect to the new coérdinates. Such a covariant 
vector is called the gradient of /f. 

It should be observed that the index of a contravariant vector is 
written as a superscript and of a covariant vector as a subscript; 
this is done so that the summation convention can be used in (2.1), 
(2.2), (8.2) and (3.3). 

If 4 and jy; are the components of any contravariant and covariant 
vectors respectively, from equations of the forms (2.1) and (3.2) and 
from (1.10) we have 


If in the right-hand member we sum first for k, all the terms for any 7 
vanish except when k — j, and consequently 


(3.4) 2 ph = Mi jy = Diy. 


Each member of this equation consists of the sum of » terms, and 
the members being equal because of (1.2), it follows that 2m, is 
an invariant. 

Suppose conversely that we have an equation such as (3.4) in 
which it is assumed that 2’ are the components of a contravariant 
vector. In consequence of (2.1) we have 


; aa” 
Ad Ca uw) =D 
From this equation it can be concluded that m; is a covariant 
vector, if 4/ is an arbitrary vector and only in this case. Hence: 
Tf the quantity 24; is an invariant and either 1 or wu: are the 
components of an arbitrary vector, the other set are components of 
a vector. 
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Let 4; be the components of a covariant vector and consider the 
equation 
(3.5) Mud == OF 


This equation admits »—1 linearly independent sets of values of 
the differentials dx’ in terms of which any other set is linearly 
expressible. The totality of directions at a point satisfying (3.5) 
constitute what may be called an elemental Vn_s at the point. 
Hence a covariant vector field may be considered geometrically as 
defining an elemental V,-1 at each point. In general, equation (3.5) 
does not admit a family of solutions of the form f(z’, ---, 2”) =, 
where c is a constant; when it does, that is, when (3.5) is com- 
pletely integrable, the elemental V,—1’s at all points of such a hyper- 
surface f = ¢ coincide with the hypersurface. 


Exercises 
1. If 4A= gp, # = 0(j +1), where ¢ is an arbitrary function of the «’s, are 
taken as the components of a contravariant vector in the x’s, the components 1” 
in any other coordinate system «” are given by 


da” 


ere 


1g 


2. If 4, = gy, 4,=0(j +, where ¢ is an arbitrary function of the a’s, are 
taken as the components of a covariant vector in the x’s, the components in any 
other coordinate system «” are given by 


Aah 
Mn ee OL 
Ue ee ay An” 
3. If Aq’ are the components of m vector-fields in a Vn, where 7 fori =1,---, 
indicates the component and « for « = 1,---, m the vector, and these vectors are 


independent, that is, the determinant |A,\'| +0, then any vector-field A¢ is ex- 
pressible in the form 
Ne i 

where the a’s are invariants. ; 

4. If u, are the components of a given vector-field, any vector-field # satisfying 
A‘ w, = 0 is expressible linearly in terms of nm —1 independent vector-fields A, j' for 
% =1J,---,n2—1 (The vectors 4)’ are independent, if the rank of the matrix 
I|dei'|| is » —1). 

5. For a linear transformation of the form 2” = a; 2, where the a’s are 
constants and the determinant a = | a*,| +0, the codrdinates are components of 
a contravariant vector-field in both codrdinate systems. If we put 
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2 path ; 
Uo = Uj L4, 


we have an induced transformation on the wu’s given by uw; = A? uj, where A? is 
the cofactor of a; in the determinant @ divided by a. Show that uj and wu are 
components of a covariant vector in the a's and a’’s for the given transformation. 


4. Tensors. Symmetric and skew-symmetric tensors. 
Let 2%, w* be the components of two contravariant vectors and &;, 7; 
the components of two covariant vectors. If we put 
(4.1) ad = 2 w/, Ay = § 15, a= ME, 
and denote by a’”, ay and a’; the same functions in the components 
2", w", &, 7: for a codrdinate system x”, it follows from equations 
of the form (2.1) and (3.2) that 


(4.2) fee ee 
= Ox Aat’ 
ae ax® aa! 
(4.3) A = ae an et” 

st I 
(4.4 a; = 4 —. 
\ ) J 0 ak 9a 


If we have any two sets of functions in two coérdinate systems 
satisfying equations of one of these forms, we say that 

a are the components of a contravariant tensor of the second 
order, 

ai are the components of a covariant tensor of the second order, 

ay are the components of a mixed tensor of the second order. 
It should be observed that as thus defined any tensor of one of 
these types is not necessarily obtainable from vectors as in (4.1). 

From this definition it follows that any set of »? quantities can 
be taken as the components of a tensor of the second order of any 
type and the components of the tensor in any other codrdinate 
system are defined by (4.2), (4.3) or (4.4), according as the tensor 
is to be contravariant, covariant or mixed. 

As an example we consider the case a — 0*, where 0} are the 
Kronecker deltas defined by (1.5). From (4.4) we have 
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Hence: 

Tf the Kronecker deltas are taken as the components of a mixed 
tensor of the second order in one set of codrdinates, they are the 
components of the tensor in any set of coordinates. 

Tensors of any order are defined by generalizing (4.2), (4.3), (4.4). 
Thus the equations 


Iv; Beli 

b Ow S,+-°8s Ox OX 

(4.5) Ge a gE ad ee 
One ape 


define a contravariant tensor of the mth order; 


Ss; 8 
Ox" Ons 
(4.6) Oy. Lees — As, ++ +Syp 'v or ey W 
Oe oe 
a covariant tensor of the mth order; 
. . if t 
ics foe 6a"™ 8a Ox! 
(4.7) He R= J m erleme rene 
i D,: ‘ty: +t 5, Ser ID; Dp 
LOL Ox Ox Ova 


a mixed tensor of the m-+q order which is contravariant of the 
mth order and covariant of the qth order.* 

Concerning these definitions we make the following observations 
and deductions: 

(1) A superscript indicates contravariant character, a subscript 
covariant; 

(2) Any set of functions in sufficient number can be taken as 
the components of a tensor of any type and order in one codrdinate 
system and the components in any other system are defined by 
equations (4.5), (4.6) or (4.7) as the case may be; 

(3) A contravariant vector is a contravariant tensor of the first 
order; a covariant vector is a covariant tensor of the first order; 

(4) An invariant is a tensor of zero order. The latter designation 
is a more appropriate term than invariant because of the possible 
ambiguity of the term invariant; 

(5) From (4.5), (4.6) and (4.7) it follows that if the components 
of a tensor in one codrdinate system are zero at a point, they are 


“It can be shown as in § 2 that these definitions possess the group property. 


4. Tensors. Symmetric and skew-symmetric. tensors 11 


zero at this point in every codrdinate system; in particular, if the 
components are identically zero in one codrdinate system, they are 
identically zero in every coérdinate system. 

From the form of equations (4.5), (4.6) and (4.7) it is clear that 
the order of the indices plays a rédle in these equations. Suppose, 
however, that the relative position in the a’s of two or more indices, 
either contravariant or covariant, is immaterial, which means that 
the a’s with these indices interchanged are equal. Then from the 
form of these equations it follows that the order of the corre- 
sponding indices in the a’’s is immaterial. For example, suppose 


* ~ 8, So-°-S 85 S,°°°S 
that in (4.5) go? -* == 4". then we. have 
Pett ee Ald Ge ee A a”™ 
a 1 m —— a) t= 2 Mm i arearce Tee — 
OO OMG Orca 
Ws, ” T 
Des Sen Res a = Pa 
ae cA x“ = ; 5, : aT, 
an “De oem 


When the relative position of two or more indices, either contra- 
variant or covariant, in the components of a tensor is immaterial, 
the tensor is said to be symmetric with respect to these indices. 
If the order of all the indices is immaterial, the tensor is said to 
be symmetric. 

A general tensor of the second order has n* components, whereas, 
if the tensor is symmetric, there are only n(n-+1)/2 different 
components. Similar formulas for the number of components can be 
obtained for symmetric tensors of higher order or tensors symmetric 
with respect to certain indices. 

When for a tensor two components obtained from one another 
by the interchange of two particular indices, either contravariant 
or covariant, differ only in sign, the tensor is said to be skew- 
symmetric with respect to these indices. When the interchange of 
any two indices, either contravariant or covariant, produces only 
a change in sign in the components, the tensor is said to be skew- 
symmetric. It can shown as above, that if a tensor has the property of 
skew-symmetry in one system of codrdinates, it has it in every system. 

If aj is skew-symmetric, then a; = 0 and there are only n(m—1)/2 
different components. Also, if a,,...,, is skew-symmetric in an 
n-dimensional space, all the components are zero or equal to within 
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sign. For a four-dimensional space there are 6 different components 
of a skew-symmetric tensor ay (it is sometimes called a s¢x-vector). 

5. Addition, subtraction and multiplication of tensors. 
Contraction. From the form of equations (4.5), (4.6) and (4.7) 
it follows that the sum or difference of two tensors of the same 
type and order is a tensor of the same type and order. The same 
is true of any linear combination of tensors of the same type and 
order whose coefficients are constants or invariants. As an example, 
we consider any tensor aj. If we write 


1 it 
(5.1) dj = (aaj t+ a) +> us — 4), 


the first term on the right is a symmetric tensor and the second 
is skew-symmetric. Hence any covariant (or contravariant) tensor 
of the second order can be written as the sum of a symmetric 
tensor and a skew-symmetric tensor. 

The process which was used in (4.1) to obtain tensors from 
vectors is not limited to the case of combining vectors. Thus if 
aj; and 6” are the components of two tensors in coordinates 2%, 
we have 


(5.2) Veep pr? — ag, prst 


dat Ox) aa!” da!” da 


aa’ aa'® aar axe dat 


> 


and consequently aj;;b"’ are the components of a tensor of the 
fifth order, covariant of order 2 and contravariant of order 3. 
This process is general, so that by multiplying the components of 
any number of tensors, we obtain a tensor, called the product of 
the given tensors, which is covariant and contravariant of the 
orders obtained by adding the covariant orders and contravariant 
orders respectively. This is sometimes called the outer product. 

For any mixed tensor aj, the expression aiJ, is the sum of 
m components of this tensor. We shall show that it is a tensor 
of the third order. For we have 


eB ij da!” oa'F oar da dat 
Mah Ort aot dpi dal” aa” oat 
Bo!" Wat ba", ae) a; ORueRO Og, 


qi ee eset 
rst Agt oo! ag!” J 7) got aol” ag!” 
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Hence from (4.7) it follows that a, is a tensor, covariant of the 
second order and contravariant of the first order. This process 
by means of which from a mixed tensor of order r we obtain a 
tensor of order »—2 is called contraction. Observe that in applying 
contraction any superscript may be used with any subscript.* 

In particular, from the tensor a we obtain an invariant a? by 
contraction. In § 4 we saw that the Kronecker deltas 0} are the 
components of a mixed tensor; by contraction we get the sum of 
n terms each of which is 1, and thus the invariant O; is n. 

This process may be repeated, thus from the above tensor we 
have by two contractions a vector, such as any of the following: 
ail, ail» a 

Multiplication and contraction may be combined to give tensors. 
Thus from the tensors a;; and 0’ we may obtain a tensor of the 
third order, such as aj b/s, or aij b, or a vector as ajjb%. This 
combined process is referred to by some writers as nner multi- 
plication. We remark that this process was used in (3.4). 

Let aij, be a set of functions of 2’ and a/c2 be a set of functions 


% , or Qa Va 
of a* such that aij 2’ and ie 2” are the components of a tensor, 
when 2 is an arbitrary vector. From this hypothesis and in con- 


sequence of (4.7) and (2.2) we have 


dal” axl? aak aa™ 


7B 9 47 A AG 
eae he: ee GELS nae 7 = 
sis aati dat dal” aa’ 
a 
iy yl” dx! da’ da” 
he TY te a o 
a AM Is 0a’ 


Since 2” is arbitrary, we have 


(04 
op ye” 8x dak Aah am 
im gat Aad aa! Dal” dal” é 


O wvo — 


and consequently a, and iets are the components of a mixed 
tensor of the fifth order. This proof applies equally well when 
any of the subscripts is used for contraction with 4’; also a similar 
result can be established if the arbitrary vector is covariant. Since 


* Ricci and Levi-Civita, 1901, 1, p.133 call the process composition, and German 


writers, Verjiingung. 
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the proof is not conditioned by the number of indices of the 
functions a, we have the following theorem of which the theorem 


of § 3 is a particular case: 


¥ 


: ; ‘ (Ripocit. i ISq0 Si yt 
Given a set of functions ay» of w and a set ayy ite 


if een cat a A and ee ee A'* are components of a tensor in 
the codrdinates «* and x! respectively, when 4 and 4’ are com- 
ponents of an arbitrary vector in these respective coordinates, the 
given functions are components of a tensor of one higher order. 

A similar theorem holds if»/* is replaced by a tensor of any 
type and one of the indices is contracted. This is sometimes 
called the quotient law of tensors. 

6. Conjugate symmetric tensors of the second order. 
Associate tensors. Let gj be the components of a symmetric 
covariant tensor of the second order, that is, gij = gj. We denote 
by g the determinant of the gj’s, that is, 


Pit, = Gin 


(6.1) a | 


| 


LP ODN Gnn | 
If g¥ denotes the cofactor of gj divided by yg, we have 
(6.2) G? Oj — Ok, 


where 6; have the values (1.5). For it follows from the definition 
of g¥ that when 7+ the left-hand member of (6.2) is the sum 
of the product of the terms of one row (or column) of (6.1) by 
the cofactors of another row (or column) divided by g; and when 
i=hk, this sum is equal to g/g. 

Let 2’ be the components of an arbitrary vector, then gj 4° is 
an arbitrary vector, say u;. Now by (6.2) 


gj = gf) gy A = OF HE = HK 
Since «w; is an arbitrary vector, we have as a consequence of the 
last theorem of § 5: 
If g ts the determinant of a symmetric covariant tensor gij, the 


cofactors of gi divided by g and denoted by g® are the components 
of a symmetric contravariant tensor. 
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it is clear that in like manner if g¥ are the components of a 
symmetric contravariant tensor, the cofactors of g¥ in the determinant 
of the gs divided by the determinant are the components of a 
symmetric covariant tensor of the second order. In either case 
we say that the tensor obtained by this process is the conjugate 
of the given one. 

As a consequence of the above result and (6.2) we have that 
0; are the components of a mixed tensor, which was proved directly 
in § 4. 

If in (6.2) we replace & by 7 and sum for 2, we get n terms 
each of which is unity. Hence for the invariant obtained from 
a Symmetric tensor of the second order and its conjugate we have 


(6.3) 0; == Nh. 


If we denote by g the determinant of g”, we have by the rule 
for multiplying determinants and (6.2) 


CSSA Cie rica Matic INGE ett 
y eee poe We | OF L022 = 0 

oS ae er ae Sy ON aN Shs 
| Oni Bi pe: gna Ge a eingyk O O 1 


and from (6.2) it follows that gj is the cofactor of g” in g divided 
by 9. 

By means of a symmetric tensor gi and its conjugate g¥ we can 
obtain from a given tensor, by means of the methods of § 5, tensors 
of the same order but different character. Thus, if aj, are the 
components of a tensor the following expressions are components 
of tensors of the character indicated by their indices: 


bare Meier Ue a Ale Used. 5 ll pees 
6 5) vs = 9" Wijk; Ay. = GF! ijk; a; g” Wijk; 


qin — J gg” ijk; gi Mm gr” ie ijk; gimp — J g™ Gp ijk 


In similar manner from the tensor of components bY” we obtain 
tensors of the following types of components: 


(6.6) bi" = gu bi; bin = gu9mj 0, + binp = gu gms gud. 
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We say that these tensors are associate to the given tensor by means 
of gj. Similarly we find tensors associate to any mixed tensor. 
We speak of this process as razsing the subscripts by means of g¥ 
and lowering superscripts by means of gj. We might write the first 
of (6.5) thus Oy, but we use the notation in (6.5) to indicate which 
index has been raised or lowered. 

We remark that this process is reversible. Thus multiplying the 
first of (6.5) by gim and summing for /, we have 


[pee li ate ey ash 
Gm © je = Fim I Vj — ie Wij — Bnjn? 
which is the tensor from which a’, was obtained. 
Exercises 


1. If a a?4,y,7* is an invariant for 4,, 4, and »” arbitrary vectors, then a¥ are 
the components of a tensor. 

2. If a,,4'M is an invariant for 4’ an arbitrary vector, then a,-+a,, are the 
components of a tensor; in particular, if a, 4‘47 = 0, then a,+ a, = 0. 

3. If a,,dix'dx’ dx* = 0 for arbitrary values of the differentials, then 


G5, ars Qi; ts Bess a a5 ai Qe oc ee 0. 
4. Tf a, 4/2? = 0 for all vectors 4’ such that 4’”,—= 0, where w#, is a given 
covariant vector, if +“ is a vector not satisfying this condition, and by definition 


a Spee 
a5? °F) herr GE, 


then | a, — — BS, & §— 0 is satisfied by every vector-field & (cf. Hx. 4, p.8), 


and consequently 
a, +a, = = (4, + BG) « 
Schouten, 1924, 1, p. 59. 

5. If a, are the components of a tensor and 6 and ¢ are invariants, show that 
if ba,,+ca,, = 0, then either b = —c and a,, is symmetric, or 6 = ¢ and 
a,, is skew-symmetric. 

6. Let b, be a set of functions of x (¢ = 1, ---, m) symmetric ini and j such 
that the determinant | bs | = 0, and /' the set of functions defined by the equations 
b,, 44 = 0; if b,; and 47 are taken as the components of a tensor and vector in 
the x’s, in accordance with the theorem of § 2 a coordinate system x” can be 
chosen for which b, = 0(7 = 1, ---, 7). 

7. By definition the rank of a tensor of the second order a, is the rank of 
the determinant | a,,|. Show that the rank is invariant under all transformations 
of codrdinates. 

8. Show that the rank of the tensor of components a, b,, where a, and b, are 
the components of two vectors, is one; show that for the symmetric tensor 
a,b, +a, b, the rank is two. 
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7. The Christoffel 3-index symbols and their relations. 
We consider any symmetric covariant tensor of the second order gj 
and the conjugate tensor g¥ and define two expressions, due to 
Christoffel, which will be of frequent use. They are 


= 5 1 [Ogi 0 Oj 0 Gi 
sak — ‘ | ‘ Jt Lp 
se leg, 2 He "Ox 0 ak 
(7.2) eee g™ (a7, kk} 
le7/ 


Observe that from their definition [¢7, /] and fe are symmetric 


in 7 and j. The symbols defined by (7.1) and (7.2) are called the 
Christoffel symbols of the first and second kinds respectively. From 
(7.2) and (6.2) we have 


fe l Pes Care 2 

73) gum {yf = gag! Wii, B= Ob Lip, KL = (67, Hh 

Again trom (7.1) we have 

us OU ie pas Bice 

(7.4) Seep ed WO: 
Differentiating (6.2) with respect to a’, we have 


neg? 


ath she 


Multiplying by g*” and summing for k, we obtain 


ij pyle 8 Gj 
(7.5) ee age eer 


Substituting in the right-hand member from (7.4), we find in con- 
sequence of (7.2) 


m= ont) 


*The historical forms of these respective symbols are a and i} but we 
have adopted the above forms because they are in keeping with the summation 


convention. Of. Christoffel, 1869, 1, p. 49. 


9 
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From (6.3) we have by differentiation 


(7.7) pe Bas gf 


sy | 98 Gy ” 


Applying the rule for the differentiation of a determinant and the 
definition of g¥, we have 


Og Ede oe og? 
(7.8) oye G9 5b I Gij Dipl? 
the last expression being a consequence of (7.7). Substituting 
from (7.4) or (7.6) in (7.8), we have 


(7.9) dlogVg _ Hy 


ager DS ey 


the right-hand member being summed for 7. 

The Christoffel symbols of either kind are not components of 
a tensor as will be seen from the following results. If gi and gi 
are components of the given tensor in codrdinate systems a? and x”, it 
follows from (4.3) that 


LAL 0a’ ba) 
(7.10) Yi SEs, ge 
Differentiating with respect to 2’°, we have 
ae Bai; Ox dat dx 
Ga ee ee 
ax Ox" aa! aa aa! 
wu | 0 xt 0? a Our sor at 
ray aa” ns ane aol” jal” ee . 


The first of the following equations is obtained from (7.11) by 
interchanging # and o throughout and the dummy indices z and k 
in the first term of the right-hand member, the second by inter- 
changing v and o throughout and the dummy indices 7 and & in 
the first term of the right-hand member: 


Oger) Oon Oa “Ox? Om). hoa eee De eeO ae 

A) ears Ea 4 een oa! aa” ax!” aa!” a A) 
Ogus Og Oa" dat da Ox = 2g Ons) One a 
Ba OD aS aa pate) ae fez Ba” aa!” Ts 
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If from the sum of these two equations we subtract (7.11) and 
divide by 2, we have in consequence of (7.1) 


da? a4 Oak Oat = 0?’ aed 


ae ee al TE ee 
7-12) [wr ,o] [27 ,k] g aa? bal aa!” 


where [wv,o]’ is formed with respect to the tensor In» Since 
these equations are not of the form (4.5), (4.6) or (4.7), it follows 
that the functions [27, k] are not components of a tensor. The 


same is true of ei as follows from (7.2), or from the following 
1 

equation obtained by multiplying (7.12) by Sie summing for o 
x 


and making use of 


(7.13) 6 gees 
axl” aa’ f 
and (6.2): 
| fal aot fll oat om dia! 
(7.14) lu vf an!" a lag/ aa!” Byid Ral aol” 


8. Riemann symbols and the Riemann tensor. The Ricci 
tensor. We consider now equation (7.14) and the similar equation 


2x! aif! \ 0 ae! [tA oa Sea! 


(8.1) ana xl? wot aml a ligl Balen la hee 


If we differentiate this equation with respect to x” and (7.14) 


; sae OP an! 
with respect to #’” and eliminate —_~—; 
Ox ON O02 


equation is reducible by means of equations of the form (8.1) to 


the resulting 


10? 


A DI ay ROC OLE oye 
27) eae 7 ah aa!” aa!” aa!”’ 


where 


ey maces h fen\eDeh Tonle 
(8.3) Rip = {of Sek tial Pa be at Vk!’ 


oa othe 
y. 
7 ’ 
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and R’ He is the ee pompressipD in the symbols for g/,,. If 


(8.2) be multiplied by 2 as and summed for 7, we have 
Ox 


(8.4) R’ voy = Rip; 


Hence R'n;, which are called Riemann symbols of the second kind, 
are the components of a tensor contravariant of the first order 
and covariant of the third order. It is called the mixed Riemann 
tensor of the fourth order. From (8.3) it follows that the tensor 
is skew-symmetric in 7 and k. The components Ras of the associate 
covariant tensor of the sae order, defined by 3 BX 
bh aps any 
(8.5) 0 Braj = gin Ryr. Rg hae ai 


are called the Riemann symbols of the first kind. 


h 
If (8.2) be multiplied by gm ae and summed for 7, we have, 
Ox 


in consequence of (7.10) and (8.5), 


Oak Oat Oa) dak 


aa!” axl™ 


(8.6) PB euoy = Rnijn 


From (7.3) and (7.4) we have 


96-505 Val ae BA [ow ip tle tf al 


= lk, m— {1 Moy, +09, D. 


(8.7) 


Hence from (8.3), (8.5) and (8.7) we obtain 
(8.8) Brie = 57 lily M— sre lis, + | Fp, OY bg, a. 


In consequence of (7.1) and (7.2) this is reducible to 


1 ( Ogre, 95. Oon  O ge 
2 \oatdal ' dada oatda® dahaai 


+9 (47, m] [hk, 1] —[ek, m] [hj, Ul). 


Rnijr Ea 
(8.9) 
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From (8.9) we find that the symbols of the first kind satisty 
the following identities: 


Rrijk = — Ranji, 
(8.10) Rnijk = — Rranj, 
Rix = — Rinna, 
and 
(8.11) Rrayk + Rajri + Brgy = 0. 


From (8.10) it follows that not more than two of the indices 
can be alike without the components vanishing; the same is true 
if the first two or second two indices are alike. Because of (8.10) 
there are n(m—1)/2 (= me) ways in which the first pair of 
indices are like the second pair, and mz(mz:—1)/2 ways in which 
the first pair and second pair are unlike; hence there is a total 
of mnz(%2-+1)/2 distinct symbols as regards (8.10). However, 
there are n(m—1) (n—2) (n—3)/4! &  m) equations of the 
form (8.11). Consequently there are 2 (m2 + 1)/2 — m4 = n?(n? — 1)/12 
distinct symbols of the first kind.* 

In consequence of (8.10) we have from (8.8) 


(8.12) Pax = Oo == (ik, A)— sr (5, ME fi, D4 of Uj 


Also from (8.10) and (8.5) we have 
(8.13) Ryn = —Riint 


If Rix be contracted for / and k, we have, in consequence of 
(7.9), the tensor A;; whose components are given by 


a eee a? log Vg oe!) Jm\ J k 
= Ry, = “Bat Ba) eae on Valea 
(8.14) 
[na Plog teg 
Ci aoe 


* Of., Christoffel, 1869, 1, p. 55. 

{ Ricet and Levi Civita, 1901, 1, p. 142 denote R,,, as defined by (8.12) by 
Gy 43, and Bianchi, 1902, 1, p. 73 denotes it by (th, kj). Also the latter puts 
{il, kj! = g” ih, kj); hence {il, kj} is equal to — Rt, by (8.13). 
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which evidently is symmetric. We call the tensor Ay the Rice 
tensor, as it was first considered by Ricci who gave it a geometrical 
interpretation in case gj is the fundamental tensor of a Riemann 
space (cf. §34).* 
Exercises 

Ne Ubi Rin in (8.3) is contracted for J and i, the resulting tensor is a zero tensor. 

2.1 hy — egg, thenio — -B, where R = g® Ry. 

3. Show from (7.14) that for transformations w = gi (a, ---, x), a!” = 2” 
the Christoffel symbols ‘ah where 4, j = 1,---. »—1, are the components of 


, : : : : : a n 
a symmetric covariant tensor in a variety x" — const.; likewise ‘ait and ee 


are the components of a mixed tensor and a covariant vector respectively. 

4. Show that the tensor equation a‘, 4, = @4,, where « is an invariant, can be 
written in the form (a’, —o 0°) A,=0. Show also that a‘, = 0. a, if the equation 
is to hold for an arbitrary vector A:. 

5. If a’, 4, = «4, holds for all vectors 4, such that y' 4, = 0, where y’ is a given 
vector, then (Cf. Ex. 4, p.16) ; 


a’, — a 0 + 6, fe. 
Schouten, 1924, 1, p. 59. 


9g. Quadratic differential forms. If gj are the components 
of a tensor, the quadratic differential form gi; dx dx/ is an invariant, 
that is (§§ 2, 3), 
(9.1) Ces da!” dal” = gy dat dx. 


Conversely if this condition is satisfied for arbitrary values of the 
differentials, it follows from equations similar to (1.9) that 


Ox? Oa 


ls y 
Oa” Oar” 


(o Ve Iij 


and consequently 


dz!” da!” = 0, 


Gat aa 
g My SE Gan a Gy + Gi) 7 ie? 
Ox Ox 


If we assume that gj is symmetric this reduces to (7.10). However, 
if in (9.1) we put gij = 4(gy + gj), we have a quadratic form whose 
coefficients are symmetric. Hereafter we assume that we deal 
with symmetric forms. 


* Ricci, 1904, 2, p. 1284. 
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ad 


At any point of space gy da*da/ is an algebraic quadratic form 
in the differentials, and the transformation (1.9) is a linear trans- 
formation with constant coefficients. Hence we can apply the 
algebraic theory of transformations at a point. In particular, we 


ye 


know that the values of ne 
0a! 


Juv = 9 for w+yv. If the transformation is to be real, it is not 
always possible to choose the transformation so that all of the 
quantities g/,, are positive. But according to Sylvester’s law of 
inertia the difference between the number of positive coefficients 
and the number of negative coefficients is invariant for real trans- 
formations; this difference is called the szgnature of the form. Thus 
by a real transformation a quadratic form at a point is reducible to 


can be chosen at a point so that 


eens) es, A) at) (a 


where the integer 2 » — n is the signature of the form.* In particular, 
if the signature is n for each point of space, the quadratic form is 
said to be positive definite. 

If g’ denotes the determinant | 9/,,,|, from the rule for multiplication 
of determinants and (7.10) it follows that 
(9.3) agate Ela 


where J is the Jacobian Thus if g andg’ differ in sign 


0x 
it ; 


at a point, the transformation is imaginary. 

10. The equivalence of symmetric quadratic differential 
forms. We have seen that equations (7.10) are a necessary con- 
sequence of the equivalence of two symmetric quadratic forms (9.1). 
We seek further conditions upon the g’s and the g’’s in order that 
(7.10) may admit a set of m independent solutions a? = y* (of angle 


for i = 1, ---, m, by means of which the forms (9.1) are trans- 
formable into one another. 
Tf we put 
Ox® i 
(10.1) Petr rae Ne 


* Of. Bocher, 1907, 1, p. 146. 
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equations (8.1) become 


l 
ee te {thot 
(10.2) ape Nd kl te 


Hence the problem reduces to the determination of ” (-+ 1) functions 
x, p’, satisfying these differential equations and also the (n+ 1)/2 
finite equations —— 
(16.3) Yur —FiP p Py = O, 
which follow from (7.10). 

The conditions of integrability of (10.1) are satisfied identically in 
consequence of (10.2), and the conditions of integrability of (10.2) are 


I ) jee 
(10.4) Ieee = Rnajx Di Big PoP a) 


as follows from (8.6) which is equivalent to (8.2). 


From the manner in which equations (7.14) were obtained from ».«*” 


(7.10) it follows that for any set of solutions of (10.1) and (10.2) 


the left-hand member of (10.3) is constant, and consequently, if 4 ‘Se 
the initial values are chosen to satisfy (10.3), the solutions will wi. | 


satisfy (10.3). This imposes » (2+ 1)/2 conditions on the constants®.. 


of integration of (10.1) and (10.2). Hence the solution, if it exists, 
admits at most » (z-+1)/2 arbitrary constants, and then only, if 
(10.4) is satisfied identically or as a consequence of (10.3). For 
otherwise equations (10.4) impose further conditions, as may also 
the equations obtained by differentiating them and substituting the 
expressions for the first derivatives from (10.2). This result may 
be stated as follows: 

The general transformation of a quadratic differential form in n 
variables into another form contains at most n (n+ 1)/2 arbitrary 
constants. 

From the results of § 9 it follows that for the transformations 
to be real at a point the signature of the two forms must be equal 
at the point. 

Consider in particular the case of two sets of functions gy and y/,, 
for which the Riemann symbols of the first kind for both sets 
vanish. Then (10.4) is satisfied identically and consequently the 
differential forms gi dx’ dx/ and gy, da! ” dx!” ave transformable into 
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one another by a transformation involving n (n-+ 1)/2 constants. 
The Riemann symbols of the first kind for the g'’s are zero, if the 
quantities g/,,, are constants, as follows from (7.1) and (8.8), and 
these symbols for the g’s must be zero, if the two forms are 
equivalent. Hence: 

A necessary and sufficient condition that a quadratic differential 
Sorm gi dx' dx! be reducible to a form with constant coefficients is 
that the components of the Riemann tensor vanish; the transformation 
envolves n(n -+ 1)/2 arbitrary constants. 

From the results of § 9 it follows that any quadratic form satisfying 
the conditions of the theorem is reducible by real transformations 
to the form (9.2), where p is determined by the signature of the 
given form. 

Returning to the consideration of (10.4), we remark that, if (10.4) 
is to be a consequence of (10.3), the tensor Rnijx Must be the sum 
of tensors of the fourth order whose terms are products of two g’s. 
Since gj is symmetric, the most general form is 


Pnijk = Agni Gj + OGnj Gi + CON G4; 


where a, b, c are invariants. Interchanging j and k& and subtracting 
the resulting equation from the above, we have, in consequence 
of (8.10) and on replacing 4(b—c) by J, 


(10.5) Raj. = 0(Gnj Gix — Gnk 9i))- 


It is readily shown that (8.10) and (8.11) are satisfied, whatever 
be b. However, it will be shown in § 26 that b must be a constant. 
A quadratic differential form possessing the property (10.5) is said 
to have constant curvature b; the significance of this term will appear 
in § 26. — 

When two given quadratic forms satisfy (10.5) for the same 
constant b, the equations (10.4) are satisfied identically. Hence: 

Two wreducible quadratic differential forms which have the same 
constant curvature admit a transformation into one another involving 
n(n-+1)/2 arbitrary constants; conversely, unless this condition is 
satisfied by two irreducible forms the number of parameters is less 
than n (n-+ 1)/2. 
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it is beyond the scope of this work to consider further the 
equivalence of two quadratic differential forms. Christoffel* has 
given the solution of the general problem. 

11. Covariant differentiation with respect to a tensor g;;. 
In §3 it was seen that the derivatives of an invariant are the 
components of a covariant vector. It will be shown that this is 
the only case for a general system of coordinates in which the 
derivatives of the components of a tensor are the components of 
a tensor, but at the same time we shall find expressions involving 
the first derivatives which are components of a tensor. 

Let 2° and 2’ be the components in two coordinate systems 
of a contravariant vector, and differentiate with respect to 2 
the equation 


(11.1) Ppa Tipit Le 
0 


with the aid of (8.1), (2.1) and (2.2), we obtain 


oat aA! Oa!” Oat 1 re OF at 00 
i. ie , Le ' ee 7 
0 ad aa’ dal ag’™ Oa’? Ox!” Bal 


oe eal ath) yall ta pratinie oms Le 
ax” da) Bal” dai \lov) aa’* — \Ak! ax!” an!” 


, 


ie 1 ! ; . 
ae (Ae aeiel aan!” Ox! a gu litt 


aw lor | da) bal” lags” 
If we put 
, Oat 2 | 
11.2 ee a} 
ie? a Oa a7 hjl’ 
the above equation becomes 
A pL Oa!” Oat 
a? is == j’ ie eee fh" 
ea) Oae 


Hence 4; are the components of a mixed tensor of the second 
order. The components 47; as defined by (11.2) are said to be 


* 1869, 1, p. 60. 
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a 


obtained from the vector 4’ by covariant differentiation with respect 
to the tensor gj. We speak also of the tensor as the covariant 
derivative of the vector with respect to gy. Throughout the 
remainder of this chapter it is understood that covariant differentiation 
is with respect to gy. 

If we proceed in similar manner with equations (3.3), we find 
that 4;,;, defined by 

04; J h | 


(11.3) Ai. j => ar oa, An lay { 5 


are the components of a covariant tensor of the second order. 
The components 4;,; are said to be obtained from the vector 4; by 
covariant differentiation with respect to the tensor gyj. 

From (11.3) we have 


ee 


which is the curl ot the vector 4;. For 4;; to be symmetric, 
4; must be a gradient (§ 3). Hence: 

A necessary and sufficient condition that the first covariant 
derwative of a covariant vector be symmetric is that the vector be 
a gradient. 

If we differentiate with respect to x’° the equation 


Oa aa 


’ 
by = ij Soa 
t axl? On! 


and substitute for the second derivatives of x and x expressions 
of the form (8.1), the resulting equation is reducible to 


da’, 4 \/ / 
aes if i: | See ja | 
aa!” 9d) yo f “| wo 


foggy. nae Sh } 6x dx) dak 
ot i: ert) a NGS) Ball ag” ae 
Hence a,x, defined by 


0 a; h h \ 
(11.4) Bie Fab om) at ON aah 
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are the components of a covariant tensor of the third order. The 
components aj,x are called the first covariant derivatives of ay with 
respect to gi. In like manner it can be shown that the covariant 
derivatives of a and a‘, defined by 


ae Pe ald ba gilt 
(11.5) aN k = ok Ta Pi oe NG eye 
and 
dat t ron tea 
A deg a! h d eee a 
(11.6) Os i ayk TY ae on gkP? 


are mixed tensors of the second order. Observe that covariant 
differentiation is indicated by a subscript preceded by a comma. In 
particular, the covariant derivative of an invariant / is the ordinary 
derivative of the function, and is indicated by fi. 

The general rule for covariant differentiation is 


ey hte hen 
ac ieee Jem ; oe } i \ 
Sue es ee eee, ! 1° Fed ot sn ay 
Gin es ga 0 = NaS jis 
1---p 
ae) ar m y | * 
3 8y++°85 41841 1++ 8, \ sgt fe 
From (11.4), (7.4) and (11.5), (7.6) we have 
(11.8) gin = 0, fx = 0. 
Also from (1.5) and (11.6) 
(11.9) dn = 0. 


In consequence of the form of (11.7) it follows that the covariant 
derivative of the sum (or difference) of two tensors of the same 
order and kind is the sum (or difference) of their covariant derivatives. 

li we effect the covariant derivative of the tensor a,b’, we have 


Lp | a 2 eh ee ae 
(ay b on mr (ai b ) b od Voc. + ain jm 


7 ay (0 co pra A 


== 9m Qij,m “6 Qj pk! my 


*The tensor character of covariant derivatives was first established by 
Christoffel, 1869, 1, p. 56. 
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which is the same as the rule of the differential calculus. Since 
a tensor formed by multiplication and contraction is a sum of 
products, we have also 


(ay O07), == ayn b/ + ayy be. 


Hence we have the general rule: 

Covariant differentiation of the sum, difference, outer and inner 
multiplication of tensors obeys the same rules as -m ordinary 
differentiation. 

From (11.8) and (11.9) follows also the rule: 

The tensors gy, g! and 0; behave as though they were constants 
in covariant differentiation with respect to gij- 

Thus if 2° and #; are any vectors and 4; and w’ are their respective 
associates by means of g; (§ 6), the derivatives of the invariant 


(11.10) ie he pj = Gd: 
are given by 


(11.11) Lin = Gf (Ain mit Arman) = win t a yan. 


If 4; in (11.3) is the gradient f; of an invariant f, we have 


et yf ( of “ A aa = 0, 


Oa! \ Oat x \ dad 


Jij Aenoting the first covariant derivative of f; and the second of /. 
It will be found that this is the only case in which the order of 
covariant differentiation is immaterial. 
If we differentiate covariantly the tensor 4;,; defined by (11.3), 


we have 
Dee (a4 (ee orem 
fi, je = bak. | dad — At st ie “! heal \akl 
Bae eer een 
aes hi) eA 
Rae eee Wade +829 | i} te (1 hy {7 
bat oak — Bak lag dat lakh dah \gud 
6. Jl lee Pel ele AEE) 
hile lag bl Vy kd Mal) 
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Consequently we have 
(11.14) hi. je —— 4,13 = An Ran, 


where RK’, is given by (8.3). 
In like manner for a tensor aj we find 


(1215) Qij, kl — Uj, te = din Rye + anj Rana, 
and in general 


(11.16) — a, 


1... 


ae h 
1 Fyny Ke Oy,-- ty, 1 oo Ym vit Pokls 


lk —> Ay 
meu 


This result is due to Ricci and is called the Ricc: cdentity.* When 
covariant differentiation is used in place of ordinary differentiation, 
this identity must be used in place of the ordinary condition of 
integrability. Thus (11.14) follows from (11.13) as a consequence of 


F) (24) F) a 
dak \dat}) = ae? \ Oak | 


The corresponding formulas for contravariant tensors follow on 
raising indices by means of g¥ and noting that the latter behave 
like constants in covariant differentiation. Thus, if (11.14) be 
multiplied by g* and summed for z, we have 


9" 44), js — (GAs), = GM Rua, = — GM Raye, 
and consequently 
Cit st 7) AP ip —— AP gg = — Ba 
In general 
Tikes 
Die Mente et od Le a. Las tea) y 
Ls Sy) JK ven 8, Ky 2 Osi: *Sq_1USq4 17+ 8, i SqJk 
(11.18) jeans 
pa, Y Myo Tg Wg ye, Va 
= e's, mE: 


A necessary and sufficient condition that the Christoffel symbols 
be zero is that all of the gy’s be constant, as follows from (7.1) 
and (7.4). Combining this result with the second theorem of § 10, 
we have the theorem: 


* Ricci and Levi-Civita, 1901, 1, p. 143. 


Exercises oF 


In order that there exist a coordinate system in which the first covariant 
derivatives with respect to a tensor gy reduce to ordinary derivatives 
at every point in space, it is necessary and sufficient that the Riemann 
symbols formed with respect to gy be zero and that the x’s be those 
for which gj are constants. (Cf. § 18.) 


Mees Exercises 
“4. The second theorem of § 11, and the identities (11.16) and (11.18) are con- 
sequences of the definitions of covariant differentiation and do not involve an 
assumption that the quantities differentiated are components of tensors. 
2. By applying the general rule of covariant differentiation of $11 to the 
invariant 2‘, show that this rule implies that the covariant derivative of an 
invariant is the ordinary derivative. 

3. The tensor defined by 


a: on Og 4 iL ay oe C,, 

OB Be oO Bie eeBat 
is called the contravariant derivative of ant ge with respect to gy. Show that 
ima — 1) Ricci and Levi-Civita, 1901, 1, p. 140. 


y 4. Tf ay is the curl of a covariant vector, show that 


Oij,k + Gjr,i + Gu,z = 0, 
and that this is equivalent to 


Oa , Odj Odne 

Oa" rs Ox "a Oxo v. 
Is this condition sufficient as well as necessary that a skew-symmetric tensor ay 
be the curl of a vector? Eisenhart, 1922, 1. 


5. By definition a¥* are the components of a relatwe tensor of weight p, if the 


equations connecting the components in two codrdinate systems are of the form 


hte ge qt OU Ba" dal dat dam 
| Os Cia “Ox? AOxe a0 Bote 


’ 


where J is the Jacobian os . Show that if ay is a covariant tensor, then 
Ai 


the cofactor of ai in the determinant |aj| is a relative contravariant tensor of 
weight two. 

6. If agg is a covariant tensor of rank n—1 (cf. Ex. 7, p. 16), there exist 
two relative vectors 4“ and wv, both of weight one, such that the cofactor 4%8 
of agg is of the form A¢? = 2@yP, When 4g is symmetric, 4% and pv are 
the same relative vectors. 

V7. When a relative tensor is of weight one it is called a tensor density. Show 
that if the components of any tensor are multiplied by the square root of the 
non-vanishing determinant of a symmetric covariant tensor, they are the com- 
ponents of a tensor density. 


yy 
Lf 
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8. The invariant 4°; is called the divergence of the vector 4‘ with respect to 
the symmetric tensor gy. Show that 


ty = 


Ve te HV. 


9. Show that the divergence of the tensor a’ with respect to the symmetric 
tensor gy, that is, a%,;, has the pases 


a®,; — —=5 (a Vo ) + ask te if 


and that the last term vanishes, if aY is skew-symmetric. 
10. The divergence of a mixed tensor a, is reducible to 


Ven) deadar eye aN 
a= 7g Bat OVI) el esp 


Show that if the associate tensor a” is symmetric, 


. 1 hie jn © Gir — 0 ge 
C5, = Vo a (a, V9) on Ox! = 55 (af iV 9 ) ee 2 Ak Oa’ re 
Einstein, 1916, 1, p. 799. 

11. When gi; and aj are the components of two symmetric tensors, if 


Gj Ma — Ga age+ Ondi—guay =O 9, k,l =1,---,n), 
then aj; = 09%. 

12. If aij is a tensor satisfying the conditions (8.10) and for a vector 4‘ we 
have 4‘ ain —= 0, a coordinate system x’° can be chosen for which ajju are zero, 
when one or more of the indices is x. 

13. Let Aq; for 7 =1,---, m denote the components of » independent contra- 
variant vectors, where the value of « for « = 1,---, ~ indicates the vector 
(cf. Ex. 3, p. 8), and let AY denote the cofactor of Ag in the determinant 
A = |Ae;'| divided by A. Show that the quantities A‘ for each coordinate system 
are the components of a covariant vector, « indicating the vector and 7 the 
component. 

14. Show that if anyx dia at hey aay. = 0 for any two arbitrary vectors tay 
and Ag)’, then 

Mnigk = Qnkji + Cjihk + Qin 0; 
also when dni possesses the properties (8.10) and (8.11), then any. = 0. 

15. Show that when in a V; the codrdinates can be chosen (Cf. § 15) so that 

the components of a tensor gi are zero when i +), then 


1 
Ry = eee 
7 1 il 
Run = ie Rain + a Rigjgn, 2 


1 ee 
= Onn Ga 0 (h, i,j +0), 


Bain — gan Ri: — gir Ran + . 
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where R = g? Ry. Hence the tensor Cryx, defined by 


+ R 
Coie = Roig + gin Rx — gn Ry + gix Rrj — Giz Raz + is (Gre 93 — Gng Gir), 


is a zero tensor (Cf. § 28). 
16. If ay,...r,, and @,...»,, are the components of a tensor in V, for codrdinate 
systems in the relation 


ae, Te) == CGE, a0, 40°) (G) = P9555, 10) 
and @y,...7,, and @r,...7,,, Where 71, +++, 7m == 2,+--,m, are developed in power 
series in x, the coefficients of any power of x' in these developments are com- 
ponents of the same tensor in the hypersurface x! = 0. Levy, 1925, 1. 


17. If ar,..-r,, and Gr,..-r,, are the components of a tensor in V, for codrdinate 
systems x’ and 2* in the relation 


eet (fil, 1) Boe = il? (GEA 650.884) (k=p-+1,---, n), 
the functions ay,...7,, and dy,...7,, for which 71, +--+, 7m take the values p +1, ---, 
and in which we put 
(1) a a, 


where the a’s are constants, are components of the same tensor in the Vn—» 
defined by (1). Levy, 1925, 1. 


é l 
18. If gz and gi are the components of two symmetric tensors, and ‘it and a 


are the corresponding Christoffel symbols, then bi defined by 


{i cs ieee by 


: (oaerrecn #4 a +060, « 
are the components of a tensor. If a,' ,” and a,' _ denote the covariant 
P1+++Bs,i Pi-+ Psi 
. . Ay & . = 
derivatives of dy. B. with respect to gi and gy, then 


1,...)1 ee, 1 
1G, Oy G,, Cy Oly 1 OO, 1 +O, Oty, 
"a = a b= 
; i . Pi: +-Bs 


Also if Rij and R'yjx denote the corresponding Riemann symbols of the second 
kind, we have 
Rya— Roja = bjxr— dja t bj bi — bi bu, 


where the covariant derivatives are with respect to the tensor gy. 


CHAPTER II 
Introduction of a metric 


12. Definition of a metric. The fundamental tensor. 
The geometry which has been considered thus far in the development 
of the ideas and processes of tensor analysis is geometry of position. 
In this geometry there is no basis for the determination of magnitude 
nor for a comparison of directions at two different points. In this 
chapter we define magnitude and parallelism, and develop consequences 
of these definitions. 

We recall that the element of length of euclidean space of three 
dimensions, referred to cartesian coérdinates, is given by 


(12.1) ds? = (da’)? + (dz*)? + (dz*)’, 
and for polar coérdinates by 
(12.2) ds* = dr? +r*(d6*-+ sin* 6d’). 


This idea was generalized and applied to n-dimensions by Riemann,* 
who defined element of length by means of a quadratic differential 
form, thus ds” = g; dx‘ da’, where the g’s are functions of the 2’s. 
As thus defined ds is real for arbitrary values of the differentials 
only in case the quadratic form is assumed to be positive definite 
(§ 9). Much of the subsequent geometric development of this idea 
has been based on this assumption. However, the general theory of 
relativity has introduced a quadratic form which is not definite, 
and consequently it is advisable not to make the above assumption 
in the development of geometric ideas which are based on a 
quadratic differential form. 

We take as the basis of the metric of space a real fundamental 
quadratic form 


(12.3) g = gy dx dx, 


* Riemann, 1854, 1. 


12. Definition of a metric. The fundamental tensor 35 
where the g’s are functions of the x’s subject only to the restriction 


(12.4) 9g = |95| $0." 
Element of length ds is defined by 
(12.5) ds” = egy dx dx, 


Where e is plus or minus one so that the right-hand member 
shall be positive, unless it is zero. The letter e will be used 
frequently and will always have this significance. 

Since ds must be an invariant, it follows from § 9 that gy are 
the components of a covariant tensor of the second order which 
without loss of generality is assumed to be symmetric. It is called 
the fundamental tensor of the metric, and also is referred to as 
the fundamental tensor of the space. The metric defined by (12.5) 
is called the Riemannian metric and a geometry based upon such 
a metric is called a Riemannian geometry. Also we say that the 
space whose geometry is based upon such a metric is called a 
ftiemannian space, just as a space with the metric (12.1) is called 
euclidean. 

The significance of equation (12.5), as defining the element of 
length, is that ds is the magnitude of the contravariant vector of 
components dz’. If 4’ are the components of any contravariant 
vector-field, then 4 given by 


(12.6) = egy hd 


is an invariant, which is defined to be the magnitude of the vector 
(at each point of space). If 2; are the components of any covariant 
vector and 4* are the components of the associate vector (§ 6) 
by means of gy”, the conjugate of gi, that is, 


(12.7) A=) git ;, As = gy, 
then 
(12.8) 9) hi hy = Gf gine B gy! = gia ME = 22, 


Hence the invariant g¥4;/; is the square of the magnitude of the 
associate vector. 


* Unless stated otherwise it is assumed that the coordinates are real. 
3* 
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Tf. A\ == O71in (12:6) or (12.8); thaters 
(12.9)0 ggd? al == 0 “Ory Apap or, 


at a point, we say that the vector is nad at the point, and if (12.9) 
holds everywhere we have a null vector-field. If the fundamental 
form is definite at a point, at least one of the components of a null 
vector is imaginary at the point, in consequence of § 9. 

Tf (12.9) is not satisfied, it follows from (12.6) and (12.8) that 
the components can be chosen so that respectively 


(12.10) GiMl =e, gGiighj =e, 


where, to use the above mentioned notation, e is plus or minus one 
according as the left-hand members are positive or negative. When 
the first of (12.10) is satisfied, we say that 2’ are the components 
of a wnit contravariant vector; similarly the second of (12.10) is 
the condition for a wnet covariant vector. 

Any real curve C is defined by the x’s as functions of a real 
parameter ¢ (§ 2). Unless (12.3) is definite there may be portions 
of C for which, when d* in the right-hand member is replaced by 
ax 


‘ar 
be values of ¢ at ends, or at interior points, of a portion for which 


this quantity is not zero. The length of the curve between these 
points is by definition 


at dat dat 


If we replace 4 by ¢, equation (12.11) defines s as a function of ¢, 
and consequently the curve may be defined by the 2’s as functions 
of the fundamental parameter s, in which case we have 


eee this quantity is positive, negative, or zero. Let ¢, and ft. 


dx dz 


If for a portion of a curve, or for a whole curve, 


dx dai 
12. of eke s 
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we say that it is of length zero, or minimal. We recall that in 
the space-time continuum of relativity certain lines of length zero 
are identified as the world-lines of light. 

From continuity considerations it follows that a general curve 
consists of portions the length of which is thus defined, and hence 
we can speak of the length of a curve between any two of its points. 

13. Angle of two vectors. Orthogonality. Let 4,)‘ and 2») 
be the components of two unit vectors, that is, 


(13.1) Yi ha’ he! == (Gs Ca (Gr Dp ate 
If we put 
(13.2) COSA = Giz Ar\! Agi, 


it is clear that the right-hand member is an invariant determined 
by the two vectors. For euclidean space with the fundamental 
form (12.1) this is the cosine of the angle between the lines, and 
since it is an invariant it has the same meaning when polar 
coérdinates, or any other, are used. 

In the general case we define the measure of the angle by (13.2). 
Evidently cos@ as thus defined is merely a symbol, unless the 
right-hand member is not greater than one in absolute value. In 
the latter case we give it the usual interpretation and thus the 
angle can be found. We shall show that this is always possible, 
if (12.3) is definite. In fact, r4,)’-+¢2,)’ are the components of 
a vector in the pencil determined by ,)\’ and 4s)’. The null vectors 
of this pencil, determined by the values of r/t for which 


gar Ay + tag) (rays + tag!) = 0, 
must be imaginary for this case. Hence we must have 
(gij Ar? day)? <1, 


and consequently |cos 4! as defined by (13.2) is not greater than one. 


* When dealing with more than one vector, we usually make use of the 
notation Aq)! and Aq |: to denote the contravariant and covariant components of 
one of several vectors, where the value of « indicates the vector and 7 the 
component. In the present case « takes the values 1 and 2. 
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When the components are not chosen so that the vectors be 
unit vectors, we have 


any 
(13:3) cos@ = Gy i 42 


V (egy Ar Aap) (ee ga Aaj Ag) 7 


as follows from (12.6). If da* and dz denote differentials for two 
curves through a point, neither of which is a curve of length zero, 
we have 


asco 
(13.4) cos6 = IO) 


V (e, gi da! da!) (¢2 gra bak da!) 


When (12.3) is definite, a necessary and sufficient condition 
that two non-null vectors at a point be orthogonal is 


(13.5) Gi Mt Ag? = O, 


and when the form is indefinite this is taken as the definition of 
orthogonality. The problem of determining vector-fields orthogonal 
to a given field will be treated later. 

When one, or both, of the given vectors is a null vector, the 
right-hand member of (13.2) involves an indeterminate factor, since 
there is no analogue to unit vectors in this case. Accordingly in 
retaining (13.2) as the definition of angle, this indeterminateness 
is understood. Furthermore, we take (13.5) as the definition of 
orthogonality when one or both of the vectors is null. As a 
consequence, a null vector is self-orthogonal. 

For the curves of parameter x’ of the space, when they are 
not minimal, we have da’ +0, da/ =0,(j +72). Hence the com- 
ponents of the contravariant unit tangent vector are 4° = 1/V egu, 
2/ = 0(j +7). From this and (13.3) it follows that the angle @;; 
between the curves of parameters x’ and x/ at a point, when 
neither is a curve of length zero at the point, is given by 


(13.6) 003 0, = 
; Ve Cj Git Gij 


In § 3 we saw that for a covariant vector-field 4; the equation 


(13.7) AA == 
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determines at each point an elemental V,-1, which may be taken 
as the geometrical interpretation of the vector. In terms of the 
associate contravariant vector this becomes 


(13.8) gy dx = 0, 


and consequently the vector 4/ at a point is orthogonal to any 
direction in the Vn_1 at the point, and thus is normal to the Vy_1. 
Since either the normal or the V,—1 determines the other, we may 
look upon a vector of either type and its associate as defining 
the same geometrical configuration, and thus speak of 4* and 4; as 
the contravariant and covariant components of the same vector-field. 

By means of (12.7) it is readily shown that from (13.2) we have 


(13.9) cos 6 = g® ay dai 


for the determination of the angle, when the covariant components 
of the vectors are given.* Likewise, the condition of orthogonality 
in this case is 

(13.10) 9 dys Aaj = Oz 


From (13.5) it is seen that at any point P the components of 
two orthogonal vectors may be interpreted as the homogeneous 
cobrdinates in a projective space of m—1 dimensions of two points 
harmonic with respect to the non-singular hyperquadric 


(13.11) gy y = 0, 


in which the g’s are evaluated at the point. The problem of finding 
mutually orthogonal vectors at P is that of finding the vertices of 
polyhedra self-polar with respect to (13.11). Consider, for example, 
the case n == 4, that is, when (13.11) defines for P a non-singular 
quadric surface Q. One vertex, P,, of such a tetrahedron can be 
chosen arbitrarily in the space but not on Q; a second vertex, Py, 
arbitrarily in the polar plane of P,;, but not on Q; a third, P;, 
arbitrarily on the intersection of the polar planes of P, and P,, 
but not on Q. Then FP, is determined as the intersection of the 


* It is understood that the vectors are unit vectors, unless one or both are 
null vectors. 
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polar planes of P,, P, and P;. Since P,, Py and P; can be chosen 
thus in 003, oo? and co! ways respectively, there are 00 ®[—= a” Vi?) 
sets of 4 mutually orthogonal non-null vectors at a point in a V4. 

We call 2 mutually orthogonal non-null vector-fields in a V, an 
orthogonal ennuple. The analytical process of finding them is 
analogous to the above, the difference being that instead of choosing 
a point for P,, we choose » arbitrary functions 4,\" not satisfying 
(1371 1) and60 .0m 

Hence we have the theorem: 

There exist ew” "YD! orthogonal ennuples in a Riemannian n-space. 

Also we have: 

A given non-null vector-field forms part of ©%YV@—) orthogonal 
ennuples. 

A null vector corresponds to a point P on the hyperquadric (13.11) 
and any non-null vector orthogonal to it to a point in the tangent 
hyperplane to (13.11) at P. Since this hyperplane is of n—1 
dimensions, we have the theorem: 

A null vector is orthogonal to n—1 linearly independent non-null 
vectors in terms of which it is linearly expressible. 

From geometric considerations it is seen that these »—1 vectors 
cannot be chosen so as to be mutually orthogonal. 

In like manner we have also: 

Any vector orthogonal to a null vector is expressible linearly im 
terms of it and n—2 non-null vectors orthogonal to tt. 

If a null vector is orthogonal to n—1 linearly independent vectors, 
it is a linear function of them. 

If An’ are the components of the unit vectors of an orthogonal 
ennuple, where / for h = 1,---, m indicates the vector and 2 for 
7—1,---,n the component, we have 


(13.12) Gj Inf An? = en, gy An An’ = O (h + k). 
Any other unit vector-field of components 4 is defined by 

(13.18) 4° = e cose, Tee + € COS Ge ia +... +p COS ay isi 
where in accordance with (13.2) cos ax = gy 4’ x/. If we put 


(13.14) En’ === th, ha’ (h, i, b= 1, + +95 00), 


14. Differential parameters. The normals to a hypersurface Al 
where the ?’s are functions satisfying the conditions 
é ly2 l 
(13,15) Da ev(try + 0, Dei th te = 0 (h +h), 


the §’s are components of an orthogonal ennuple. The determination 
of n* quantities ¢ satisfying (13.15) is the problem of finding the 
self-polar polyhedra with respect to the hyperquadric > e (y’)? = 0, 
i 
and consequently there are oo”®—D/? sets of solutions. 
14. Differential parameters. The normals to a hyper- 


surface. If f and » are any functions of the z’s, the functions 
defined by 


Wes saa A Oran 

(14.1) Af = gi OF. of, and Sees 
te Oro ae 

(14.2) Ai) = gi 2h ae = 9 fi®,j 


are invariants. They are called differential parameters of the first 
order. In like manner the invariant defined by 


i Me Yao an es FO) of oS jis 
(14.3) LS le HN em hi lee dol Oak lish 


is called a differential parameter of the second order. 

An equation of the form f(z’, ---, 2”) = 0 determines a V,_1 in 
Vn; we call it a hypersurface. For any displacement in this hyper- 
surface we have 


Of ; 


Consequently the quantities ar are the covariant components of 
the vector-field of normals to the Vn—1. From (14.1) and (12.9) 
it follows that 

A necessary and sufficient condition that the normals to a hyper- 
surface f(x’, ---, 2") = 0 form a null vector-field is that f be a solution 
of the differential equation 


(14.4) Af = 9. 


If f, and fo are any functions not satisfying (14.4), the angle @ 
between the normals to two hypersurfaces f, = 0 and fg = 0 at 
a common point, the angle between the hypersurfaces, is given by 
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Ai (A, fe) 
Vee Ai fi ss A: 2 


(14.5) COSO—— 


as follows from (13.3), (13.9), (14.1) and (14.2). If either one or 
both of the functions 74, 2 is a solution of (14.4), we take 


(14.6) cos8 = Ai (fi, fe) 


as the measure of the angle between the hypersurfaces. 
From the definitions of § 13 it follows that 


(14.7) Ai(f, fe) = 0 


is the condition that the hypersurfaces be orthogonal at each 
common point. Since 
(14.8) Ai (Zi, at) = 9, 


we have that a necessary and sufficient condition that the hyper- 
surfaces x? = const., «/ = const. at every point of space be 
orthogonal is that ; 


(14.9) gf? = 0. 
If f'(a', ---, 2”) is any real function, the differential equation 
(14.10) AMT) 0 


admits »—1 independent solutions.* If /?,---, /" denote such 
solutions, and if we introduce new codrdinates defined by 2’ ‘ of 
for i =1,---,n, then from the equations A, (7, 2”) = 0 for 
j = 2,-+-,n expressed in terms of the fundamental form 9’; da" dx” 
we have 

(14.11) 7”? =0 (j = 2,.--, m). 


Since we have assumed that the determinant g’ of the above form 
is not zero, it follows from (6.4) that g’'! + 0 and hence from the 
identity g'/ gi; —= 0; we have 


(14.12) Qj = 0, “gn +0 OG ere. 


* Goursat, 1891, 1, p. 29. 
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Hence the fundamental form is 


(14.13) g = gir (da)? + gf, dx”! da!™ Gb eee 


The geometrical interpretation of these results is that the hyper- 
surfaces f/ — const. for 7 = 2,---, n are orthogonal to the hyper- 
surfaces #* = const. and the former intersect in a congruence of 
curves orthogonal to the latter. 

15. N-tuply orthogonal systems of hypersurfaces in a V,, 
From (14.7) it follows that the condition that there exist in a V;, 
n families of hypersurfaces /; = const. (¢ = 1, ---, 2) such that every 
two hypersurfaces /; = const., f; = const. for 7,7 = 1,---,n(@é+)) 
are orthogonal at every point is that the n(m—1)/2 sine 
differential equations ae 


(15.1) Ai (fi, fi) = 9 


admit » solutions. Evidently this is not possible for n> 3, when 
the fundamental form (12.3) is any whatever. When it is possible, 
we say that the Riemannian space admits an n-tuply orthogonal 
system of hypersurfaces. 

If this condition is satisfied and these hypersurfaces are taken 
for the coérdinate hypersurfaces x* = const., we have from (15.1) 


(15.2) gf =) (G9 =1,--+, W579). 


Since we have assumed that the determinant g of the form (12.3) 
is not zero, it follows from (6.4) that none of the components 9” is 
equal to zero. 
Hence from the identities 
ak He 

WI = 9 
we have 
(15.3) Uo 0 (2, y) aoe 1, Pate 0 +7). 


Consequently the fundamental form is 
(15.4) YP —— abi (dax*)* + goo (22) ae Jnn (dane: 


Conversely when the fundamental form is reducible to (15.4), we 
have (15.2) and consequently the parametric hypersurfaces form 
an »-tuply orthogonal system. 
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Since in this case 
i 1 
15.5 qe = —, 
( ) J Git 


we have from (7.1), (15.2), (15.3) and (15.5), the following ex- 
pressions for the Christoffel symbols formed with respect to (15.4): 


(15.6) 2), k ae 0, “7, i] ae 102, 9 aa 5 oe [22, 2 ie 4 ae 
G9, +), 
[JV ae gy: 1 Me al SOU st ee 
5.7) 19) ta 2gy dx!” ij 2 da! 
lia 2? 2a 


From (8.9) we have in this case 


Rnajx = O (h, oe hi = ih 
Ru = V 94 | eVigi  9V gu 10gV gun 
hike Ji Bal’ Bah 0 axlt Ox® 
Beh OV gui aloe V gi | a 
(15.8) A ook awh (A, i,k +), 
ee, eee oe be 1 Ae joe ( Le ie) 
Tenn, == ¥ Gii V hh aie ( V oon aah Dat V ou amt 
pe ee 
m Gmm ox™ 0a™ , 


where >’ indicates the sum for m= 1,---, m excluding m =h 
m 


and m= 1. 

16. Metric properties of a space V, immersed in a V,,. 
Consider a space V,, referred to codrdinates y“ and with the 
fundamental form 


(16.1) Ga eg dy” dy?.* 
If we put 
62) f= fle... 2%, 


*In this section Greek indices are supposed to take the values 1,---, m and 
Latin indices 1, ---, m. 
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where the /’s are analytic functions of the «w’s such that the 


0 ey | 


matrix | seal is of rank n, equations (16.2) define a space V), 


immersed in V,,. If we write 


ay* ay? 


(16.3) Depa nd ant $i 


then from the definition of linear element for V», namely 
(16.4) ds” = ¢dg, dy" dy’, 

we have for the linear element of V, 

(16.5) OS == 00 Oe Oe 


Thus when a metric is defined for a space V», the metric of a sub- 
space is in general determined (cf. Ex. 8, p. 48). This is an evident 
generalization of the case of a surface a’ =f“ (u, v) (for 7 = 1, 2, 3) 
in a euclidean space with the linear element (12.1); in this case (16.5) 
assumes the well-known form ds®? = Hdw?+2Fdudv+ Gdv® in 
the notation of Gauss. 

The formula for V,, analogous to (13.4) is 


ag dy” Oy? 
(16.6) cos @ = see ie SS, 
VG ep dy dy’) (e, Veg dy” dy?) 
From (16.2) we have 


(16.7) Dye — Oxi da’. 


Substituting in (16.6) and making use of (16.3), we obtain (13.4). 
Thus the invariant cos 6 of two directions at a point of V, has 
the same value whether determined by the formula for V, or for 
the enveloping space V,,. Later (§ 55) it will be shown that when 
the fundamental form of a space is positive definite there exists 
a euclidean space Vm, where m <n(n-+1)/2 in which V, can be 
considered as immersed. Consequently angle as defined by (13.4) 
for V; is equal to the angle in the euclidean sense as determined in 
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the enveloping Vin. In fact, in the differential geometry of a surface 
in euclidean 3-space, the angle between two directions on a surface 
is determined in the euclidean space and its expression in terms 
of the metric of the surface is derived therefrom; this gives a form 
of which (13.4) is an immediate generalization.* 

If 2 are the components of any contravariant vector-field in Vy 
along any curve of the congruence of curves for which these are 
2 
the tangent vectors, we have ae = 2", From (16.7) we have for 


this curve in Vin 
GY” oO ee ae 


dt da dt ~ 34 


Hence the components in the y’s of this vector-field are given by 


iq ee dy qt 
(16.8) ge me dt, 


Conversely, if we have any vector-field §“ in V,,, for those vectors 
of the field in V,, that is, tangential to V,, the components 4* in 
the x’s are obtained by taking any n of equations (16.8), replacing 
the y’s by the expressions (16.2) and solving for the 2’s. 

From (16.8) and (16.3) we have 


(16.9) digg SSP == gi tM, 


and from (13.3) for two non-null vector-fields 


Wen Seok 
cos@ = ee. 
Va Veg g\° re) (e, Gap Ey)“ &,P) 
(16.10) ra! 
iF Gij Ari dal? 
V (e1 gi Aaj’ Ain’) (€2 guj Aai* day’) 
FE : 0 y® : ‘ 
rom (16.7) it follows that ce for @ =—1,---, mand a given i 


are the components in the y’s of the tangents to the curves of 


* Cf. Hisenhart, 1909, 1, p. 78. 
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| a 
parameter z* in Vy, Since the matrix ae is of rank n by 


hypothesis, there are » such independent vector-fields in V;, in terms 
of whose components the components of any vector-field in V, are 
linearly expressible. From this it follows that any m functions £ 
satisfying the » equations 


are the components in the y’s of a vector-field at points of Vn, 
such that the vector at a point of V, is orthogonal to every vector 
in V, at the point. Accordingly we say that a vector of com- 
ponents & satisfying (16.11) is normal to V». If (16.11) is written 
in the form 


(16.12) 


we see that there are m—vn linearly independent vector-fields 
normal to Vp. 


Exercises. 


1. Show that a real codrdinate system can be found for which =i OF Il, 
In this codrdinate system the divergence of a vector 4’ (Ex. 8, p. 32) is the ordinary 


divergence. 
2. For a V, referred to an orthogonal system of parametric curves 


R,, Ino Te R,, Is = Dee R,, = 0, 
R 


R= g? Ri, = —— 
; Ii Jog 
and consequently 
R 
hk, — io. Gy 


3. When the fundamental form of a V, is positive definite and 6 is the angle 
between the vectors 4, and 4,', then 
° 
(Gri Ip. Inn I) A,} A, i A? A, I 
Gre Ip at Ant Aaf ay 


Seg) = 


4. Show that 


a ‘ 
az A = 2996,,0 


Oak gh 
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5. For a V, referred to a triply orthogonal system of surfaces 


1 nen 
ki, = oa By, ap ie Bing (i,j, k +), 
i kk 
ne os Ree (i, j, k +), 
kk 


6. Show that for a V, a tensor a,,, satisfying the conditions (8.10) and (8.11) 


has six independent components and that these can be written in the form 


Gisnn = In —~ Far x A Iju in ~ Ip Gv 


where a, is a symmetric tensor. Show also that 
a= i il gik gq. —gtaq 
Ge 4 Tr Oe ijkl g gk 


Hence if g’a,,, = 0, then a,,, = 0. 

7. The functions g,, defined by (16.3) are invariants for V,, at points of V., 
and dg are invariants fOr V.. 

8. When the equations 


dy dy? Be 


“OB Oa Bai 


0 (@, 6 = 1,---,m; 74,7 =1,---, %) 


admit solutions (16.2), for the V, thus defined there is not a metric induced by 
the metric of V,. Show that in general such a V, exists, if m= n(n +1)/2. 


17. Geodesics. Let C be a real curve defined by 2? = f*(#), 
¢ being any real parameter, and denote by A and B the points 
of C' with the respective parametric values ¢ and ¢,. The equations 


ae = e+ eat, 
where « is an infinitesimal and w’ are functions of the x’s such that 
(17.1) wo = 0 for i = to, hi, 


define a curve C nearby C and passing through A and B. 
Consider the integral 


ty 
(17.2) ee f g(x", pbk et: x”, zn soy) a”) at, 
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e dx? : ; : 
where a? = Tt and » is an analytic function of the 2” arguments. 
li 7 is the corresponding integral for C, we have, on expanding » 
in Taylor’s series, 


=— th 
i—f = ef f 
ad ee) 


; 0 iis 
= oft 28 ilar... 


ee OiG)) ; 
where w? = Rei and the unwritten terms are of the second and 


higher orders in «. If we write 


1.3 of = 
(17.3) if an ee gavel’ ae aa dt, 


integrate the second term of the integrand by parts and make 
use of (17.1), we have 


t 
2 = ‘log d =) ; 
(17.4) Cli al fe Al & w' dt, 


The integral J is said to be stationary and C the corresponding 
extremal, if this first variation OJ is zero for every set of functions 
satisfying the conditions (17.1). From (17.4) it follows that a 
necessary and sufficient condition is that 


3 d [ag a) 
ee dt (25) a = 


which are known as Euler’s equations of condition.* 

We apply this general result to the integral (12.11) for a portion 
of a curve C for which e is either one or minus one throughout 
the domain. In this case 


OGjk +5 +1 
Gee Ob edge! 5 egy a ag al ad 2 
age V egy xt x! fae Gis ty Ot 2 ds 
dt dt 
Substituting in (17.5), we obtain 
d*s 
ae ODij ++ ies) eee dt? 
aches gee 5 oS Ce ae ee 0. 
dt 


* Cf. Bolza, 1904, 3, p. 1238; also Bliss, 1925, 2, p. 130. 
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If we make use of the Christoffel symbols formed with respect 
to (12.3), this equation becomes 


. Gal dx dak dxi at 
(17.6) gu Ga tlh Gp 9 ay Cees 
dt 


Multiplying by g@ and summing for 2, we obtain 
dat. Wl ada dae ae ar, 
dt? Vgki die ae dt ds 

dt 


Et) = 0. 


If in place of a general parameter ¢ we use the arc s of the 
curve, equations (17.7) become 


ry y k 
(17.8) ie Ra 


ds® '\jk! ds ds 


Thus the extremals of the integral (12.11) in which the param- 
eter ¢ is the arc s are integral curves of » ordinary differential 
equations (17.8). 

These integrals satisfy the condition that along any curve 


dx’ dx 
(17.9) oan Wier Paver const., 


because of (12.12). We shall show that any integral curve of (17.8) 
possesses this _ property. In fact, since the left-hand member of 
this equation, is an invariant, its derivatives with respect to s along 
a curve can be obtained by taking its covariant derivative with 


respect to a“, multiplying by oe and summing for k. Hence the 


condition that (17.9) shall hold along a curve, when s is a para- 
meter, not necessarily the arc, is 


Kk i Mere Riyal 
(17.10) gj dx da (s} Pas (os a a) = 0 


Ud deeds) pai eds ae kif ds ds 


17. Geodesics 51 


It is seen that this condition is satisfied by any integral curve 
of (17.8), which equations may also be written in the form 


k i 
(17.11) ax (< 


ds \ ds |= e 


I view of this result we have that if the constant in (17.9) is 
positive, negative or zero at a point of an integral curve of (17.8), 
it is the same all along the curve; that is, if the tangent vector 
at one point is non-null or null, the tangents all along the curve 
are of the same kind. From (17.7) it is seen that the form of (17.8) 
is not changed if s is replaced by as-+b, where a and D are 
arbitrary constants. Hence, if the curve is not of length zero, 
s can be chosen so that (17.9) becomes (12.12), that is, s is the 
arc. On the other hand, if the constant in (17.9) is zero, the 
above mentioned generality of s obtains. Any integral curve of 
equations (17.8) is called a geodesic. When in particular it is a curve 
of length zero, we will call it a minimal geodesic, and we will 
understand that when s is used as a parameter of a minimal geodesic 
it is such that the differential equations of the geodesic assume 
the form (17.8). 

Consider for example the V, of special relativity with the 
fundamental form » = (dx')?+ (dx*)®+ (dx*)?—(da*)?. Any curve 
of length zero in this space may be defined by equations of the form 


ea fr cos 6 cos g ds, Ope ee fr cos @ sing ds, 
il fr sin 6 ds, cas fr ds, 


where #, 6 and » are functions of s. Only in case #, 6 and 


are constants are these integral curves of (17.8), which are in this 
Bf 

= = 0. Hence in general a curve of length zero is not 

S 


a geodesic. 

We return to the consideration of (17.8) in which s is the are 
of the gecdesic when the latter is not minimal, and is the particular 
parameter referred to above when the geodesic is minimal. We 
observe that any integral curve of (17.8) is determined by a point 
P, (ai, +--+, x) and a direction at P,. Thus if we put 

ae 
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(17.12) ge (= , 
0 
where a subscript 0 indicates the value at Po), we have 


ee fe Lyf dia Lid 
s+ 804+ 4(S4) e+e (SF) ot. 


The coefficients of s? and higher powers in s are given by (17.8) 
and the equations resulting from (17.8) by differentiation with 
respect to s and replacing the second and higher derivatives of x’ 
by means of (17.8) and the resulting equations. Thus we have 


OF a el ae oe Pe 
nT Oe Ba toe) 
dat iit tin Cee aa a 
(ss “dst 1 Lata dete dS. dae hse 
where 
f= bel LGU 
Ts, pane f reaere ; ‘ =F ee 
ees oe 3 Plas Vinh lakh jl yes \kal 
5 | eGo ean 
— bol 2afi al Ha) 
5 ax! \iki log) \kl 


and in general 


Fog oan = WV | aS Me Nor er ae aR eit cea ea Tio} ) 
(17.15) , Aa a 
4 0 Kl. + +m ¥ he a J a | 
V p| 4 ah (N LT cine on \jnf ’ 


where P before an expression indicates the sum of terms obtained 
by permuting the subscripts cyclically and N denotes the number 
of subscripts.* Hence we have 


(L016) al w+es—s 1% jue J&R ge __ ah Wied) &/ Sb Gb 8 — 


The domain of convergence of these series depends evidently upon 
the expressions for g;; and the values of &’. However for sufficiently 
small values of s they define an integral curve of (17.8). 


eC Veblen and Thomas, 1923, 4, p. 561. 
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18. Riemannian, normal and geodesic coérdinates. In 
this section we introduce certain types of codrdinates which have 
important applications. Returning to (17.16) as the equations of 
a particular geodesic passing through a point Po (x) and determined 
by the direction (17.12), we put 


(18.1) yea Ss 
and substitute it in (17.16), with the result 


(18.2) at = ag + y'— Ay al; yy? — =, Tepoy yy’ — ++. 


Since equations (18.2) do not involve the &’s, they hold for all 
geodesics through /) and therefore constitute the equations of 


a transformation of codrdinates. Since the Jacobian j of these 
3 lu 


equations is different from zero at Po, the series (18.2) can be 
inverted and we have 


Ce a — a. a — a) (Cen), 


where /” are series in the second and higher powers of ila 
es Dea, ); 

For a given set: of values of the constants & in (18.1), these 
equations define a curve. When »’ in (18.2) is replaced by &s we 
have (17.16). Consequently (18.1) are the equations of the geodesics 
in the new system of codrdinates. These codrdinates; were first 
introduced by Riemann* and are called Riemannian codrdinates. 
In these codrdinates the equations of the geodesics through Py are 
of the same form as the equations for straight lines through the 
origin in euclidean geometry. 

From the form of equations (18.1) it is seen that these codrdinates 
are valid only for a domain about Py such that no two geodesics 
through /) meet again in the domain, and from (18.3) it follows 
that this domain is that for which the series (18.2) may be inverted 
into (18.3). 

If we write the fundamental form in the y’s thus 


(18.4) 9 = gj dy’ dy, 


* 1854, 1, p. 261. 
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and indicate by ra and [27, k] the Christoffel symbols formed 
with respect to (18.4), the equations of the geodesics are 

dy | fil dy dy _ 
ENS) ds* ua as ase 


Since the expression (18.1) must satisfy these equations, we have 


fey ES) GON eee 
(18.6) \ykl § Ss 0, 
and on multiplication by s? 
(18.7) te y! yf —— 0, 


which equations hold throughout the domain. Conversely, if these 
conditions are satisfied, equations (18.5) are satisfied by (18.1) and 
the y’s are Riemannian codrdinates. 

By applying to (18.5) considerations similar to those applied to 
(17.8) we obtain similarly to (17.16) 


Since this must reduce to (18.1) for arbitrary values of & it follows 
that 


le teal 
(18.8) leplo = & 


Since the functions / defined by equations analogous to (17.14) 
and (17.15) are symmetric, we have also 


(18.9) (Lopy)o = 0, ehioiieus (eget 0. 


From (7.3) and (7.4) it follows that equations (18.8) are equivalent to 


09i are 
(18.10) (544) = 0 Cj += 
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Hence: 

At the origin of Riemannian codrdinates the first derivatives of 
the components of the fundamental tensor in these coordinates are zero. 

It follows also from (18.8) and the general formula for covariant 
differentiation that at the origin of Riemannian codrdinates first 
covariant derivatives reduce to ordinary derivatives. Evidently 
(18.10) is a special case of this result, since gj; = 0. 

If another general system of codrdinates x” are used, we have 
a set of equations (17.16) in the primed quantities from which we 
obtain another set of Riemannian codrdinates y’’ by equations 
analogous to (18.3), and the equations of the geodesics in this 
codrdinate system are 


Since 

eg dx” aa” dx aa 
iS. ae ns — i aa (a to 
ely) : (42 ) (22, za a, 


where the a’s are constants, we have: 

When the coirdinates x* of a space are subjected to an arbitrary 
analytic transformation, the Riemannian codrdinates determined by 
the x's and a point undergo a linear transformation with constant 
coefficients. 


Since the a’s in (18.11) are the values of 


da” ay 
a at the point, it 


is evident that conversely when a linear transformation of the 
Riemannian coordinates is given, corresponding analytic trans- 
formations of the z’s exist but are not uniquely defined. 

At the point Py the coefficients gj; in (18.4) are constants. 
From § 9 it follows that real linear transformations of the y’s 
with constant coefficients can be found for which (18.4) reduces 
to a form at Py involving only squares of the differentials and 
the signs of these terms depend upon the signature of the differ- 
ential form. These particular Riemannian codrdinates have been 
called normal codrdinates by Birkhoff.* 

The transformation defined by (18.2) belongs to the class of 
transformation of the type 


*1993, 2, p. 124. 
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where the c’s are symmetric in the subscripts. From (18.12) we 
have at P, of codrdinates x and «’" = 0 in the respective systems 


Ba le aes here i £1 gh Se ae es (= Pea 
eal = Gas care ax’? pe! Eee aarab Le Oar 10 wel 


d 


Hence if | ch 
have from (7.14) 


, 4 
} indicates the Christoffel symbols in the «’’s, we 


|i tances] ele 
War jks si a 
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Therefore a necessary and sufficient condition that val == 001s 
j 0 
that c= Vals Accordingly the equations 
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where the c’s are arbitrary constants symmetric in the subscripts,* 
define a transformation of codrdinates such that 


(18.14) (22) = 0. 


The z’s so defined are called geodesic codrdinates. Hence: 
At the origin of a geodesic codrdinate system first covariant 
derwatives are ordinary derivatives. 


The equations in geodesic coérdinates of the geodesic through 
i 


Bey 
ds 0 


(18.15) at = Bis a- (Tigo Bt EP oh... 


the origin determined by & = | 


* This assumption is no restriction as to generality. 
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Comparing these expressions with (18.1) we see that Riemannian 
coérdinates are the geodesic coérdinates for which the /’s vanish 
for 2° — 0. 

19. Geodesic form of the linear element. Finite equations 
of geodesics. If f(z!,---, a”) is any real function such that 
4A, f+0, the normals to the hypersurface f—0O are not null 
vectors (§ 14), and consequently the geodesics determined at each 
point of f= 0 by the direction of the normal are not curves of 
length zero. If we change codrdinates taking this hypersurface 
for «10, and the geodesics for the curves of parameter z’, 
and take for the coérdinate x’ the length of arc of these geodesics 
measured from x! = 0, from (12.5) it follows that in this coérdinate 
system 
(19.1) Ohh == GAS 


where ¢, is plus or minus one. From the equations of the geodesics 4.» > 
at =o) 


which result from (17.6) when we take ¢=s =<’ 


O91 
fi) a} 


== Q. 


Since by hypothesis gx = 0 for z1—0, it follows that gi = 0 
identically. Hence the linear element is 


(19.2) ds? = e(e ftit+ gag dx da®) (a, 8 = 2,-++,n). 
ze i 


We call this the geodesic form of the linear element. As a result 
we have the theorem: 

Tf f is any real function of the x's such that A, f + 0 and geodesics 
be drawn normal to the hypersurface f = 0 and on each geodesic 
the same length be laid off from f = 0, the locus of the end points 
is a hypersurface orthogonal to the geodesics.* 

These hypersurfaces are said to be geodesically parallel to the 
hypersurface f = 0. 

Incidentally we have the theorem: 

* This is the generalization of a theorem of Gauss for surfaces in euclidean 
3-space, cf. 1909, 1, p. 206. Also, we remark that the first assumption of the 
theorem is satisfied, if (12.3) is definite. 


we have , 4 
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A necessary and sufficient condition that the curves of parameter s* 
be geodesic and the cobrdinate x‘ be the arc is that gi, be constant 
and g,, for 7 = 2,---,n be endependent of xs 

For the quadratic form (19.2) we have 


(19.3) Ay x = &. 


Conversely, if f is any solution of the differential equation 
(19.4) Ay f == As 


where e¢, is plus or minus one, the surfaces # = const. are orthogonal 
to a congruence of geodesics, and the length of any geodesic between 
two hypersurfaces f = q, and f = c is c.—«q. In fact, if we 
give f the significance of f' in (14.10) and proceed as in § 14, we 
get the fundamental form (14.13). With respect to this form 


equation (19.4) reduces to g’" = e. Since g/” = ae the form (14.13) 
1B] 


reduces to (19.2). 

A complete solution of either of the equations (19.4), that is, for 
e, = 1 or —1, is a function f involving » —1 arbitrary constants 
(1,+++, &m-11n addition to an additive constant c.* The covariant 
components of the normals to the corresponding hypersurfaces 


(19.5) FQ, ops arms ee An—1) a 
ce 
ont’ 
Consider now any point P and a non-null vector at the point whose 
covariant components are 4; According as g¥ 4,4; is positive or 
negative, we take the solution of (19.4) for e, = 1 or —1. Then 
the » equations 


are each hypersurface being determined by a value of «. 


Of 


0 xt 


determine the a’s and the factor oe, and equation (19.5) the value 
of c so that one of the hypersurfaces (19.5) shall have the given 
direction 4; for its normal at P. 


* Goursat, 1891, 1, p. 94. 
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If we imagine the expression (19.5) substituted in (19.4) and 
differentiate with respect to a;, we obtain 


0 
Ai (7 FY = 0 
0 ai 
Consequently the hypersurfaces 
(19.6) as == by. 
0A 


where the b’s are constants, are orthogonal to the hypersurfaces (19.5) 
and meet in the geodesics orthogonal to the latter hypersurfaces. 
Sinee we have shown that one of the hypersurfaces (19.5) can be 
chosen so that a given direction at a point is normal to it, we 
have the theorem: 

When a complete solution (19.5) of (19.4) is known, equations (19.6) 
for arbitrary values of the b’s are the equations of the non-minimal 
geodesics, and the arc of the geodesics is given by the value of f.* 


Exercises. 
1. If the codrdinates at points of a geodesic are expressed in terms of s [cf. (17.8)] 
and g is any function of the «’s, then 
d™ a . dat da" wn dat 
dsm Ti" tm ds ds ds 


Levy, 1925, 1. 

2. If for every point in space and for a special codrdinate system associated 
with each point a tensor equation is satisfied, the tensor equation holds throughout 
the space for any coordinate system. 

3. Show that at the origin of a system of geodesic codrdinates defined by (18.13) 
any component of a tensor in the a’s is equal to the component with the same 
indices in the x’’s; in particular this applies to the fundamental tensor. 

4. If x are geodesic codrdinates with a point P for origin, and they are sub- 
jected to the transformation 


where the c’s are constants symmetric in «, 6 and y, the x’’s are geodesic with P 
for origin and at P 


0 ‘aah fs) ‘ait = F 
ax'” laps dar les} © apy’ 


* This is the generalization of a theorem in the theory of surfaces. Cf. 1909, 1, 
p- 217; also Bianchi, 1902, 1, p. 338. 
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5. If in the transformations of Ex. 4 


Sees ae ot et | 
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then at P in the a'’s 
FI : Nites 6E| “ } + 0 a ie 
ax'’ lef © axe \Avf  Oa'B lve 
There are n?(2n?—6n-+7)/3 of these equations. Show also that for a V, the 
second derivatives of gj; at P are uniquely determined by these equations and (8.3) 
as linear functions of R’’,,,. Eddington, 1923, 1, p. 79. 
6. Show, with the aid of Exs. 3 and 5, that for a V, the components of any 
tensor involving only g,, and their first and second derivatives are functions 
of g,, and R*,,,. Eddington, 1923, 1, p. 79. 
7. Show that for a V, the only covariant symmetric tensor of the second order, 


whose components are linear in the second derivatives of g,, and involve also Is; 
and their first derivatives, are of the form 


R,+9,(aR+D), 


where @ and 0 are invariants. 
8. For the generalized Liouville form of the fundamental form, namely 


(X,+X, +--+ %) D e, da, 
where X, is a function of «* alone, a complete integral of 4,6 = 1 is 
6=ct f DVeXFa) ax 


where c and the as are constants, the latter being subject to the condition 
Ge? a == 0. Bianchi, 1902, 1, p. 338. 


20. Curvature of a curve. Given any non-minimal curve in a V, 
which is not a geodesic and let the codrdinates be expressed in 
terms of its arc. If we write 


a? x bedava 
ds? Vik Csionas 


(20.1) = p!, 
it is evident from the form (17.11) of the left-hand member of this 


equation that w* are the contravariant components of a vector. 
Moreover, in consequence of (17.10) we have 


¢ , da! 
(20.2) Gi te = 0. 
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that is, the vector mu’ is orthogonal to the curve at each point. 
An invariant @ is defined by the equation 


Aen oe, 
(20.3) pV 96 we. 


At the origin of Riemannian codrdinates equations (20.1) are 


2 at 
(20.4) a= wi 


Thus 1/o is the generalization of the first curvature in euclidean 
3-space and «’oe of the direction-cosines of the principal normal 
of the curve. Accordingly we call e, defined by (20.3), the radius 
of first curvature ot the curve and the vector of components « the 
principal normal. We have at once: 

When the first curvature of a curve is zero at all its points, either 
it is a geodesic and its principal normal is indeterminate or it is 
a curve for which the principal normal is a null vector.* 

By means of (20.4) the equations of the curve are expressible 
in the form 
(20.5) ee (=) st Ea st... 

as | 2, 
The equations of the geodesic through the origin which has the 
same direction as the given curve at the point are 


= (=) } 
ds an 


Hence the distance d between points of the curve and the geodesic 
for the same value of s, to within terms of the third and higher 
order, is given by 


a pn 1 were ey 
(20.6) d = V [gg @?—2) @/—@)| = > Vig ow] = => 
as in the case of euclidean 3-space.y+ 


* When the fundamental form is definite, the second possibility does not arise. 
7 CL £909, 1; p: 18. 
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In consequence of the remark following (17.11) it follows that 
when a curve is minimal but not a geodesic, the preceding develop- 
ments apply with the understanding that s in (20.6) is the para- 
meter in terms of which the equations of the minimal geodesics 
tangent to the curve are expressible in the form (17.8). 

We have from (20.6): 

A necessary and sufficient condition that a curve and its tangent 
geodesic at a point have contact of the second or higher order 2s 
that the curvature be zero. 

In terms of Riemannian codrdinates with a given point as origin, 
the surface consisting of the geodesics through the origin in the 
pencil of directions determined by the tangent and the principal 
normal of a curve at the origin is given by the equations 


ie E (S) + b Wo], 


1 
where a and b are parameters. If we take a=—1, b= 9% we 


have from (20.5) that the geodesic so determined coincides with 
the curve to within terms of the third and higher orders. Hence: 

The surface formed by the geodesics through a point of a curve 
in the pencil of directions determined by the tangent and principal 
normal to the curve at the point osculates the curve. 

We call this surface the osculating geodesic surface of the curve. 
It is an evident generalization of the osculating plane of a curve 
in euclidean 3-space. 

If in the right-hand members of equations (20.1) the functions p* 
are arbitrary, we have a system of differential equations admitting 
a solution for each point determined by a direction at the point, 
as in the case of equations (17.8). 

21. Parallelism. In this section we define parallelism of vectors. 
As the basis of this definition we take a property of parallelism 
in the euclidean plane, namely that all vectors parallel to one 
another make the same angle with a straight line, that is, with 
a geodesic. 

Consider now any V2 and in it a non-minimal geodesic C at 
points of which the coérdinates 2*(2 = 1, 2) are expressed in terms 
of the arc s, and let 2’ be the components of unit vectors at points 
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of C and not tangent to C. The cosine of the angle between the 


vector at a point and the tangent to C at the point is gy nie 
The condition that this angle be constant along C is as 


dx {| ., dai ee ax (dx | 
ee sy Ae — z je =— 
(a He ad ds Mt ds rae ( ds i 0, 


ds ds 
which reduces in consequence of (17.11) to 


xz .. dak 
Gij Lim = 0. 
DG eta ad « 


Since 4 are the components of a unit vector, we have 4;4' = e, 
from which it follows that 


Ke 
ij }/ pee == 0 


ds 
}} }2 
By hypothesis g = |gj}+0 and | dzx* dz’ eae Consequently: 
ds ds Sm 
| 2 ; / / 
from the preceding equations.we-have © catheter 
ai dak J gat dat ee 
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For the euclidean plane, and indeed for a euclidean space of 
any order, referred to cartesian codrdinates the condition that a 
vector-field be a parallel field is that 2’ be constants. In this 
case the expression in parenthesis in (21.1) vanishes, since the 
Christoffel symbols are zero; consequently in any codrdinate system 
the condition for parallelism is 


; Me } 
(21.2) Mig = feta} = 0. 
From (11.17) we have 
Mt ih— Mag = — I Bian, 


and consequently the condition of integrability of (21.2) is 


(21.3) Rin, = 0. 
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When the fundamental form of a space is such that a coérdinate 
system can be chosen in terms of which the coefficients gi are 
constant and only then, the components A’, of the Riemann tensor 
vanish (§ 10). In this case equations (21.3) are satisfied identically, 
and consequently equations (21.2) are completely integrable; that 
is, a solution of (21.2) is determined by arbitrary initial values 
of the 4’s. In this case we have a field of vectors parallel to 
an arbitrary vector. If equations (21.2) and (21.3) are consistent, 
we will have one or more fields of parallel vectors; this question 
will be considered in § 23. . However, in a space with a general 
fundamental form this is not possible. Consequently we introduce 
the idea of vectors parallel at points of a curve, and take (21.1) 
as the definition of parallelism along any curve, not necessarily a 
geodesic, with respect to the metric of the space, whatever be the 
order of the space. Thus if we take a curve C defined analytically 
by the z’s as functions of s, equations (21.1) admit a solution 
determined by an arbitrary direction at an initial point of the 
curve. Not only the curve but also the metric of the space are 
involved in these equations, and consequently we speak of such 
a solution as defining a set of vectors parallel along the curve 
with respect to the metric of the space, or for brevity with respect 
to Vy. This is the parallelism of Levi-Civita,* who first proposed 
this definition, but from another point of view (cf. § 24). 

As a first consequence of this definition, we have that, if in (21.1) 

G 
, we get the equation (17.8) of the geodesics. Hence: 

Geodesics are characterized by the property that the tangents are 
parallel with respect to the curve. 

This is an evident generalization of the property of constancy 
of direction of a straight line in euclidean space. 

Again if 4,\* and 4A,\* are two sets of solutions of (21.1) we 
have that gj 4,)’42)/ is constant along the curve. Hence: 

At every point of a curve the two directions parallel with respect 
to the curve to two directions at a given point P of the curve make 
a constant angle. 

In particular, when the curve is a geodesic and its tangents are 


we put 4? = 


*1917, 1; cf. also, Severi, 1917, 2, p. 280. 
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one set of directions we have the property in a V2 which served 
as the basis for the definition of parallelism.* 
Equations (21.1) are equivalent to 


dak (or ‘ ear 
21.4 Pipe besa [ss EN te 1 = 
ale Fids = iy oe j 


since by hypothesis the determinant g of the g;,’s is different from 
zero, and consequently the covariant components satisfy 


(21.5) a daxy AG) 
Siew TBs ds . 


22. Parallel displacement and the Riemann tensor. For 
a general parameter ¢ equation (21.1) becomes 


991° at i) @ ez a 
(22.1) ay +) ‘ai ap 0. 


Instead of speaking of the solution determined by an initial direction 
as a set of parallel vectors, we may speak of the vectors arising 
from a given vector by parallel displacement along a curve. In 
particular, it is interesting to consider the effect of parallel dis- 
placement of a vector about a small closed circuit.+ 

Take a surface defined by z* = f’(w, v), where the functions /” 
and their derivatives up to the third exist and are continuous at P, 
and consider the circuit consisting of P(u,v), Q(w+dAu, v), 
R(w+Au,v+Av), S(u,v+Av) and P. If a vector 4 be trans- 
ported parallel to itself about this circuit, we have 


dit 1 ‘2 ji 


as ide (a) oA . 2 \ du? | (a+ ia 


Qe = Wot (FE) dot 5 (Ge) wrt 


* Levi-Civita, 1917, 1, p. 184. 

tT This question was considered by Schouten, 1918, 1, p.64 and by Pérés, 
1919, 1; it was considered for the general case of an affine connection by Wey, 
1921, 1, p. 106; see also Dienes, 1922, 2, and Synge, 1923, 3; the method followed 
in the text is similar to that of Synge. 
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Gs = @e— (2) aut £(S9) Catt. 
Ge = Ws— (7) aot (FF) aye, 


where the terms not written are of the third and higher orders, 


on an a , 
and the quantities such as ( a ( de® | are given by (22.1) 
and the equations resulting from the differentiation of this equation. 
If all of the above equations be added, we have 


Oe il) ell oe 
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If i assume that the x’s are geodesic with P as origin, so that 


ie 


ie = = 0, we have from (22.1), in which the Christoffel symbols 


ae evaluated by means of their expansions about P, 
a =) ( 0 pee 0a! 
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When these expressions are substituted in (22.2), we obtain 


ye wil B ul @ake woulee gl gy lel aceuaanere 
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Since the left-hand member is a contravariant vector in Vn, and 
Cre : ; : 
ea ae 4* are the components of contravariant vectors, it 


follows that in a general codrdinate system this equation is 


. ee a ain 
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From the considerations of § 21 it follows that 4(2)p—=0 when 
Frm; = 0. When this condition is not satisfied, it follows from (2273) 
that when a general vector is displaced around an infinitesimal circuit 
the difference between its final and original direction is of the second 
order and depends upon the value of the components Réjm; at 
the starting point and upon the circuit. An exception to this case 
is treated in the next section. 

23. Fields of parallel vectors. From (21.1) it follows that 
when a set of functions 2’ satisfy the equations 


an! fra 
a ee U a 
(23.1) Semen ele 


any two vectors of the vector-field are parallel with respect to 
any curve joining points of these vectors. The conditions of 
integrability of these equations are (21.3), that is 


(23.2) Ab Rijn, = 0. 


Unless 2%, 0, which is assumed not to be the case, the com- 
ponents of such vector-fields must satisfy (23.2) as well as (23.1). 
Differentiating (23.2) covariantly with respect to ~™ and expressing 
the condition that (23.1) is satisfied, we get 


(23.3) MAC iim, == 0% 

Continuing this process, we get a sequence of necessary conditions 
M Bayt, mt, ==,0; 

(23.4) ee 

A Bij, mm,-..m, = 0, 


5* 
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If the equations (23.2), (23.3), (23.4) are algebraically inconsistent, 
there is no field of parallel vectors. To be consistent it is necessary 
that equations (23.2) and the first g( 0) sets of equations (23.3) 
and (23.4) admit a complete set of linearly independent solutions 
Aaj, «++ 4p, for p > 1, i—1,---+, nm, in terms of which all other 
solutions are linearly expressible, such that these p sets of solutions 
satisfy also the (g++ 1)th set of equations (23.4). Thus any solution 
is given by 
(23.5) di = Gg Aye. +. +o dyit, 


where the ¢’s are functions of the z's, which we seek to deter- 
mine so that 4’ is a set of solutions of (23.1). 

In the first place we remark that if do;’ is any one of the p 
sets of complete solutions and we substitute it in (23.2) and the 
first q sets of (23.3) and (23.4), and differentiate these equations 
covariantly, then since 4¢\* satisfies the (g-+ 1)th set also it follows 
that Acjm is a solution of (23.2) and the first qg sets of (23.3) and 
(23.4). Consequently it is expressible in the form 


(23.6) doti,m = WD diet + + oP, Aol, 
where the p* covariant vectors wi) (a,o = 1,---,p; m = 1,---, n) 


are to be determined; here @ and o indicate the vector and m the 
component. They are determined by the condition that (§ 11) 


Ao |’, mt — Ao\*,m ay — os Reina —— 0, 


in consequence of (23.2). Substituting from (23.6) in this equation 
and making use of (23.6) in the reduction, we obtain 


eee (ue, pe — wei ee) | Ag ' = 0. (a, B =F 1, ae - p)” 


Since the rank of the matrix || 4,\'|| is p, these equations are equi- 
valent to the system 


aul) ot ( a 
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*In this equation « and are summed from 1 to p; the same is true of a 
repeated index of this sort in the following equations. 
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When now we require that 2’ as given by (23.5) shall satisfy 

(23.1) we obtain, in consequence of (23.6), 

8 
(23.8) use 4. gp wf =='(), 
Because of (23.7) this system of equations is completely integrable, 
and consequently the solution involves » arbitrary constants. In 
view of the above results we have the theorem: 

If the system of equations (23.2), (23.3), (23.4) is algebraically 
consistent, there exists one or more fields of parallel vectors; more 
specifically, 7f (23.2) and the, first ¢(=0) sets of (23.3) and (23.4) 
admit a complete system of solutions which also satisfy the (q-+1)th 
set of these equations, there exist fields of parallel vectors depending 
on p arbitrary constants. 

Since equations (23.8) admit a solution determined by an arbi- 
trary set of initial values, we see that when the conditions of the 
theorem are satisfied, any vector at any point P in space in the 
p-fold bundle determined by the p vectors io)’ is parallel to a 
vector in the bundle at any other point.* 

We have just obtained the conditions for fields of parallel 
vectors in invariantive form. Now we shall show how such 
fields may be obtained by making a suitable choice of coérdi- 
nates. Using the preceding notation and indicating by aii the 
components of p independent fields in codrdinates x’’, we have 


(23.9) As = Ag 

Consider the system of p linear partial differential equations 
(23.10) Xo (6) = dai! == 0, (o =,..--, 93 7 =1, 4-0), 
where X,(@) is an abbreviation. If X,X,(0) has the significance 


0 . 06 
A — | ee 
X,Xq(0) = dal 5° (de 25), 
*This problem for a single field of parallel vectors was treated by Levi- 
Civita, 1917, 1, p. 194; ef. Hisenhart, 1922, 8, p. 209; also Veblen and Thomas, 
1923, 4, pp. 589-591. 
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the operator 
CE, hg) i x X, (8) ans Eo.€ (@) 


is called the Poisson operator. A fundamental theorem of systems 
of linear partial differential equations is: A necessary and sufficient 
condition that a system (23.10) be completely integrable, that is, 
that it admit 7—p independent solutions, is that (X,, X,) be linearly 
expressible in terms of the X’s.* 

When now we apply this general theory to the case where 4,; 
satisfy (23.1), we find that (X,} X,) 6=0 and consequently equations 
(23.10) admit »—y independent solutions. If we take them for 
the codrdinates mer 3 ..., a”, it follows from (23.9) that 25, — 0 
{ots == p-- 1, m. Again if we omit one of the equations 
from (23.10), say x, (6) == 0), the remaining system is complete 
and admits in addition to wet 5 ..-, xg” another independent 
solution x”. In this way the x’’s are defined so that all of the 
components of the 2’s are zero except those with the same subscript 
and superscript. If it is assumed that these vectors are unit 
vectors, we have accordingly in the new codrdinate system 


1 
(23.11) Near aay Aci = 0 (C221, - 2h pst neo 
0 Yoo 


If these expressions are substituted in (23.1), we get 


o | 
ko! 
ee o = 1,.--:-, p; 
ka} Dy TO eee ay ee 
where | oe is not summed for o, but consists of a single term. 
If we multiply the first of these equations by goz and subtract 


from it the second multiplied by gj and summed for j, we get 
the equivalent set of equations 


si log V Goa = 
J 
| 
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* Goursat, 1891, 1, p. 52. 
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that is, 
6 99K  8Gci , 99x 
23.12 7; Joo — a 
( ) Jol Qk log Yoo axe a ak 8 a! 0. 
For the case k = o, these equations reduce to 


0 Joi 0 V 
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In accordance with these equations we define p functions Wo by 


ow ; 8 We 
V ee 9ue CG: ued ee TOL oe = ia 


from which have 


(23.13) Jol = Cs Be Se eas aaemmihe = Laem 


From these expressions it follows that We must involve 2°, 
otherwise the space is of less than 2 dimensions. 
Again if neither / nor 7 in (23.12) is o, we have 


OWe OWe eee eae 
(23.14) gui €6 ork = bat + Prt0 ecg! ag pt. n¥ SD 
by (97.19) 
where gic is a function independent of x°. aad 


From (23.13) and 23.14) it follows that for each value of o the 
fundamental form can be written 


T= Lo (d Wa)” + Grs dx” dx (7, 8=1,---,n;7 + 0,8 + 6), 


where gs are independent of x°. 

If then we put x’ = Wo, x” = w/ (j + 0), the curves of para- 
meter z’° are the same as those of parameter x°, and these curves 
are geodesics (cf. § 19). Hence we have: 

When a Vy adnuts p independent fields of parallel unit vectors, 
the vectors of each field are the tangent vectors to a congruence 
of geodesics. nd 
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Conversely, if the fundamental form of a space is reducible to 
the form 
(23.15) gp = (dx) Gre da aa (7568 = 2 gee 


it is found from (23.12) that a necessary and sufficient condition 
that the tangents to the curves of parameter x’ form a parallel 
field is that g,s be independent of x’. In this case all the spaces 
x! = const. have the same fundamental form and consequently any 
one of them can be brought into coincidence with any other by a 
translation, that is, by a motion in which each point describes the . 
same distance along the geodesic normal to the sub-space. In 
the case p > 1 the space admits p independent translations; thus 
any one of the subspaces of each of the family of subspaces 
Wo = const. can be brought into coincidence with any other of the 
family by a translation. 

_ It, in particular, we take Wo= 2° + go (x?t1, ---, x”) foro—1,---,p, 
it follows from (23.13) and (23.14) that for a V,» with the funda- 
mental form 


LP SATO (da)? + ae SG ep (da?) Jug dx dt (a, 8 aa Y a 1, ene n), 


where ges are arbitrary functions of x?71...., x” the tangents 
to curves of parameters x', x, ---, <? form fields of parallel vectors.* 

24. Associate directions. Parallelism in a sub-space. 
Let C be any non-minimal curve in a V, at points of which the 
codrdinates x’ are expressed in terms of the arc,i and let 2’ be 
the components of a unit or null vector-field; in either case we have 


(24.1) A; hi iy 
If we put 

Gigs nds 
24.2 A ne 
( ) ds Mx Kb 


it is seen from (21.1) that «’ = 0, if the vectors at points of C 
are parallel with respect to the curve; otherwise, as follows from 


* Cf. Hisenhart, 1925, 3, for the complete solution of the problem. 

Tif the curve is minimal, we take for s the parameter in terms of which 
the equations of the tangent geodesics are of the form (17.8); note the remark 
following equation (17.11). 
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the form of the left-hand member of (24.2), the functions mw’ are 
the contravariant components of a vector, which Bianchi* has 
called the assoctate direction for the vector 4 along the curve. 
From (24.1) and (24.2) we have 


(24.3) Ags 0; 
and consequently : 

Lf a set of vectors at points of a curve are not parallel with 
respect to the curve, there is determined at each point of the curve 
an associate direction and it is orthogonal to the given vector at 
the point. 

The invariant 1/7 defined by 


(24.4) = = Viggn wy] 


we call, with Bianchi, the associate curvature of the vector # with 
respect to the curve. When, in particular, the vectors 2’ are 
tangent to the curve, equations (24.2) and (24.4) reduce to (20.1) 
and (20.3), and consequently the associate direction and curvature 
are the principal normal and first curvature of the curve. 

Consider the space V, as immersed in a space V» of codrdinates y“, 
the equations of V, being (16.2).+ Let &* be the components in 
the y’s of the vector-field whose components in the z’s are 4’, that 
is [ef. (16.8)], 


(24.5) 7 oy | ak aD 
Differentiating these equations with respect to s, we have 


der ead) ay” oe Meee ar 
ds ds dx) oxi Oat ds- 


(24.6) 


If 7“ denote the components of the associate direction of &* in Vin 
(which is not necessarily the same as the associate direction of 2’ 
in V,), we have analogously to (24.2) 


* 1992, 4, p. 161. 
+ Throughout the remainder of this section Greek indices take the values 
1,---,m and Latin 1,---,#, unless stated otherwise. 
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(24.7) of = ay" (2 tee lata 
B | 


where the Christoffel symbols 2 a are formed with respect to the 
a 


fundamental tensor d¢g Of Vm. Because of (24.5) and (24.6) this 
may be written 


(24.8) 7% = 


dd ay? dx ( oy? B\ dy* oy” 
-+ A) —— _——), 
ds 0a Sad OME Oe ayla Ox da 


If we denote by [7/, x], the Christoffel symbols of the first kind formed 
with respect to (12.3), we have from (16.3) by direct calculation 


O 7 2,,8 ot y 
; ie ts Spo Oy a"y fe OY | 
a) 88 ook Gree ' layla Oat aaxi]* 


,) 
When (24.8) is multiplied by aga and summed for #, the 
resulting equation is reducible by means of (16.3) and (24.9) to 


5 6 dai 2 ae 
Ag, te a? Sas Sik a +A qs es: Kg 
(24.10) 


= ne (¥ yal 


ds \da/ aps 


If the vectors &* are parallel with respect to the curve in Vm, 
then 7° = 0, and from (24.10) and (21.4) we have that the vectors 
are parallel in V,. Hence: 

If a curve C lies in a Vy which is immersed in a Vm and vectors 
are parallel along C with respect to Vm, they are parallel with 
respect to Vn. 

As previously remarked (§ 16), if the fundamental form of V,, is 
definite, it is possible to find a euclidean V,, enveloping it and the 
requirement that vectors in V, be parallel with respect to Vm leads 
to parallelism with respect to Vn. This was the point of departure 
for Levi-Civita’s definition of parallelism in any space.* 


* 1917, 1. 
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As a consequence of the above theorem and the first theorem 
of § 21 we have: 

If a curve is a geodesic of a space, it is a geodesic of any sub- 
space in which it lies. 

If vectors along a curve are parallel with respect to V» but 
not with respect to Vn, we have from (24.10) 


Ra a4 ay” 
(24.11) dap poe = 0, 


that is, the associate vector is normal to Vn, and conversely. Hence: 

A necessary and sufficient condition that vectors along a curve 
in Vn be parallel with respect to Vn, when they are not parallel 
with respect to an enveloping space Vm, is that the vectors in Vm 
associate to these vectors be normal to Vn. 

When a geodesic in a space Vn is not a geodesic in an enveloping 
space Vm, its principal normals as a curve in Vm are normal to Vn.* 

Consider two spaces V» and Vz immersed in a V,, such that at 
each point of a curve C’ every normal to one is normal to the 
other; in this case the spaces Vn and Vn are said to be tangent to 
one another along C. From the next to the last theorem we have: 

If two spaces Vn and Vin a Vm are tangent along a curve C, 
vectors parallel to one another along C with respect to Vn are parallel 
with respect to Vy, and vice-versa. 

Two spaces Vn and V, for g>n in a Vm are said to be tangent 
along a curve C, if every normal to Vy, at each point of Cis normal 
to Vy. Hence: : 

Tf in a Vm two spaces Vn and Vy for g>n are tangent along 
a curve C, vectors parallel to one another along C with respect to Vig. 
are parallel with respect to Van 

Two subspaces Vn and Vix immersed in a V,, are said to be 
applicable, if there exists a transformation of the codrdinates x’ 
and 2° of these spaces such that the fundamental forms are 
transformable into one another. Since the equations of parallelism 
involve only the components of the fundamental tensor and their 
first derivatives, we have: 


*This a generalization of a characteristic property of geodesics on a surface 
in euclidean space, 1909, 1, p. 204; cf. Bianchi, 1922, 4. 
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If two spaces Vn and Vin in a Vm are applicable, to vectors parallel 
along a curve with respect to Vn there correspond vectors parallel 
along the corresponding curve in Vn. 

As a simple example of several of these theorems, we consider 
a sphere in euclidean space and a circular cone tangent to the 
sphere along a small circle C. If we have a set of vectors parallel 
along C with respect to the sphere, they are parallel with respect 
to the cone, and when the cone is rolled out upon a plane the 
vectors are parallel in the euclidean sense. 

We consider the converse problem: Given a curve C’ and at 
each point of it a vector mw’, to find all sets of vectors 4’ such 
that the vectors w* are associate to 4°, We denote by 4,/ 
(¢ = 1,---, 7» —1) the components of »—1 unit vectors orthogonal 
to uw. Then 4’, if they exist, are given by 


hi Ay? + ps Ag t+ tee + prt Pn vt == 1° Ag | 


(24.12) 
(o = bi -.-, wb), 
in accordance with the first theorem of this section. Substituting 


in (24.2), we have 


oO 
(24.13) i ee 
ds 


a t° (He| ‘, 


where (c|' are the components of the associate vector of Ag’. 


Multiplying (24.13) by 4,,; and summing for 7, we have 


dt? 


(24.14) a PS s+ t¢ boi" eli — 0, 
where 
(24.15) bas a Ixy Ae| Ao. (o,¢ =1,---,m—1), 


We assume that the ?’s in (24.12) are chosen so that 4 are the 
components of a unit vector, if it is not a null vector. Hence 
we have 
(24.16) Gt EF ==re or 0 C01) 


We consider first the case when wv’ is not a null vector, in 
which case the n—1 vectors 4,* can be chosen mutually ortho- 
gonal (§ 13). Then 
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(24.17) Xoo — So; ber = 0 (o + &), 


and equations (24.14) become 
15 
(24.18) a: be ee 


Where bo; = W¢\'4,;- Differentiating 2¢;°4,,; = 0 (© +7) with 
respect to s and applying (24.2), we have b,,+6,,=0. In con- 
sequence of this relation any set of solutions of (24.18) satisfy 
the condition > ec(t°)? = const.; consequently if (24.16) and (24.17) 


o 

are satisfied by the initial values, they are satisfied for all values 
of s. Hence equations (24.18) admit oo”? sets of solutions 
satisfying (24.16), where «,, are given by (24.17). Hence: 

Given a set of non-null vectors along a curve C, there exist 0”? 
sets of vectors # along C with respect to which the given vectors are 
associate; each set is determined by choosing the components 2° at 
a point of C.* 

When “’ are the components of a null vector, we have 


(24.19) je == Oleh (C9 a 


in accordance with the considerations at the close of §13. More- 


over, we have 
(24.20) ue! = 0, ke a. ge Ani (0, fh = te ree, m—1), 


where & are the components of a vector linearly independent of 
the n—1 vectors 4o\*.. Since the n vectors & and 4)’ are all 
independent, equations (24.13) are equivalent to 


Dia 
(24.21) As Sg? Oe t 
t 06 =n () 


Differentiating (24.19) covariantly with respect to x” and multiplying 


by ee we have, in consequence of equations of the form (24.2), 


maa” = dc? ; 
wk Bis = ° (¢ Cet g 4,") =e via Agi. 
* Cf. Bianchi, 1922, 4, p. 166, where this theorem is established for spaces 


with a definite fundamental form. 
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Multiplying by «’ and summing for 7, we have, since j;&' +0, 
(24,22) ° Qc = 0. 

Differentiating the second of (24.21) and making use of the first 


and of (24.22), we obtain yo| 


manner with this equation, we find 


Se e, = 0. Proceeding in like 


«(2 eo ~ ler Lee z 
t ile Me ct igee Oe Cee aed C60] = 90 


ds 
CR a Sh Biers 


From this process it is seen that the determination of vectors 7 
for which a given null vector w’* is the associate depends upon the 
character of the latter, that is, whether sooner or later we obtain 
an equation by this process which is satisfied in consequence of 
its predecessors. 

We will not proceed further with this general case, but will 
establish the theorem: 

If a set of null vectors are parallel with respect to a curve C, 
they are the associates with respect to this curve of ©” sets of vectors. 


I 
ntact. ait ae 


7 wx = 0, any set of solutions of the equations 
8 
agk~. ; 
a ——— a 
ake, 
ise. f 
satisfy the condition «’2; = const. Hence any set of solutions 


whose initial values are such that «’A; = 0 satisfy the conditions 
of the theorem. * 


Exercises. 
a , : . das ; : : 
1. When in (20.1) #? = a’, eae either the associate tensor a,, 1s skew- 
‘ dai dak : : 
symmetric, or a,, 4 = = 0 is a first integral of (20.1). 


*The existence of solutions 4’ of the above equations is the problem of the 
existence of solutions of a system of ordinary linear differential equations of 
the first order (cf. § 21). 
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2. Let P,, P,, P, be the vertices of a geodesic triangle in a V, and P11 Par Ps 
the interior angles of the triangle at these respective points; show that when the 
tangent vector at P, to the geodesic P, P, is transported parallel to itself around 
the triangle in the direction P,P, P., it makes the angle Z—P,.—Y, —, with 
its original direction at a Levi-Civita, 1925, 4, p. 224. 

3. A necessary and sufficient condition that the tangents to the curves «? = const. 
on a V, be parallel with respect to a curve C is that C be an integral curve of 


: Bianchi, 1922, 4, p. 167. 

4. When the codrdinates of a V, are chosen so that the fundamental form is 

e, (dx')’+ 29,, dw'da?+e, (dx), and only in this case, the tangents to the para- 

metric curves of either family are parallel with respect to the curves of the other 

family. Bianchi, 1922, 4, p.170. 

5. When the fundamental form of the surface considered in §'22 is definite at 
the point P, equations (22.3) can be written 


>» 
(Ad), = (Ri, HE Em ae 
42) kmj PS ie 


4 sind : 


where 42 is the area enclosed by the circuit, 0 is the angle between the para- 
metric curves at P and & ; and &,/ are the components in V, of the tangents to 
these curves at P. 

6. It », are the components of any vector field and v4’ = cose, the change 
in « at a point P when the vector 4‘ is transported around a small circuit as 
in § 22 is given by (cf. Ex. 5) 


(Ae), == — (Bi), Eom ys 


As 
’ gin @ sin ° 
Peres el O1 OTs el oT. 
7. When in equations (23.13) and (23.14) for o = 1, 2 
y= 6. J, 1 4f,+4,, We tft Of, As, 


where f, and /, are independent of x' and 2? respectively, a is an arbitrary con- 
stant and A, and A, are arbitrary functions of x’, --+, «, the tangents to the 
curves of parameters x' and x? constitute fields of parallel vectors. 


25. Curvature of V, at a point. Let 4° and Ay} be the 
components of two contravariant vector-fields. The vectors at 
a point P determine a pencil of directions defined by 


(25.1) S = alt BA,/, 


where @ and # are parameters. The geodesics through P in this 
pencil of directions constitute a geodesic surface S. The Gaussian 
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curvature of S at P was taken by Riemann* to be the definition 
of the curvature of Vn at P for the given orientation, that is, the 
orientation determined by 4, and 4s)’. 

We assume that the codrdinates z* of V, are Riemannian with P 
as origin (§ 18). Then the surface S is defined by 


(25.2) g= Ajfu'+ Ayu}, 


where wu! = as and wu? = fs for any geodesic through P, and 4, 
and 4, are constants.t 
In terms of uw! and w? the fundamental form of S is 


(25.3) @ = beg du“ du’, 
where (cf. § 16) 
0x* dx 
OF re hack wg hee ie * 
(25.4) beg Gi Buk Aue 


From a formula analogous to (24.9) we have in this case, as a con- 
sequence of (25.2), 

Re 5 a nT Se 
(25.5) [«B, ro = gu dy* dq) ap! 


aj FP : 


For n = 2 all the Riemann symbols of the first kind ($8) are zero 
or differ from A212 at most in sign, because of the identities (8.10).$ 
In this case we have for two codrdinate systems, wu and x", 


Po. =< P (dui bu? dur du*\? 
1aig = 4212 |— 5 73 eae il: 
OAL timc. 2 Ou Ou! 


as follows trom the general equations (4.6), and also for the 
determinant 6 = |d,.3| from (9.3) 


‘, ( dur bu? But uy 
ae 1 DF pn 2 re Ate 
Gu’ Ou’ au” Bu! 


* 1854, 1, p. 261. 

7 We observe that s is not uniquely determined when the geodesic is of length 
zero [cf. the remarks following equation (17.11)]. 

; Throughout this section it is understood that Greek indices take the values 1 
and 2. 

§ We indicate by Repyd these symbols formed with respect to (25.3). 
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Hence 
(25.6) ep Rya12 = Rirsie : 
b Dir bag — dy9* 
is an invariant. Since 
pi a Ose pee al pe Pu 
hi? iy baa 


we have 
(Or 4 = So) wD =| =] 
(25.7) Koby = F 1215 K by = Poor = Rus, K bes = Roy. 


From these equations it follows that K as defined by (25.6) is 
the Gaussian curvature of S.* 

From (25.5) it follows that at P the origin of Riemannian 
coérdinates all the symbols [@8, 7} are zero, and from (8.8) 


When the expressions from (25.5) are substituted, we obtain, because 
of (18.8) and (8.3), 


ys) 
Bis = gu hitdai dal ayn (2 ft} Of FN 
By252 Guz A1| A2| A2| A1| nee laj a af lin 
= gin di)" do)? doy! da|™ Blimy = Rim dal da) da aay. 
Since the expression on the right is an invariant, it holds in any 


coordinate system. 
We have from (25.4) and (25.2) 


(25.8) — By1 beg —Di2” = (nj Giae— gan Gy) Ant” ei? Ary Ag\*. 
Hence (25.6) may be written in the form 


Rijn Arj” Ao Ars Aa 
. k= cities 
(25 9) (nj Gi — Yh: ij) Ay \P Agi? Ay i Ay" 


which is the expression in any coérdinate system for the curvature 
at a point P for the orientation determined by 4,;° and 22/'. 


* 1909, 1, p. 155. 
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26. The Bianchi identity. The theorem of Schur. We 
recall from (8.3) that the components Rj, of the Riemann tensor 
are defined by 


ot) Bre — a4 hb — ae sat + Lt oat Al tag 


If we choose geodesic codérdinates at a point P, then at P 


2 2 
Te eye e 1 : a ik 


axl oat \ik ax da! liz 


From this and similar expressions for the other terms in the left- 
hand member of the following equation it follows that 


(26.2) Riji + Re aa,j + Ryn = 0 


at P. Since the terms of this equation are components of a 
tensor, this equation holds for any coérdinate system and at 
each point. Hence (26.2) is an identity throughout the space for 
h, i,j, k,l =1,---,n. It is known as the zdentity of Biancha who 
was the first to discover it.* Since gj; and g/ behave like con- 
stants in covariant differentiation, we have from (26.2) 


(26.3) Rnijk,t + Rnini,j + Rnitj,~ = 0. 
Because of the identities (8.10) equation (26.2) can be written 
Re j,1— Ren, +g Rmajn = 9. 
Tf we contract for h and k, we obtain 
Ri teagan al aa 


where A, are the components of the Ricci tensor (§ 8). If this 
equation be multiplied by g”, and 7 and 7 be summed, we get 


1 aR 
2 da’ 


(26.4) Ry = 


* Bianchi, 1902, 1, p. 351. bcou igs ihig Sve Qe 


fens p ie 
f o \ \ \< VWs ‘- os # 
f 2 paw \ ; wr } ’ 1 We ? K oo ¢ ~ & 
f ul No Nw \ 2/4 \ ‘ wr.) A A “hy a 
} A <3 \ ¢ | 


26. The Bianchi identity. The theorem of Schur 83 


where 
(26.5) R= g*Ri 


is called the curvature invariant, or scalar curvature, of the space.” 
Equations (26.4) are important in the general theory of relativity. 

From (25.9) it follows that a necessary and sufficient condition 
that the curvature at every point of space be independent of the 
orientation is that (cf. Ex. 14, p. 32) 


(26.6) Prix = 0 (ni gix— grr Gi), 


where 6 is at most a function of the z’s. Since we have from (26.6) 
0b 
Binijn,. = Fr (Gui Gis — Gnk Gj) 


it follows from (26%) that 


0b Spb 
9 at (nj Gix — hk Gij) + Ta (gn Git — Ghi Jik) 


0b 
+ Hom (Gri gi — Inj Git) = 0. 


If we assume that 7, & and / are different, on multiplying this 
0b 0b 
oa a gk — 
If 2 is allowed to take values from 1 to n, it follows that 
ab dab 
ba Oak 
Hence 6 is constant and we have the following theorem due 
to Schur:7 

If the Riemannian curvature of a space at each point is the 
same for every orientation, it does not vary from point to point. 

A space of this kind is said to be of constant Riemannian 
curvature. Equations (26.6), where b is constant, are the necessary 
and sufficient conditions for such a space. 

In § 10 it was shown that a necessary and sufficient condition 
that there exist a coérdinate system for a V, for which the components 


equation by g” and summing for h, we obtain ike 
ey g , g 


= 0, since the determinant g is not zero by hypothesis. 


* Cf. Levi-Civita, 1917, 3, p. 388. 
+1886, 1, p. 563. 


6* 
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gj of the fundamental tensor are constants is that BP = Oar 
h, i,j,k =1,---,m. In this case as follows from (25.9) K = 0 
for every orientation at every point of Vn, and is a special case 
of (26.6) with ) = 0. When the fundamental form is definite, 
Vn is a euclidean space of m dimensions and the special codrdi- 
nate system is cartesian. We denote by S, a space for which 
Rij, = 0 for h, i,7,k = 1,---,m and call it a flat space. 

27. Isometric correspondence of spaces of constant 
curvature. Motions in a V,. When the fundamental forms 
of any two spaces of the same order are transformable into one 
another, we say that the spaces are zsometric and that the equations 
of the transformation define the zsometric correspondence. In § 24 
we have applied the term applicable to two isometric sub-spaces 
of a space Vm; some writers use this term as synonymous with 
isometric, but we prefer the term isometric when the two spaces 
are not looked upon as sub-spaces of an enveloping space, since 
applicable has the connotation of applicability. 

Returning to the consideration of equations (10.5) and their 
interpretation in § 26, we give the third theorem § 10 the form: 

Any two spaces of n dimensions of the same constant curvature 
are wometric, and the equations of the isometric correspondence 
involve n(n + 1)/2 arbitrary constants.* 

The geometrical properties of a surface in euclidean 3-space 
which depend upon the fundamental form alone as distinguished 
from its properties as a sub-space of the enveloping euclidean 
space are called intrinsic. We apply this term to the properties 
of any V, depending only upon its fundamental form. As a result 
of the above theorem we have: 

Two spaces of n dimensions of the same constant curvature whose 
Sundamental forms have the same signatures have the same intrinsic 
proper ties. 

We have seen in § 26 that a necessary and sufficient condition 
that a space V, be of constant curvature Ky is that the components 
of the fundamental tensor satisfy the conditions 


(27.1) Rnijn = Ko (gnj Yix — gn ij) + 


*TIn order that the correspondence be real, the signatures of the fundamental 
forms of the two spaces must be the same. 
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We inquire whether there exists a system of coérdinates x‘ in 
such a space for which the fundamental form is 


pb SO \2 
979 Ne. > e;(dx*) 
tates) Zp — - a 7 ne | 
where U is a function of the x’s and the e’s are plus or minus 


one. Making use of (15.8), we find that the conditions (27.1) 
applied to (27.2) reduce to 


0?U 
—<- == (), 
Ox Ox 
(27.3) 5 2 
oy Oe OE a2U a EN ORY: 
U 2. ian oa. — ep: [x (er , ‘i 4 
i axl” 7 axe” @1 6) | Ko 2 HN 5 ook C+9) 


From the first of these equations it follows that 
U = X+---+ Xn, 


where X; is a function of z alone. From the second of (27.3) 
and the equation obtained therefrom by replacing 7 by /, we get 
Xj’ e; = Xi’ ex, where the primes denote differentiation with respect 
to the argument. Since the first and second terms involve z/ 
and 2 at most, it follows from this equation that Xj’e; = a, 
where a is an arbitrary constant, and therefore that 


X, = e(axt? +2h2' +), 


where the 0’s and c’s are arbitrary constants. If we substitute 
these expressions in the second of (27.3), we obtain the following 
conditions upon these constants: 


(27.4) aa e(ac;—bi). 


When, in particular, we take all of the b’s equal to zero and 
choose the c’s so that Diese; = 1, then (27.2) becomes 
VY) 


s (day +.---+ en (dar) 
Ane a = a a ena) | 


(27.5) 9 = 
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This is known as the Riemannian form for a space of constant curv- 
ature*. From the first theorem of this section we have: 

The codrdinates of any space of constant curvature can be chosen 
so that its fundamental form assumes the Riemannian form (27.5). 

In order to give a geometric interpretation to the first theorem 
of this section, we consider two points P and P’ of two spaces 
V, and V, of the same constant curvature. As we are concerned 
primarily with real isometric correspondences, we assume that the 
signatures (§ 9) of the fundamental forms at P and P’ are the 
same. We take any ennuple of mutually orthogonal non-null 
vectors at P for the directions of the parametric curves at P and 
similarly at P’, and choose the codrdinates so that at P and P’ 
the fundamental forms are respectively 


p = (dat +... + (dar) — (dxrHy’—...§ —(dx")’, 


(ie) ; ; nd 
= (de'¥ tom +d?) diy ee 


Returning to the considerations of § 10, we observe that if we take 
CXEV®) es 0 


for the values of 2 at P, the conditions (10.3) are satisfied and 
also (10.4) in consequence of (27.1). By the arguments of § 10 
there exists a solution of (10.1) and (10.2), determined by the 
initial values (27.7), which satisfies (10.3) and (10.4) for all values 
of 2. We remark that (27.7) is the condition that the direction 
of the curve of parameter x at P corresponds to the direction of 
the curve of parameter x’ at P’. From the first of (27.6) it 
follows that the components 2 of the directions of the curves of 
parameter x’ for 7 = 1,---, p at P are such that the invariant 
gy HW is positive, and for 7 = p+1,---, n this invariant is 
negative; similarly for the directions of the parametric curves at 
P’. According as this invariant is positive or negative we say 
that the corresponding vector is positive or negative. Accordingly 
we have the theorem: 

If Vn and Vn are two spaces of the same constant curvature, 


* Riemann, 1854, 1, p. 264. 


ae 
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and P and P’ are two points of these spaces at which the signatures 
of the fundamental forms are the same, a real isometric correspond - 
ence can be established between Vy and V,) such that P and any 
orthogonal ennuple at P corresponds to P’ and any orthogonal 
ennuple at P', subject to the restriction that positive and negative 
vectors at P correspond to vectors of the same kind at P'.* 

When, in particular, we apply the preceding considerations to 
one space instead of two, we have an isometric correspondence of 
V, with itself such that P and an arbitrary orthogonal ennuple 
at P correspond to a point P’ and an arbitrary orthogonal 
ennuple at P’. Thus we interpret the equations between the z's 
and z’’s as an isometric point transformation of the space into 
itself. This is evidently a generalization of a point transformation 
of a euclidean space into itself; when the equations of such a 
transformation involve parameters, they may be interpreted as 
defining a motion of a portion of the space into another portion. 

Jn order to consider more fully the question of a motion of a 
portion of a space into another portion, we recall that when a 
euclidean space is refered to cartesian codrdinates 2, the equations 
of a general motion are defined by 


(27.8) == a a + b, 


where the a’s and 6’s are constants subject to the conditions 
(27.9) »2 (ay ae a ai; a, = 0 Cre) 


From (27.8) and (27.9) we have 


(27.10) DC i) ea (a 
If now the «’s are replaced by functions of any coérdinates a’ and 
and x’ by the same functions of 7”, equation (27.10) becomes 


oy de! da! = gijda" de”, 
* Wvidently there is no such restriction when the fundamental forms of V; 
and V; are definite. 
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where gj; and gj; are the same functions of the x’s and z’s re- 
spectively. Dropping the primes we have the result that the 
equations of a motion in euclidean space referred to general 
coérdinates satisfy the differential equations 


f — .02* ax 
(27.11) Hi = Jue a eyl? 


where gi and gi are the same functions of the z’s and x’s re- 
spectively. : 

We generalize this result and say that when the fundamental 
tensor of a V, is such that equations (27.11) admit a solution 


(27.12) Gt tug? (eaatl et 


involving one or more parameters, these equations define a motion 
of V, into itself; when, in particular, (27.12) do not involve a 
parameter these equations define merely an isometric correspon- 
dence of the space with itself. In order to determine whether a 
space V, admits motions into itself, we have only to apply the 
processes of § 10 to the case where yg; and g; are the same 
functions of the z’s and x’s. This general problem will be considered 
in Chapter 6. For the present we remark that the third theorem 
of § 10 may be given the form: 

A space Vy of constant curvature admits a growp of motions of 
n(n-+1)/2 parameters; conversely, when a Vn admits a group of 
motions of n(n-+1)/2 parameters, its curvature is constant.*, 

From the fourth theorem of this section and the above con- 
siderations we have also: 

If the signature of the fundamental form of a space of constant 
curvature is the same at all points, there exists a motion of the 
portion of the space in the neighborhood of a point P into the 
portion im the neighborhood of any other point P’ such that an 
orthogonal ennuple at P goes into an arbitrary ennuple at P’, 
with the restriction that a positive or negative vector of the former 
goes into one of the same kind at P’. 


* Of. Bianchi, 1902, 1, p. 348. 
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28. Conformal spaces. Spaces conformal to a flat space. 
If the fundamental tensors gi and gi of two spaces V, and Vp» are 
in the relation 


(28.1) Iii = OH, 


where o is any function of the’z’s, from (12.5) it follows that 
the magnitudes of the vectors of components dz? at points of V,, 
and V, with the same coérdinates are proportional and from (13.4) 
that the angles between two corresponding directions at corre- 
sponding points are equal. _Accordingly we say that the corre- 
spondence between V, and V, is conformal, and that V;, and V, are 
conformal spaces.* The condition (28.1) is necessary as well as 
sufficient. 
From (28.1) we have 
(28.2) Ge =r 94), 


and from (7.1) and (7.2) we derive the following relations between 
the Christoffel symbols formed with respect to the two tensors: 


[27,4] = 9 ([t7, 4) + gos + 9n0,2—gy 6.x), 


(28.3) Ts. l 
Ligh = [fF ofa 86. —gisglm “Om » 
where o; = If oj; denote the second covariant derivatives 


of o with respect to the g’s and we write 

(28.4) yj 0 Oi OO 

when we substitute these expressions in equations analogous to (8.8), 
we have 


2? Prin = Rnag + gre 6 + Yai Onn —Ynj Cin — Gir On, 


(28.5) 
+ Gn Gi — nj 9x) Ayo, 
where A,o is defined by (14.1). 

By means of (28.2) and (28.5) we have for the expressions for 
the components of the Ricci tensor (§ 8) for Vy 
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(28.6) Ry aS git Rnijt SES Ry + (n == 2) Oi; -+ ij [As o+ (n a 2) At o] ’ 

where A,o is defined by (14.3), and the invariant curvature is 

given by 

(28.7) R= gi Ry = €*[R4+2(n—1) Aso+(n—1) (n—2) Aro]. 
The case » = 1 evidently is of no interest. Since any 

quadratic differential form in two variables is reducible to the form 

A[(da')? + (dx*)*] in an infinity of ways*, any V2 is conformal to 


any other. In what follows ‘we understand that > 2. 
In consequence of (28.1) equation (28.7) can be written 


(28.8) gy R = gy[R+2(m—1)A,.0+(m—I1)(n—2) Aro]. 


Eliminating 4,o from this equation and (28.6), we obtain 


il == 
07; = feo ( Rij — By) 
(28.9) 


Al i MES 
2 (el) ee i ae ae 


1 
~~ oe Avo. 
Because of (28.2) equations (28.5) can be written 


Bh h h h hi 
ijn = k ijk + 0% 07; — 0; Oix + g (gi Ok — Jik 01) 


(28.10) , - 

+ (Or G3 — 97 gin) Aro. 
If the expression (28.9) for oj; and analogous expressions for 
Ox, On ANd o, be substituted in (28.10), the resulting equations are 
reducible to 


(28.11) OP in == OP apn 
where 


L V7 1 , = h 
C" ie = Ret ee (0) Rix — 0k Ri + gir BR’; — gi R's) 
(28.12) 


R e} *s 
ie . . 
(n —1)(n— 2) (9% Hj 0; Gik) : 


*1909, 1, pp. 93, 102. 


ee 
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Evidently C’; are the components of a tensor, and as follows 
from (28.11) this tensor is the same for V, and V, in conformal 
correspondence. It was called the conformal curvature tensor by 
Weyl*, who was the first to consider it. 

When x = 3 and the codrdinates are chosen so that gj — 0 
(¢ +7) (§ 15), it is readily shown that (cf. Ex. 15, p. 32). 

The conformal curvature tensor is a zero tensor in a Vat. 

In consequence of (26.2) we have from (28.12) 

oe. a, PY § Tenge Le 2 Be en re 

Y 4jk,l ikl, j 1 alj, ik ; } tkl k Lvilj 
(28.13) n—2 


h h h h 
+07 Riykt gx Bot ga Ry + 9 Rw), 


where we have put 


1 
Rie = Ry,r— Raj gir Rj — 9 By), 
(28.14) ; Hd 31) im 9% B,x) 
BN Rees g@ Rix. 


Raising the index 7 and contracting for 7 and j, we have in con- 
sequence of (26.4) 


(28.15) Ry = 0. 


Contracting (28.12) for h and k, we have Cj; = 0. When we make 
use of this result and (28.15) in contracting (28.13) for h and &, 
we obtain 


(28.16) C ij, = —s fy. 


From (27.5) it is seen that any space of constant curvature is 
conformal to a flat-space Sp (§ 26). We seek the necessary and 
sufficient conditions that a V, be conformal to an Sp. 

In order that V, in the preceding discussion be an Sp, it is 
necessary and sufficient that Rayx — 0 (§ 26). From (28.11) and 
(28.12) it follows at once that Cry, — 0, that is, 


* 1918, 2, p. 404. 
+ Weyl, 1918, 2., p. 404. 
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Rrijx J GN ED 3 (gin Rik — Gn Rij ij + Gik NAO fee Gij Rix) 


ae R 
(n —1) (n— 


(28.17) 


d) (Ghk Gij— Gnj Gu) = O. 


Since Ry — 0 also, we have from (28.9) 


; aes 1 gy \-F . 
(28.18) oy = 640 +> be Ry) —5 gu bi 
Moreover, when o satisfies these equations, equations (28.8) for 
R = 0 are satisfied. The conditions of integrability of (28.18) 
are [cf. (11.14)] 


aber2 


ijk — iki = 61 R jx. 
Substituting from (28.18), we find as the conditions 
1 . 
(28.19) Bij, — Bas Tey 4) (gee Li Gi he & 


For n +.3 this condition is a consequence of (28.17) as follows 
from (28.16). Hence we have the theorem: 

Any V2 can be mapped conformally on an Ss; a necessary and 
sufficient condition that a Vn for n> 2 can be mapped conformally « 
on an Sy, 1s that the tensor Ri, be a zero tensor when n=3 and .~ & 
when n> 3 that Cri be a zero tensor.* + er 


Exercises. 


0g,, IS ts 
1. A coérdinate system can be chosen so that 7 ol = 0 along a given curve. “? “ 


Fern, 1922, 5; Levi-Civita, 1925, 4, p. 190. 
2. A space for which 


is called an Hinstein space. Every V, is an Einstein space (cf. Ex. 2, p. 47). 
Show that an Hinstein space V, has constant curvature. 
Schouten and Struik, 1921, 3, p. 214. 


* Weyl, 1918, 2, p. 404, showed that the vanishing of Ci, 1S a necessary con- 
dition. Schouten, 1921, 2, p. 80, that it is sufficient when ne he also derived 
the above conditions for a V,. 
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3. Show that a space of constant curvature K, is an Einstein space, and 
that R = K,—n)n. 
4. If an Hinstein space is conformal to a flat space, it is a space of constant 


curvature. Schouten and Strutk, 1921, 3, p.214. 
5. Show by means of (26.4) that when »>>2 the scalar curvature of an 
Einstein space is constant. Herglotz, 1916, 2, p. 203. 
6. A V, for which 
2a\—" ine ah Sct 
hte oa (1 <2 s Io. = oes zal I33 = — (w" sin w*)?, 
Qa : é 
aon eae Ig = 9 @ +9), 


where a is an arbitrary constant, is an Hinstein space for which R = 0. 
Schwarzschild, 1916, 3, p. 195. 
7. A V, for which 


Ge ret: So Goa (x), Qs) a (cc! sin ae), 


1\2 
$a, EG i Se a aed G+), 


where a and ¢ are arbitrary constants is an Kinstein space. Show that when 
ce = 0 the V, has constant Riemannian curvature. Kotiler, 1948, 3, p. 443. 
8. In order that the tensor 


a, = Ri +0(ak+5), 


where Ri, == ge f,, and where a and 6 are invariants, shall satisfy the conditions 
a. = 0, it is necessary and sufficient that it be of the form 


eS —— a i 1 
a, == Et, + (—5-R+<}, 


where c is an arbitrary constant. 
9. Let K be the curvature at a point P of a V, determined by the vectors 4,' 
and hays when 4,‘ is displaced parallel to itself around a small circuit and returns 
to P, the change in the angle « with the vector 4,‘ is given by da = — KA, 
where AS is the area enclosed by the circuit (cf. Ex. 6, p. 79). 
Peres NOLO Daas 
10. If 4,’ and 4, are the components of two families of unit vectors, the 
vectors of each family being parallel with respect to a curve C, the curvature K 
determined at each point by the vectors 4,‘ and 4," at the point satisfies 
the equation be se 
ic oe Bie ay a ae hai ae 
In order that K be constant along C' for all sets of parallel vectors 2,,* and 4,’, 
it is necessary and sufficient that 
dam _ 
ijkm dg 
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In order that this property hold for any curve, it is necessary and sufficient 
that h,,,,, = 0. Levy, 1925, 1. 
11. If o is any function of the «’s such that 4,o+0, and g”o,C,,, = 0 

for h, i,j, k,l = 1,---, 4, then C,,, = 0. (Cf. Ex. 12, p. By) 
Brinkmann, 1924, 2, p. 277. 


1281 oo — = log g in (28.1), then g = const. for V, in this codrdinate 
Qn 


q 


: a4, p =O 
system an ve 
13. Show that the quantities 


ieee BM Ge et Us ae a PA 
He Vib abet ace ich eae 


have the same values at corresponding points of two spaces whose fundamental 
tensors are connected by (28.2). Thomas, 1925, 5, p. 257. 

14. By expressing integrability conditions of the equations of transformation 
of the quantities Lies of Ex. 13 under a change of coérdinate systems, show that 
the following quantities are the components of a tensor: 


“A i i i ih f i 
(n — 2) Big tO, Py — Et Ip BP In BH ay In — Ip): 


where F",, is formed from the A’s in the same way that Ri, is formed from the 
Christoffel symbols of the second kind, and where F,, = F',. Show also that 
the above expression is equal to (n — 2) Con Thomas, 1925, 5, p. 258. 

15. Show that, if each Christoffel symbol in the covariant derivative of g¥ g,, 
is replaced by the corresponding Ky (cf. Ex. 13), the result is identically zero. 
Hence show that in the system of coérdinates y’, defined by 


; ; : ees Secs 
== Xe’ BIR ey Fae Cs yy", 


the components of this tensor are stationary at the origin. 
Thomas, 1925, 5, p. 259. 
16. Show by means of (27.4) that the most general conformal map of a 
euclidean space upon itself for m>2 is obtained as the product of inversions 
with respect to a hypersphere, motions and transformations of similitude. 
Bianchi, 1902, 1, p. 375, 376. 
17. Obtain the theorem for any flat space analogous to that of Ex. 16. 
18. A necessary and sufficient condition that a V, for »>2 can be mapped 
conformally on an Hinstein space ,, is that there exist a function o satisfying 
the equations 


Fy —% 3%, +Ag, = Ly, 
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where 
1 Re R 
A=—A 2 
i 2n(n—1)’ a Ly, 2(n—1) Ii Ry, 
R being the constant scalar curvature of V,; then Gy =O? G5. 


Brinkmann, 1924, 2, p. 271. 
19. Show that the conditions of integrability of the equations of Ex.18 are 


al} — ss a 
F), C “Gk am 


where RF, is defined by (28.14), and that consequently the equations are com- 
pletely fiegrabie only in case V, can be mapped on an I) <6 

Brinkmann, 1924, 2, p. 272. 

20. In order that an Einstein space can be mapped conformally on an Hin- 

stein space, it is necessary that the function ¢ in § 28 satisfy the equations 


Iy 


Bee, Gig a1), 


[Re?— R—n(n—1) A, 6] 


where R and FR are the constant scalar curvatures of the two spaces. 
Brinkmann, 1925, 6, p. 121. 
21. Show by means of Ex. 4, p. 47 that for any solution of the equations 
of Ex. 20 


Ao = 


a 1) (Re + 9¢0e% + R), 

where ¢ is a constant; and consequently, if 4d;¢—=0, the scalar curvatures of 

the two spaces must be zero. Brinkmann, 1925, 6, p. 122. 
22. An Einstein space V, can be mapped conformally on another Einstein 

space by means of a function o for which 4,¢+0, if, and only if, its fundamental 

form is reducible to 


1 5 
Cee LI qyg de" dah + pes («,8 =1,---,n—1), 
where 
1 
— D (yn? 1 b 
wo = aN [BR (a")’ + 2aa"+- db], 
a and b poe constants, and the functions Gog ate independent of a” and such 
that g ap le dx? is the fundamental form of an Einstein Vn—1. 


Brinkmann, 1925, 6, p. 125. 


CHAPTER III 
Orthogonal ennuples 


29. Determination of tensors by means of the compo- — 
nents of an orthogonal ennuple and invariants. If the 
equations (13.12) of an orthogonal ennuple are written in the form 


(29.1) Ani icy’ c= i) BREE), Anji dn)! = 6, VU a eee 
and we solve the n—1 equations of the first set for Any, we get 


Ani __ Ane — Anin 


ee Wihac op. a 
ba Atos we 


where 2”',, denotes the cofactor of 4n;” in the determinant | 4)’ | 
divided by this determinant; hence 4,;"_4"', — 0%. From the second 
of (29.1) it follows that the value of these ratios is e,, and con- 
sequently 


(29.2) A", = ep Anli- 
If we solve the equations 
Gi Any’ — Ani (h = lg ainieye n) 


for gj and make use of (29.2), we obtain 


1, oe, 2% 


(29.3) 4 = 2 en Ani Any, « 


From these equations follow 


it syn 


(29.4) Sea 
h 


v 


and 
ert 


’ n ws 5 x e 
(29.5) 2 Ch Ani Any =g9 ve 
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Consider now any covariant tensor of the mth order of com- 
ponents a,...». The quantities Ch,---h,, defined by 


m 


2 ih tf 
(29.6) Ch, scp, = ay, cr An,| Datla, te An,,| ey 
are invariants. If these expressions for Ch,h, are substituted 
in the right-hand member of the equation 


S 7 P = NM : L BO Cutt 2 L eas j 
(29. () As. .-+s,, hat «CW + Hy, CH, Ch, An,\s, An,,|s 


“Lie 2 a 


rv m ) 


this equation reduces to an identity because of (29.4). Hence: 
The components of any tensor are expressible in terms of in- 
variants and the components of an orthogonal ennuple*. 
30. Coefficients of rotation. Geodesic congruences. In 
conformity with (29.6) we define a set of invariants yink by the 


equations av 
(30.1) (i = hae hay ha, 
where 41; (2,7 = 1,-+-,) are the components of the covariant 


derivative of 4); with- respect to the fundamental form of the 
space. Equations (30.1) are equivalent by (29.7) to 


1,-+-,” 
(30.2) Mets 2 Cn Ck Vink Ana Ani; » 
ly 


From the first of equations (29.1) we have by covariant 
’ differentiation [cf. (11.11)] 


Z a 
Anyi, j Any + Ase, Any == 0. 


Substituting from equations of the form (30.2), multiplying by 
4,’ and summing for 7, we obtain 


(30.3) Ann a Aint = 0 ; (h + k); 
in particular we have Tung DR ee = 2RY ARE 
(30.4) Ann = 0. 


* Cf. Ricci and Levi-Civita, 1901, 1, p. 147. 
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So far as these identities go there are n?(n—1)/2 independent 
invariants Anz. However, they are not arbitrary but are subject 
to the conditions arising from the conditions of integrability of 
equations (30.2). 

The conditions of integrability of (30.2) are of the form (cf. § 11) 


(30.5) Ais, je Ani, ej — Aan Rite. 


Ii the expressions obtained by differentiating (30.2) covariantly 
and a similar equation in Az;,x be substituted in (30.5) and the 
resulting equation be multiplied by Ap)‘ qj" An and summed for 
i, j and k, this equation is reducible by means of (80.1) to 


(30.6) Viper = Rnijx an” hype dees 
where by definition 

pares 0 Ying 0 Yipr aS, Pn ee ss 
(30.7) pq 23> 884 — m Lé lpm \e mq mrg 


+ mir 7. mpg ¢mlga ¥ mor | ; 


and where for any invariant function we write 


(30.8) Nae eee 


0 Sp 
an intrinsic derivative. 
From (8.10) and (30.6) it follows that 


As thus defined we is the ratio of two differentials. We call it 


(30.9) Vipgr — —Vplar — —YVipra = Voarlp. 


From (30.8) we have 


0 of i 0 ; of Oreo an 
Aone ere (ani 5 = Any’ On’i fa + Any’ fie) 


Here ; : : 
= D> evynnday’ fit Any’ day fj 
I 
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Since fj; = fy, it follows that 


I: Cer fee ee af 
30.10 a = SS aes, 
( ) OSk O8p OSn O8r 7 eu (Yun Vint) Os; 


This is the form which the condition of integrability of intrinsic 
derivatives assumes. 

I order to give a geometric interpretation to the invariants Yihk 
we consider a point Py of V, and the curve Cn ot the congruence 
Am through P,: along Cn we have 

axl 


30.11 = Am’. 
ios ) 0 Sm, " 


Denote by 6,7 the angle at any point Pof Cn between the vector Ani 
at P and the vector 4;; at P parallel to 4° at P, with respect 
to a displacement from P, to P along Ci; then 


y = 4 
COS Ont = Ay Ani. 


By hypothesis 2,,)/ Ani; = 0 and consequently (§ 11) 


Leos 70 
Ea ‘ 2S. nesta 
COS On7 = Ay’ ml" Anji, j ag Ay" Am} > Cn gq Vhpg Ani hal 
a Dg 
(30.12) 


1, +-+,7 
ae 

= hy Pe Cp Yhpm Apii» 
p 


At Po Ay’ == ayy" and consequently at Po 


(30.13) COS Ont = Ynim. 


OSm 
Hence we have: 

Lf Py is any point of Vn and P is a nearby point on the 
curve Cm of the congruence da" through Po, then ynim dsm is equal, 
to within terms of higher order, to minus the difference of the 
cosine of the angle between the vectors dn‘ and dy at Py and the 
cosine of the angle between the vector dn’ at P and the vector at P 
parallel to ay’ at Py with respect to Cm. 

When the space is euclidean, 7pm dsm is the component in the 
direction Ay’ of the rotation of the vector 4)‘ as Py moves to P. 
7 
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Consequently we speak of ynm in the general case as the coefficients 
of rotation of the ennuple.* 
From (30.2) we have 


(30.14) Ai! Dae = Den Vind Ani» 


From (17.11) it follows that the right-hand member is zero, when, 
and only when, the curves of the congruence 4" are geodesics. 
If this expression equated to zero be multiplied by 4x," and summed 
for 2, we obtain the theorem: 

A necessary and sufficient condition that the curves of the con- 
gruence 41; be geodesics is that 


(30.15) yuu = 0 (h = 1,---,n). 


In the general case we have from (30.14) and (20.1) 
(30.16) jay = en yuna Ant, 


where im are the components of the principal normal of a curve 
of direction 4y’. From (30.16) and (20.3) we have 


pe 


(30.17) : 
O71 


= gy my a) = ae yu 

t) 
Hence when the principal normals are not null vectors, the first 
curvature is given by 


1 ir 
(30.18) aa Vy 


% 2 
> Cn Vhil| 5 
h 


and the principal normals are positive or negative vectors (§ 27) 
according to the sign of the right-hand member of (30.17). Also 
from (30.17) we have that the principal normals to the curves ay’ 
are null vectors, when, and only when, 


(30.19) Den ia == © (h = 1,---,n), 


and (30.15) is not satisfied. 


* Levi-Civita, 1917, 1, p. 192. 
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31. Determinants and matrices. Certain theorems con- 
cerning determinants and matrices can be given simple form by the 
use of quantities ¢;,;,...;, == «'"" which are defined to be zero, 
when two or more of the indices are the same, and 1 or —1 
according as the indices are obtainable from the natural sequence 
1,---,m by an even or odd number of transpositions.* Thus the 


determinant a = |a‘|, in which 7 indicates the column and j the 

row for 7,7 1,---,, may be written in either of the forms 
Re pera! (ei ithe z 

(31.1) Oe Bygone 

or 

(31.2) pe eee Ge oat ae 


From these equations it is seen at once that a determinant 
changes sign, if the elements of two rows (or columns) are inter- 
changed, and that a determinant is zero, if corresponding elements 
of two rows (or columns) are the same. These properties are put 
in evidence also by the following identities which are consequences 
of (31.1) and (381.2): 


(81.3) 6,0 d= 6, boy ae ajay"; Fy eet pee ging ap...ajn. 

As an example of the use of the «’s we establish the law 
for multiplication of determinants. Let a and b = |b;| be two 
determinants of the mth order. By (31.1) and (31.3) we have 


es a D te 
° === €. : 13 210% 
a+b OES oj Orbe 
t,t Cnr raly J 
oe Se Cee eo tn oo Ne 
tty ete i da he a eee n 
ret) Zz 
ae tee ee G 1 G a C ” 
4, tyess%, J 2 n? 


Where ¢, = as bj. 
As defined the «’s have nm indices when the indices take the 
4 


values 1,---,~. We define also a set of quantities 0°’ for 
Ly Oy*** Oy 


pn. By definition these quantities are zero, when two or more 


* Cf. Hddington, 1923, 1, p. 107. 
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superscripts (or subscripts) are the same, or when the superscripts 
do not have the same set of p values as the subscripts; also any 0 
is +1 or —1 according as the superscripts and the subscripts differ 
from one another by an even or odd number of permutations.* As 
an immediate consequence of the definitions we have 


OE Esashi gl n 

Boole sith p= Oc i lieth, ele: 
(31.4) jpeeedy jt je GG, Ui, i, 
F Peer Le ee ee a 
G1.D) ey A OF ay Ws Ope 


Also we have the identity 
(31.6) Ol ge 


Moreover, from (31.3) and (31.4) we have 


The fina n i,t i 
Oe” Ua mene == Ene en Lew ee 
(S150) en a int, UY i. 


Consider now two matrices 
(31.8) eels WG 


where the Greek letters take the values 1,---,# and determine 
the column, and the Latin 1,---,»(< ») and determine the row. 
We put 
[eae i, 

(31:9) ee C, a 
and establish the following theorem which we shall use later: 

The determinant of the quantities bv defined by (31.9) zs the sum 
of the product of corresponding determinants of the pth order of 
the matrices (31.8). 

From (31.9) and (31.1) 

Lj 1 ty er : 
bie) == Peles cr Dike . op ay dys... dy», 


. 


which by (31.7) may be written 


Se Nisa ah iQ hae GAs) V9 
— OF ee Ce, CB, tae Ce» dy ay I © dy 


* Cf. Murnaghan, 1925, 7. 
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and by (31.6) 
tO bh agt e ge ee Bde... de 


pl mee On % CB. 

For any term of this sum to be different from zero, the ’s and y’s 
must take on the same set of values and each permutation of the e«’s 
over these values gives a term; there are consequently p! terms 
for a given set of 6’s and y’s each of which is obtained by multiply- 
ing together 

ce Ch, Ce, Shs Ch. Ore os di? i aie ae 
for the @’s in the same order. But from (31.4) und (31.5) these 
expressions for a given set of @’s are seen to be corresponding 
determinants of the matrices (31.8) to within the equal multipliers 
€y,...¢, and é'""“, whose product is 1. Hence the expression on 
the right in (31.10) reduces to the sum of the products of corre- 
sponding determinants of (31.8), as was to be proved.* 

32. The orthogonal ennuple of Schmidt. Associate 
directions of higher orders. The Frenet formulas for 
a curve ina V,. Let &,/' be the components of a unit vector, 
that is, 

(32.1) 94 Fay Ey” = a1, 


and let ey for o = 2,.--,” be the components of any 7—1 
other vectors such that these » vectors are linearly independent. 
We put 


(32.2) Gij &,/' ae a bin a by" (/, UMN fa n),t 
and we denote by 6, the determinant of bs for a, 8 = 1,.-., p, 
thus, 

(32.3) bp i [dp | (a, a 1, aD, p). 


From (32.2), (32.3) and the results of § 31 we have that bp is the 
sum of the products of corresponding p row determinants of the 


*For another proof of this theorem, see Kowalewski, 909) 2 Pe did 
{ Normally one would use bm but the notation used makes for simplicity in 
what follows. 
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matrices ||gi en || and IGA Consequently when the fundamental 
form of V, is positive definite, all of the determinants b, for 
—=1,---, are positive;* when the fundamental form is indefinite, 
we assume that the vectors §)" are such that by + O for p= 1,---, 2. 
Consider now the vector of components A» Which are expressed 


linearly in terms of the components &o\' for o = 1, ---, p, as follows 
Z Cn i % He me 

(32.4) Ap} ao hes, Eu) Bp (a ox 1, Act P); 

Ba mat Rarwrmneth fy 


Vv 


where ¢, is chosen so that the radical is real and By is the 
cofactor of b; in by divided by b,. From (32.1) and (32.3) it follows 
that b1 = e. In order that (32.4) may hold for p = 1 and that 
di’ = £1", we define bo as 1. 


From (32.4) we have 


Dee er es ee 
(32.5) Hi *p| Sar = ) ay dp @ Sp). 


Assuming that g<p, we have from the definition of yee similar 
to (32.4) and from (32.5) 


(32.6) Oi Mot Age == 0 (p + q). 


If both sides of (82.4) be multiplied by gi; yale and summed for 2, 
we have in consequence of (32.5) 


(32.7) Gis Apt Ap” = ep. 


Thus the vectors defined by (32.4) for p = 1,---, form an ortho- 
gonal ennuple, as first shown by E. Schmidt7. 


Consider now any curve C in V, and the vectors of a field 
4,;° at points of C which are assumed not to be parallel along C. 
If we put 
* This is seen by considering any point P and choosing the coérdinate system 
so that at P g,, = 1, 9; = 9 @+J), in which case any bp is the sum of 
squares. 

+1908, 1, p. 61; cf. also Kowalewski, 1909, 2, pp. 423-426. 


y L 
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aa :' 
(32.8) ere tee a 
then &)‘ the components of the vector associate to ie (§ 24). 


Since bo ie = 0 for this case, we must assume that this vector 
is not a null vector, if we desire b, as defined by (32.3) to be 
different from zero. We define »—2 other vectors along C by 
the equations 


(32.9) 


race 9) 


ds 


We assume that these » vectors are linearly independent and that 
by + 0 for p = 1,---, m. Then equations (32.4) define an ortho- 
gonal ennuple of directions at points of C which we call the 


: P : a i a 
associate directions of A; of orders 1,---, n—1. 
J 


: ad 
At points of C the components of the tangent vector to C’ are 


are expressible in the form 


da! 
ds 


(32.10) ss a foe G; a ise ee) 2), 


where the a’s are invariants. From (32.10) and 


Teer cise) 


(32.11) Ap i = 2 Cr C1 pa Al Any 
we have 

dx’, i ie i 
(o27L2) Ge Hel Yee ma Ce phe Atel , 
where 
(32.13) One = WY pkr- 


Because of (30.3) we have also 
(32.14) Ope + akp = 0. 


dx J 
From (32.4) and (32.9) it follows that —— ae eh j is at most a 


* For the development of this section to apply we assume that none of the 
vectors &) are parallel with respect to C. 
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linear expression in Bae visi, Sie and therefore in ae ey, Ape 

Consequently ep; = 0 for k>p-+1. Combining this result with 

(32.14), we have 

1 

(32.15) "RET oe ae 
pe [k+ pt]. 


where g, is defined by the first of these equations. Accordingly 
equations (32.12) reduce to 


Fy) 

GG i S85) A Cp+1 ; : . 

dip) a = Ay—| 7 eogiett (p = 2,---,n—1), 
p 


z 
(82.16) —— dy’, ves 


from which we have 


Yoh da’, ¢ if 
(32.17) dpa LA on (p = 2,---,n—1). 


From (82.8) and § 24 it follows that (32.16) apply also to the case 
p = 1 with the understanding that 1/e) = 0. Also from (82.12) 
and (32.15) for p = 7 are have (32.16) for » = n» with the under- 
standing that 1/e, = 0. 

We call 1/e, for p= 1,---,—1 the associate curvatures of 
order 1,---,n—1 of the vector &,\"(= 4,;") for the curve C. We 
can find their expressions in terms of the determinants by by | 
differentiating covariantly equations (32.4) with respect to a/ and 
substituting in (32.17). This gives, in consequence of (32.9), 


1 0 (\/2 b, ‘ . 4 on \2 b , | 
ae ee : ep Up Fe sea p Un nM ade a 
rs Beil Fae oo) a De | Bp Sets : 


(@ == E; oho 


which is reducible by means of (32.5) to 


i 


] \-errepts bp—1 bps | . 
(32.18) — =, a p= 1,---, n=) ae 
Op he | baw (p ? ; . ) & Ne 


When, in particular, the vector Thi is the tangent vector to C, 
we have in (82.10) a’ =1, a =0 for o+1 and from (32.13) 
Op = yp. HWrom (32.17), (20.1) and (20.3) it follows that 1/o, 
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is the first curvature of C. In this case we say that 1/oy are 
the first, second, ---.n—1th curvatures of C. Moreover, equations 
fo2.10)? for 9) =a 18. 2. one area generalization of the Frenet 
formulas for a curve in euclidean space in cartesian codrdinates, 
as is readily seen by replacing covariant derivatives by ordinary 
derivatives.* Hence we follow Blaschke in calling (32.16) the 
Jormulas of Frenet for a curve in a Riemannian space.t 


Exercises. 


1. If y,, denote the coefficients of rotation for the orthogonal ennuple defined 
by (13.14), show that 


sy Ob 


Lite: 
vee 7 tr 
Pui Det 


V iak a Viner. i ‘k hand Us» tf ti Crit 
Tr 
and that 
Vigna = iP u ty ti Vinay a 
2.-Show that <; ; |; Va are the components of a covariant tensor (§ 31). 
n 


Ricet and Levi-Civita, 1901, 1, p, 135. 

3. Show that the components of the contravariant tensor of order 7” associate 
to the tensor of Ex. 2 by means of Gy, ake ete ili ge 

Ricci and Levi-Civita, 1901, 1, p. 138. 

4. Show that the first covariant derivatives of the tensors of Exs.2 and 3 

are zero. Ricci and Levi-Civita, 1901, 1, p. 138. 


5. Show that 


ee ae 90 | 
e J, Im | 
91 i ae *. 
J coil i : y 
Mic netsh gin 
Ji Jim 


and consequently that the d’s are the components of a tensor of order 2m. 
Murnaghan, 1925, 7, p. 238. 


33. Principal directions determined by a symmetric 
covariant tensor of the second order. Let aj be the com- 
ponents of a symmetric covariant tensor of the second order and 
consider the determinant equation 
(33.1) | aij —eogy| = 0. 

poCielIO9 1, ps Lc. 

t Blaschke, 1920, 1, p. 97, considered the case when the fundamental form is 
definite, in which case the only restriction is that 41), &) and the vectors Ep 
defined by (32.9) be linearly independent. When the form is indefinite, it must 


be assumed also that the determinants b, defined by (82.3) be different from 
zero; in particular, this requires that the curve C’ be not minimal. 
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In another codrdinate system 2’ we have 


een eerae yt ee 
On Om Ox Oa 
‘ t . l 
(33.2) hij = Ain ae p ple Yij Jim 0 at da ’ 


so that (33.1) becomes 

| k [2 
ioe ee ove ets 

| Gim— 0Jim| |e | = 0. 


Since by hypothesis the Jacobian is not zero, this equation is of 
the same form as (33.1) and thus the roots oe of (83.1) are invariants. 
If o, is a real simple root of (33.1), the equations 


(33,3 (aij — On gij) Ini’ = 0 


define, to within a factor, m quantities Inj, which are the contra- 
variant components of a real vector-field, as is seen by changing 
the codrdinates and making use of (33.2). If o, is another real 
simple root of (33.1), we have a second vector-field defined by 


(33.4) (ayj— gr gi) Me’ = 0. 


Multiplying (33.3) by Da? and (33.4) by Inj’, summing for 7 in each 
case and subtracting, we have, since o, + o; by hypothesis, 


(33.5) oon de == OF 


that is, the two vector-fields are orthogonal. 

From the algebraic theory* it follows that if the roots of (33.1) 
are real and the elementary divisors are simple, there exists a 
real transformation of the variables x’ such that at a point P 
the forms 


(33.6) @ ==, 002. W = ay dx dxi 
are reducible to 

p= g(dz')P+--+ mda? 
v= 4 Oy (dz)? ae sens + €n On (gan) 


* Cf. Bromwich, 1906, 1, pp. 80, 50. 


(33.7) 
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where the c’s are constants none of which is zero and @, ---, ey 
are the roots of (33.1), which are not necessarily different. In 
particular, if » is a definite form, the roots of (83.1) are real, and 
the c’s have the same signs.* 

If g, is a simple root, then at P the solutions of equations (33.3) 
are Ay) = 1, ay°=0 (@ = 2,---,), to within a multiplier. 
Hence the vector is not a null vector. Accordingly if all the roots 
of (33.1) are real and simple, equations (33.3) define » mutually 
orthogonal non-null vectors, that is, an orthogonal ennuple (§ 13). 

When p of the roots are equal, say 0, —---—o,, then for 
h—1,---,p, equations (33.3) reduce to (@p+«— en) Aa a == 0 20r 
«= 1,---,n—p, (p-+o being not summed). These equations are 
satisfied by the p linearly independent vectors whose components are 


ie —— é (a i eG _— 1, tes n), 


which evidently are non-null vectors. Moreover, any other solution 
is a linear combination of these vectors. Consequently for a 
multiple root of order p the rank of (33.1) is n—vp, and there 
are ©?-1 sets of solutions. ; 

If the codérdinates are any whatever and dg)’ for « = 1,---, p 
are the components of p independent solutions, then 


(33.8) a. = ee hei’ (ee ici ag a eee) 
are another set of solutions. If we choose the functions ,° so that 


pee {hy ° gis / 3 * yy! ea! ge os ij he’ Ay)’ + 0 (@+y), 


the p vectors of components Sia are mutually orthogonal and are 
not null vectors. The determination of the w’s is equivalent to 
finding an orthogonal ennuple in a space of p dimensions whose 
fundamental tensor gy, is defined by goog = Hi Aq\ Ag’. At a 
point P in the coérdinate system giving (33.7), we have 4)’ = 0 
for 7 = p+1,---, , and consequently 


g aed | Jecp | cae alone ty 2a00 (a, B= 1,---,p). 


* Bocher, 1907, 1, pp. 171, 305. 
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Hence functions mw,’ satisfying these conditions can be obtained 
in accordance with the results of § 13. 

Gathering the foregoing results together we have the theorem: 

Tf aij are the components of a symmetric covariant tensor such 
that the elementary divisors of equation (33.1) are simple and the 
yoots are real, equations (83.3) define a real orthogonal ennuple; 
this 7s wrique when the roots are simple; when a root is of order p, 
there are ©P'P-Y?? sets of mutually orthogonal non-null vectors corre- 
sponding to this root. 

The directions at each point defined by these vectors are called 
the principal directions determined by the tensor aj; the » con- 
eruences defined by the ennuple the principal congruences and 
01, °++, On the principal mvarrants. 

Since the vectors are not null vectors, the components can be 
chosen so that 


(33.9) Gi Any Any = en (h =1,---, 0), 

and we have from (33.3) 

(33.10) aaj In| Ag? = 0, (h+h), 
Cn = en ay nl Api’. 


Hence if none of the roots of (83.1) is zero, that is, if the 
determinant || + 0, we have 


(Sa.11) ij Ani Any =e 0) (h Sema Py ica n). 


Conversely, if An\ are the components of » mutually orthogonal 
unit vectors, and aj are the components of a symmetric tensor 
such that the first of (83.10) is satisfied, then these vectors define 
the principal directions determined by aj. For, if we define n in- 
variants 7 by (33.10), we have as a consequence of (33.5), (33.9) 
and (33.10) 

(aij — en gi) Anf Ani? = 0 (hy k = 1,---, n). 


Since the determinant of the 4’s is different from zero, these equations 
are equivalent to (33.3), which establishes the theorem. 
If we write equations (33.3) in the form 


| 
dij Ani = On Arty, 


ee ee i ee ee ee 
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multiply by en An, sum for h and make use of (29.4), we obtain 
(33.12) aj = Qe On Ani Anj. 


When both of the forms (33.6) are indefinite, there is a possibility 
that the elementary divisors are not simple. We consider this case 
for 4-spaces and it can be shown that the results are general. If 
one, or more, of the elementary divisors are multiple and real at 
a point P, areal codrdinate system can be chosen for which at P 
the coefficients of the forms are of one of the following types.* 

Type 1. 


fe = 1, 933 = kes, Gus, le 


1 =h, he = Qi, G33 == 03 ks, Asn —= 0% kg, 


where the k’s are constants, all the other g’s and a’s being zero. 
The elementary divisors are (9 — @,)?, (@ —@,), (0 — 04). 
1°. 01, 03, @ +. The vectors given by (33.3) are 


(0, 1, 0, 0), (0,0, 1,0), (, 0, 0, 1), 


of which the first is a null vector and the others are not. 


2°. @; == 0,. The vectors are the first of the above, and any 
vector of the pencil determined by the last two. 
3°. 0, = 3. The vectors are the last of the above and any 


vector determined by the first two. Any vector of the pencil is 
orthogonal to (0, 1, 0, 0). 


4°. 0: = 03 = o,. Any vector for which the first component 
is zero. 
Type 2. 
f2 = 1, Go = I, 
a1 =k, he = Q1, dss = kg, gg = 03. 


The elementary divisors are (e—o,)*, (e —¢s)°. 

1°. 0, +03. The vectors are (0, 1, 0, 0) and (0, 0, 0, 1), and 
both are null vectors. 

2°. 0: = 03. Any vector of the pencil determined by the 
vectors of the preceeding case. 


* Cf. Bromwich, 1906, 1, p. 46. 
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bol 


Type 3. 
Fie = 1, Ges == Neg a kg, 


Aye == O1, As3 — 1, ds = 01 ks, agg Ogky. 


The elementary divisors are (e—@)*, (@—@:). 
1°. e,+0.. The vectors are (1, 0, 0, 0) and (0, 0, 0, 1), of 
which the first is a null vector. 
2°. 0, = 0, Any vector of the pencil determined by the pre- 
ceeding two. 
Type 4. 
fiz 
Ay 


: a 1 
O01, Ag = "1, ds = (1, Cs = ky. 


There is one elementary divisor (e—o,)* and one vector (1, 0, 0, 0), 
which is a null vector. 

When two or more of the o’s are equal, the corresponding 
elementary divisors are said to have the same base. 

Combining the results of this section and recalling that when 
the elementary divisors are simple there are n of them, although 
some may have the same base, we have: 

The number of principal directions defined by (33.3) 7s equal to 
the number of elementary divisors; when p(>1) of the divisors 
have the same base, the vectors corresponding to this base are any 
linear combination of p independent vectors; to a divisor which is 
not simple there corresponds a null vector when the base is not the 
same as any other, and when it is the same as another base one 
or more of the p vectors is a null vector, according as it is the base 
of one or more divisors which are not simple. 

Thus in case the divisors are simple there are » principal directions, 
and only in this case. 

If we write ee 

— he 
(33.18) C= sae 


the finite maxima and minima values of @ at a point are given by 
00 


the directions for which 5 Al 


= 0, for 7 — 1,.--, n, that is, 


(ay—egy)t = 0. 
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Hence we have: 

At a point the finite maxima and minima of e defined by (33.13) 
are given by the proncipal directions at the point. 

If the fundamental form is definite, o is finite for all directions. 
If it is indefinite, o is infinite for all null directions, except those 
which are principal directions; this exception arises when the 
elementary divisors of (33.1) are not simple. 

34. Geometrical interpretation of the Ricci tensor. The 
Ricci principal directions. Let Ani’ be the components of any 
unit vector, and 2," for k = 1,---,n;k+h, the components of 
n—1 unit vectors forming an orthogonal ennuple with the given 
vector. The Riemannian curvature at a point for the orientation 
determined by diy? and any vector 4%)’, denoted by nx, is given 
by [cf. (25.9)] 


(34.1) Pag = en clipes tn Auli Anh Any 


Since the right-hand member of this equation is zero for k = h, 
we assume that rn, = 0. 
In consequence of (29.5) we have 


+7 


25 ~~ ee 
(34.2) Dy Chih Rpys An) Z An ‘ Ge = — en Ry dn Ay)" 
k 


Hence 2 r,, 18 the sum of the Riemannian curvatures determined 


by the vor Ani and »—1 mutually orthogonal non-null vectors 
orthogonal to it; moreover, from (34.2) it is seen that it is in- 
dependent of the choice of these »—1 vectors. We denote it by en 
and call it the mean curvature of the space for the direction 4)". 
This result is due to Ricci,* who gave this geometrical interpretation 
of the tensor which Einstein chose later as the basis of the general 
theory of relativity. 
If we write (34.2) in the form 


Rij Any’ Any? 
34.3 i era re 
poe : gis Ba’ Any’ 


* 1904, 2, p. 1234. 
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we see (§ 33) that the finite maximum and minimum values of the 
mean curvature correspond to the principal directions determined 
by the Ricci tensor, that is, the directions given by 


(34.4) (Ry + egy) = 0. 


From (33.12) it follows that for these principal directions 
(34.5) Vii — 2 On Ani Ani je 


We call these the Ricce principal directions of the space. 

A necessary and sufficient. condition that the principal directions 
for a tensor aj be indeterminate is that aij — egy. In this case 
we say that the space is homogeneous with respect to the tensor aij. 
We have at once: 

A necessary and sufficient condition that a space be homogeneous 
with respect to the Ricce tensor is that 


(34.6) Rij oA = Roi 


that is, that it be an Hinstein space (cf. Ex. 2, p. 92). 

35. Condition that a congruence of an orthogonal 
ennuple be normal. By definition a congruence of curves in 
aV,is normal when they are the orthogonal trajectories of a family 
of hypersurfaces f(x’, ---, a”) = const. If da* are the components 
of any displacement in one of these hypersurfaces, then 


(35.1) zo dai = 0. 


Consequently if ee are the components of a normal congruence 
of an ennuple, we must have 


(35.2) ay = == w= Bea 


0 at 


where mw is an invariant (§ 14), and from cS 1) it follows that / 
must be such that we have 


(35.3) K(f) = FE = 0 (k= 1,---,n—1). 
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In order that these »—1 equations may admit a solution 
which is not a constant, they must constitute a complete system. 
A necessary and sufficient condition is that 


(Xn, Xx) f = Xn Xn (Sf) — Xe Xn (SF) 


be a linear function of X;,(/) for h, k = 1, ---, n—1 (§ 23). From 
(35.3) we have, in consequence of (30.2), 


Xp Xe (f) = An? Ou ha thi dni) 
— Any? day’ Fg + fi Dye rian day’ 


DEY OnE ell 


aks 2 
== Any A fj Oy) fen yah Xa Gf) eaten of ‘ 
a nr 
Hence 
1,s++,m—-1 


a EP 0 
(Xn, Xx) f — >, €a (Yonk — Yekh) Xa (f) ++ Cn (Y¥nhk — Ynkh) ae 


Since An) ‘ is not expressible linearly in terms of Ani’ for == 1-774, 
Of 
0Sn ; 

A necessary and sufficient condition that the congruence An\° of 
an orthogonal ennuple be normal rs that 


is not expressible in terms of the X(/f)’s. Hence: 


(35.4) Ynhk == Ynkh (he kre Terie al) 


From (35.4), (30.2) and (30.15) we have: 

A necessary and sufficient condition that a geodesic congruence Anji 
be normal is that Anu; be a symmetric tensor. 

Suppose that the conditions (35.4) are satisfied. Equating the 
expressions for f obtained from (35.2) and for f(y from fj = wAnyj, 
we get 

tj Anji + MAmieg = byt Ant M Anya. 


Multiplying by jg and summing for 7, we have, in consequence 
of (30.2) and (30.3), 
0] 
(35.5) oe = Anti 2 Yinn Au, Ye SS ta ; — logy. 
x a 
8* 
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Expressing the condition of integrability of these equations, we 
obtain 


Yj Anti — V4 Any + Y Ants, —Anti,2) 


a) OD 0 
+ yal LOANS nn ani + Yinn (ings — Aan.) = 0. 


Oat $ Ox 
Multiplying by Any? ai and summing for 2 and 7, we have for the 
determination of » the equations 
. a) 
(35.6) en eet ape + V Y¥tnn + Dei Yinn (Yitn — Yin) = = 0 
U 
(A, t = 1, +++, Ws 


Multiplying the above equation by Any? ds? and summing for z 
and y we have, in consequence of (35.4), the identities 


OYh: OV knn 
(35.7) a = ees + Qe Vinn (yink —Yucn) = =— |) 
(hy hl == 1, 3 


We consider, in particular, the case when the congruence Vie is 
normal to a family of hypersurfaces # = const., where f is a 
solution of the differential equation 
(35.8) 9 fy = 9. 

These have been called zsothermic hypersurfaces by Ricci and 
Levi-Civita* and are an immediate generalization of isothermic 


surfaces as defined by Lamé.+ 
From (35.2) and (35.8) we have 


9 f heme gf? (1, j Anji aa a Ch Ck Ynhk Anti An i) 
v, 
rae na date +e die ED. == 0. 
v 


From this equation it follows that » in (35.5) has the value 
22 enynnn in this case, and consequently 


f) - 
(35. 9) e En a = —Dienynnn Anti — den Yhnn Anji (h= I, SEO LD =e 
h, 


* 1901, 1, p. 152. 
+1857, 1, p. 1. 
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Conversely, if the expression on the right is the component of 
a gradient, the function /f defined by (35.2) satisfies (35.8). Hence: 

A necessary and sufficient condition that a congruence Anji be 
normal to a family of isothermic hypersurfaces is that (35.4) be 
satisfied and the right-hand member of (35.9) be the component of 
a gradient. 

36. N-tuply orthogonal systems of hypersurfaces. From 
the definition of an »-tuply orthogonal system of hypersurfaces in 
§ 15 it follows that the curves of intersection of these hypersurfaces 
form an ennuple of mutually orthogonal normal congruences. As 
there considered the codrdinates x’ are such that the congruences 
are the parametric curves. When the coérdinates are general, we are 
able to find the condition that all the congruences of an orthogonal 
ennuple be normal by remarking that in this case, as follows from 
(35.4), we must have 


Yael == Vhik (ehh ee he ete as 


By means of equations of this form and the identities (80.3) we have 


Yak = Vrik = —Vik = — un = kik — kh — — Chk) 


that is, yn — 0. Hence: 
A necessary and sufficient condition that the congruences of an 
orthogonal ennuple be normal is 


(36.1) i =O helt "lean tak Vee 


As remarked in § 15 such an ennuple does not exist in a general Vn. 
The conditions, in general form, which a V, must satisfy in order 
that such an ennuple exist are to be found by a consideration of 
the equations which the components dn; of the ennuple and the 
invariants yn must satisfy in this case. From (30.6) and (30.7), 
when (36.1) hold, we have 


(36.2) Lthajk Ay” Lal ee ae = 0 (7, PGT =e) 


Rig ty jack Ov 
(36.3) Enijx Ay) Ap) Ap hy | = 9 = Cn Vipp Vrpp— er Yirr Yrpp » 
Ta 


* Of. Ricci and Levi-Civita, 1901, 1, p. 151. 


. 
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h i jp. k& 
Rraj dy Ap) Ap” Aa 


O71 OY pil 
aos Pe: 7 Yon ep Vip + Quem Vntt Vonpp* 


(36.4) 


Since the left-hand member of (36.3) is unaltered when / and r are 
interchanged, we must have 


OY 0%, 
(36.5) ee ie + €1 Yell Vipp — Cr Yirr Yrpp = 0, 
which is the form of (35.7) for the present case. 
The characterization in invariant form of a V, admitting an 
orthogonal ennuple of normal congruences is obtained by expressing 
the condition that equations (36.2), (36.3), (86.4), (80.2) and 


Gu Ant An = en, 94 Ant Ae nee ae) 


possess a solution in the »® quantities 4° and the (nm — 1) 
quantities yar. 

By means of the above theorem we are able to prove the 
following theorem: 

If a tensor ay is such that the roots of (33.1) are simple, 
a necessary and sufficient condition that the principal congruences 
determined by ay be normal is that the components of these con- 
gruences, as given by (33.3), satisfy the equations 


(36.6) ij, k Anj* day? a = 0 Um 1. ne 
In fact, if we differentiate the first of (83.10) covariantly with 
respect to a, we have in consequence of (30.2), (30.3) and (33.10) 


atij, Any’ Aaj? +> ep (on — 01) Yih Api = O. 
p 


Multiplying by 4m)" and summing for k, we obtain 


(36.7) Nij,k 1, ay? dont” == (On =% e1) Yhlm (h ae i), 


from which we obtain the theorem.* 


* For a discussion of the case where the roots of (83.1) are not simple see 
Ensenhart, 1923, 6, pp. 263-280. 
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Proceeding in like manner with the second of (33.10), we obtain 


0@n __ 00h 
a ak fae! 


(36.8) Qij,k Any an? Ay” == eh, dy" 


We observe that (86.7) and (36.8) hold whether the roots of (33.1) 
be simple or not. 

37. N-tuply orthogonal systems of hypersurfaces in 
a space conformal to a flat space. When the congruences 
of a normal orthogonal ennuple are taken as parametric and we put 


(37.1) eee nO 1G a gi=0 CF); 


the functions H; being defined by these equations, we have 


1 


=— Fe he == 0, Aina = e; Hi, hij = 6) (i + j). 


Ey ea Ei 


From (30.1) and (15.7) we have 


- (h + 2). 


(37.3) Vi = & TT 


When expressions of this form are substituted in equations of the 
form (36.2), (36.3) and (36.4), we obtain 


Penix = 0 (h, J, k +), 
Free 0? Hi; 6H; dlogH, 0H; 9 reg 
hitk — G%41i (ar 9 ook Alt Auk dak aa” 
(37.4) (h, i,k +), 
ys ey Gaitle, 042; oe ihe on) 
Benin = Hn Hi E aa laa a meh axe le 0X4 
1CLEi Ch 0 Hy, a 
> Wipe 0a Oneal 


where 7 is summed over the values 1,---,2 except h andz. These 


equations follow directly also from (15.8) by means of (37.1). 
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We introduce with Darboux* the functions 4; defined by 


ae & Lae 
(37.5) Bia eh ee aI (@ + 7). 
If the V, is an S, equations (37.4) become in this notation 
37 OBri — 
(37.6) 5 aol Pik Pi — 0, 


0 Bra 0 za 
+ e, —— 


re ie + Lreveien Bn Bi = 0 (h, i,k +). 


Let y’ be the generalized cartesian codrdinates of the S, in 
terms of which the fundamental form is 


(Bds4) 9 ==" Gy an ay. 
where cj are plus or minus one and cj = 0 (@@+/). If Y; are 


the components in the y’s of the vector 4,’ in the z’s, we have 
from the equations 


nd. une ty 

Yj = 4; Dak 
and (37.2) 

OY 7 t 
(37.8) par eh 


For the present case equations (7.14) become 


ary? = 0 yf f be 
axl oak ~~ Oat likly 


Substituting from (37.8) and making use of (15.7), we obtain 


ay; 
8 ak 


@ Yj" 


(37.9) == Br, Vins, Al es — Lejeahy Yn) (k + 7). 


From (37.8), (37.1) and equations of the form (7.10) we have 


(37.10) cj Yu Yr? = ex, 


* 1898, 1, p. 161. 
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where 
(37.11) Ge = Ga Hee (Kab. 


If the functions 4} satisfy the conditions (37.6), equations (37.9) 
are completely integrable. Moreover it can be shown that any 
nm sets of solutions satisfy the conditions 


Cij Yui Yy)’ == COM 


Hence if we take any orthogonal ennuple of unit vectors at a 
point, there corresponds a solution of (37.9) satisfying (37.10) and 
(37.11), and having the given values at the point. If then there 
exists a set of functions H; for which the right-hand members of 
(37.4) vanish, and consequently (37.5) and (37.6) are satisfied, 
there exist solutions of (37.9) defining an orthogonal ennuple in 
S, determined by an arbitrary orthogonal ennuple at a_ point. 
rei by oe ae from (37.8) we can find the equations 

= g(a’, x, ---, a) defining an n-tuply orthogonal family of 
ae x’ = const. for which the fundamental tensor is 
given by (37.1). 

The proof of the existence and generality of solutions of 
equations (37.6) has been given by Bianchi*. He has shown also 
that the solution of equations (37.5) for a given set of functions 
4; involves » arbitrary functions, each of a single x. Hence we 
have: 

In a flat space of n dimensions any orthogonal ennuple of non- 
null directions at a point are tangent to the curves of intersection 
of the hypersurfaces of an n-tuply orthogonal system. 

As a corollary we have: 

If a Vn is conformal to a flat space, there exists an n-tuply 
orthogonal system of hypersurfaces whose curves of intersection have 
a given orientation at a point.t 

We shall obtain a characteristic property of any Vn (m > 3) con- 
formal to an S,. We have from (28.17) that for any orthogonal 
ennuple in such a Vy, 


* 1924, 3, pp. 625-629. 

+ Because of the generality of the functions £, and H, satisfying (37.5) and 
(37.6) it is evident that the -tuply orthogonal system is not uniquely determined 
by the given orientation. 
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(37.12) Rass dy" aa a? as)" = 0 (p. gr. s #5 


that is [Cé. (30.6)]. 
(37.13) Ypeqrs 0 (y, g, 7, § +). 


We seek conversely the condition that (37.13) hold for every 
orthogonal ennuple. To this end we put 


= 5 
2 : —— ep a dy) : -- €q big) : 


. 
De = hh ee 

(37.14) Ri Gc ota) 
Tg = —ddn*+ cdg’. 


Expressing the condition that Yesyé = 0 for every a, },c and d, 
we get 
ep Ysppr — €g ¥'sqqr = O 


=e ? 
Cr €g I’ragr — ep Cs Y'spps t+ Cg &s ¥'sqqs = 0 (py, g,7,8 +). 


Cp Cr FT rppr 


From the first of (87.15) we have 


1 1,++-,2 


(37.16) Cp ¥sppr = woae Cg Ysagr > 


In consequence of (29.5) we have from (30.6) 


for4as hk k ay h k 
(37 17) De ‘sqaqgr Rrajx ds dy; g” See Px As) i, $ 
Q 


so that (37.16) becomes 


(BT.18) ep Rage a” yi dy dg® = —A— ha dal” B®. 


If we write the second of (37.15) in the form 


(87.19) ep, ep, VP, PyPyP, 


—= €p, Cn, ¥p, py P,P, a ep, &p, 7 PyPpPyPy &D, Op, VP, D.P.Ps , 
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we can obtain n—3 other expressions for the term on the left 
by replacing ps and ps on the right by the respective pairs 
D4, Ps; Pd, Po; +++; Pn—1, Pn} Pn, Ps, Where pr, p2,-++, Pn 1S some 
permutation of the integers 1,---, m. Adding together these n—2 
equations and adding 2¢p, ep, /p,p,»,», to both sides of the resulting 
equation, we have in consequence of (37.17) 


ees ns k 
(37 20) men, ep, VP, Po PoP, =: Pk (ep, REY. “p,| — ep, A al Ap,l ) 


a (ep, Cp, Vp, P,D4Ps Sa Rei a Cp, ps V Dn Po Ds Dy) 


Ii we add to this the »—1 equations obtained by permuting 
the p’s cyclicly in the sequence 1, po, ---, pn, the resulting equation 
is reducible by means of (29.5) to 


nP(Cp, Cp, YD, Dy Do P,) So Doles == (n <i 2) P(ep, Cp, Vp, Py Py?) ) 


where P( ) indicates the sum of the » terms obtained by the 
process indicated above. Hence 


(37.21) (n—1) P(€p, &, ¥p,p,7,p,) = Fe. 
The last expression in (37.20) is equal to 


i: (ep, Cn, Vp, De p.p,) —&p, Cp VD, Dos P, Dy Dy V Po Dy Dg Py 


— ali 
Cin p, V Dn D:D Pn + Dn Dy Vy Py Pz Pn * 


In consequence of an equation of the form (37.19) the last three 
terms of this expression are equal t on, Cp, 1p, Popsp,- Hence 
(37.20) can be written 


(37.22) (n— 2) Cp, CD, Rnijr ne dp, ‘ a iy dy, a 
; k R 
—- Rik (p, desi D,| ee Cy, dae | An,| ) —— Pee 

Consider now any point P in V, and choose the coérdinate 
system so that at P ga—e, gj = 0 @4J). The tangents to 
the parametric curves at P are mutually orthogonal, and the 
Vi oa of the unit vectors in these directions are an) = Oj 
(h,ix=1,---,n). From (87.12), (87.18) and (37.22) we have at P 
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1 ae. 
Rr = 9, Rr = per Gy &% Rx (h, 7,9, k $), 


Ci Ch dk 
g (en Bia +e: Ram) — Ty 2) 


Rhiin = 


From (28.17) it follows that at P all the components of the con- 
formal tensor are zero. Since P is any point, we have: 

A necessary and sufficient condition that (37.12) be satisfied for 
every orthogonal ennuple in aVn(nm>3) is that the Vn be conformal 
to an beac: 


Exercises. 
1. If m is any function of the «’s, the coefficients of e”—1, eo", ---, @ and @° 
in the determinant equation | y,,,—¢eg,,| = 0 are invariants of degrees J, ---, 


respectively in the second derivatives of p; the first of these is 4,9. 
Ricci and Levi-Civita, 1901, 1, p. 164. 
2. Show that equations (33.3) can be written in any of the forms 


(a/—e, 4) C= 80) (ai—e, %) dans 0; (a¥—@,9") Aas = 


where a,’ and a’ are associate to a, by means of g,,. 
3. Tf in accordance with (29.7) the components of a symmetric tensor a, are 
expressed in the form 


de Gs €,€, 4 rt hajs 


a necessary and sufficient condition that the orthogonal ennuple 4! consist of 
the principal directions determined by a,, is that ¢,, = 0 (r +s). 

4. If there exists for a V, a symmetric tensor a, other than g,, whose first 
covariant derivative is zero and the corresponding equation (33.1) has simple 
elementary divisors, then the roots of this equation are constant. 

Eisenhart, 1923, 5, p. 299. 

5. If 4,' and 4,’ are the ee of congruences determined by different 
roots in Ex. 4, then y,,,—=0 ford =—1,---,”. Show also that if Auf cee, Ay? are 
components of mutually orthogonal congruences corresponding to a mule root 
of order m, then the equations 


Pagkt) 
iia = 0 (k = m+1,--:,n) 
are completely integrable. Eisenhart, 1923, 5, p. 300. 
6. If 4,’ for h,i=1,---, are the components of mutually orthogonal 


normal congruences and 
a= ah) + bi," 


* Schouten, 1924, 1, p. 170. 
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are the components of a normal congruence, so also are 
MS — ad, i+ bi,’. 
Schouten, 1924, 1, p. 213. 
Pha bi A are the components of an orthogonal ennuple, a necessary and suffi- 
cient condition that the equations 


eee == (k = p-Fl, ---, ») 

form a complete system is that , 
Ven — Von = O nk = ye ie ni 
In particular, if the congruences 4,' for j =1,-:+,p are normal, these conditions 


are satisfied. 


38. Congruences canonical with respect to a given con- 
gruence. In § 13 we showed that there are 0” -Y™—? sets of 
n —1 mutually orthogonal congruences orthogonal to a given non- 
null congruence. In this section we define a particular set of n—1 
such congruences which was discovered by Ricci,* and called by 
him the congruences canonical with respect to the gwen congruence. 

Let An; be the components of the given congruence and put 


: i 
(38.1) Xij = Oo (Anié,j Se An\j,1) o 


We consider the system of n+ 1 equations in the n-+1 quantities 
MG =1,-~, n) ande 


(38.2) 


Anli M =A 
(Xy— ogy) + edn = 9, 


of which the determinant equation is 


ii (iby OO An ® Jin Ani 


rs ( — , . : : : Z 5 ‘ : ; —— QO. 
(38.3) A (w) Xin—©Gin-*° Ann— ® Jinn Ann 


Anji ia Anin 0 


If the rank of this determinant is »—7-+1, is an r-tuple root 
in accordance with the general algebraic conditions for a multiple 


- root. 


* 4895, 1, p. 301; also Ricci and Levi-Civita, 1901, 1, p. 154. 
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We shall show conversely that the rank of A is n—r-+-1 for 
an r-tuple root of (38.3), when the fundamental form of V,, is definite. 
To this end we choose a codrdinate system so that at a point P 
gu = O-and 4,4 = 0 for 2 2,---,”. At P we have 


0 1 O Reset) 
] XY —- O11 Xp eee Xin 
A=) X12 
| O Xy F008 0D OC Xin — @ Ynn 


(38.4) 


| X22 — (OGY S80 Xan — @ J2n 


= ; 
, 


Aan — OO J2n +++ « Cnn — ® Ynn 


Since by hypothesis the fundamental form of V,, is definite, so also 
is the form gy, da“ dx? for a, 8 = 2,---,n. From the second 
form of A in (38.4) it follows (§ 33) that the roots » are real and 
that for an r-tuple root the rank of this form is »—*r—1, and 
for the first form of A in (38.4) the rank is n —r-+1, as was to 
be proved. If the fundamental form is indefinite and Xj da2* da! 
is definite, the same argument applies. 

In consequence of this result, it follows that for a simple root 
equations (38.2) define a unique congruence orthogonal to Ay)‘, and 
for an r-tuple root oo” congruences the components of any one of 
which are expressible linearly in terms of the components of r 
mutually orthogonal congruences orthogonal to 2p)" (cf. § 33). Let 
wn and , be two different roots of (38.3) and denote by An)" and Ap)" 
the components of congruences corresponding to these roots. In 
this case from the second of (38.2) we have 


(38.5) (Xy— on gi) Ini + eh Inj = 0. 
‘Multiplying by Any and summing for 7, we have 


(Xiy— on gij) An! Ang’ = 0. 


ee —_ 
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Interchanging # and & and subtracting the resulting equation from 
the former, we obtain 


(38.6) ij Ant An? = 0, Xy An’ an’? = 0 (h+k). 


Consequently, the congruences corresponding to two different roots 
of (88.3) are orthogonal to one another. Hence: 

When either the fundamental form of Vn or the form Xi dat da/ 
is definite, the roots of (38.3) are real and equations (38.2) define 
nu—1 mutually orthogonal real congruences orthogonal to the given 
congruence An); the congruences corresponding to a multiple root 
are not uniquely determined*. 

We have also the following theorem: 

When neither the fundamental form of Vn nor the form Xj dat dx 
is definite, a necessary and sufficient condition that equations (38.2) 
define »—1 mutually orthogonal real congruences orthogonal to a 
given congruence is that the roots of (38.3) be real and the rank 
of A be n—r-+1 for an r-tuple root. 

The congruences so defined are said to be canonical with respect 
to the given congruence. When we take them and 4,’ for an 
orthogonal ennuple and apply (30.2) to the definition (38.1) of 
Ay, equations (38.5) become 


ib 7 : 
(38.7) ei (Ynnm + Ynmh) Am\j— On Anij Se Oh Ani = 0. 
Multiplying by Ay! for kth, k+n and summing for j, we get 


(38.8) Ynhk + Y¥nkn —= O (hk = 1,---, 2 —1; hh). 
From (38.7) follow also 
1 
(38.9) on = Cn Ynhh; Gh = % en Vinn- 
Conversely, if (38.8) are satisfied, the »—1 congruences of com- 


ponents 4; for h = 1,---, m—1 are canonical with respect to 
“Ay|. Hence: 


* Ricci, 1895, 1, p. 302; Ricci and Levi-Civita, 1901, 1, p. 155. 
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A necessary and sufficient condition that the congruences dn\° for 
h = 1,---, a—1 of an orthogonal ennuple be canonical with 
respect to the congruence 4n\° is that (38.8) be satisfied. 

From (38.8) and (35.4) follows the theorem: 

A necessary and sufficient condition that n—1 non-null mutually 
orthogonal congruences dn" for h = 1,---, »—1 orthogonal to a 
normal congruence be canonical with respect to the latter is that 


(38.10) Vise 0 Ake lese ee 


As a corollary we have: 

When a space Vy admits an orthogonal ennuple of normal con- 
gruences, any n—1 of these congruences is canonical with respect 
to the other one. 

39. Spaces for which the equations of geodesics admit 
a first integral. If each integral of the equations (17.8) of the 
geodesics of a space satisfies the condition 

da dam 


( . ‘ ower is — . 
(39.1) ry, a ae const., 


the equations (17.8) are said to admit a first integral of the mth 
order. From the form of (39.1) it is seen that there is no loss 


of generality in assuming that the tensor a,,...,, is symmetric in 
all the subscripts. If we differentiate (39.1) covariantly with 
aan 


respect to x*, multiply by , sum for k and make use of the 


s 
equations of the geodesics in the form (17.11), we obtain 


axes dam dak 
ds ds ds 


Opn ik = 0. 

Since the equation must be satisfied identically (otherwise we 
should have the solutions of (17.8) satisfying a differential equation 
of the first order), we must have 


(39.2) P(dpr,...r,,4) = 0, 


m? 


where P indicates the sum of the m-+1 terms obtained by per- 
muting the subscripts cyclically. 


—_e 
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In particular, if (39.1) is of the first order, that is, 


(39.3) a; “ = const., 
the condition (39.2) is 
(39.4) (i,j + Qji 0. 


The question of integrals of the first order is considered in § 71. 
In this section we are interested primarily in the case when (39.1) 
is quadratic, that is, 
dxt dai 


(39.5) Nj de Ric = const., 


for which the condition (39.2) is 
(39.6) (ijk + Anji Oe,j = 0. 


We consider the case when aj are such that the elementary 
divisors of (33.1) are simple, and make use of the orthogonal 
ennuple defined by (33.3). We observe furthermore that equations (39.6) 
are equivalent to the equations 


rs ies Aah Aq Ari a Ot. (D0) 7 = ls 


since the determinant of the 2’s is not zero. By means of (36.7) 
and (36.8), according as p,g,r+,p—=q#r and p=q="7, 
equations (39.7) become 


(39.8) (ep re 04) Ypqr+ (04 i> * 0;) Yorp +(@r— Op) Yrpg 0 (y, q, 7 ete i 


eo 2) a aa + 2 (0g— ep) Yapp = 9 (p +4), 
q 
0Qp 
(39.10) Age a ===) ()). 


Conversely, when equations (39.8), (39.9) and (39.10) are satis- 
fied, then aj defined by (33.12) satisfy the conditions (39.6). The 
problem of finding all V,’s admitting a quadratic integral consists 
‘in finding a tensor gj and an orthogonal ennuple 4;)° for which 
the coefficients of rotation ypgr and 4,’ satisfy the conditions 

oD 
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obtained by the elimination of the o’s from (39.8), (39.9) and (39.10). 
The general solution has not been obtained, but we shall consider 
two particular solutions of the problem. 

If all the @’s are equal, equations (39.8) are satisfied identically, 
and from (39.9) and (39.10) it follows that the common value of 
the o’s is constant. Then from (33.12) and (29.3) we have ay = egy. 
This is the result obtained in § 17, namely, that (17.9) is a quadratic 
first integral of the equations of the geodesics. 

If we assume that all of the o’s are different and the principal 
congruences determined by ai are normal, it follows from (36.1) 
that (39.8) are satisfied identically. When we take the normal 
congruences for the parametric curves, and make use of (37.1), 
(37.2) and (37.3), we have from (39.10) that o; is independent 
of 2, and from (39.9) that H;/(e:—;) is independent of x/. 

A solution of this problem has been given by Stackel* as follows: 
Let yy for 7 =1,---,” be arbitrary functions of z’ alone such 
that the determinant ® of these n® functions gj is not zero. If 
g” is the cofactor of yy in ® divided by ®, then 


1 
(39.11) a Pr ag (or a 


for a given value of k different from 1 satisfy the conditions 
above stated. From (33.12) and (37.2) we have 
2 git rae 

(39.12) lig =e, 07H; i (pate? aij = 0 G49). 
Since k can take the values 2,---, , there are n—1 quadratic 
first integrals other than the fundamental form. 

We recall that the conditions of the problem are that the o’s 
be different, that e; be independent of 2 and that 


fois =f (@i—e) =--- = fi-u(oi— o-r) 
= fitrila — eit) = --- = fur (0 — en), 
where fic is a function independent of 2 for i,k =1,---,n;i+hk. 


From (39.13) for a given ¢ and from 


* 18938, 1, p. 486. 
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2 
2 


Aj = fy@—a) =--- = f-rj(@j— gu) = --- 


(39.14 
) Ca OH (0;— @n) 


for a given 7, we get pairs of equations of the form 


fii __ Qi — fii _ &— or te 
her , =a k 
Ski 0; =z, 0; Sij 0; —s 0; @,3; + y 
from which follows 
(39.15 Silo a. 
Ski a Sj 


Again eliminating (e;— @;) from (89.13) and (39.14), we obtain 
Hi fg +H} fx = 0. Replacing i,7 by j,k and k,z respectively 
and eliminating H}, Hj and Hx, we get 

Si Site Sci 
(39.16) ahi Ke 1 
The problem reduces to the solution of these two sets of functional 
equations. Di Pirro* has shown that (39.11) and (39.12) give the 
general solution of the problem for n — 3. 

40. Spaces with corresponding geodesics. From equations 
(17.7) it follows that the equations of the geodesics in a space Vn 
in terms of any parameter ¢ are 


das Coe dx dz! 
De see dt at 
feds Ais | aa) oe ae 
Sa fade = \enIeGh) Avera 


(40.1) 2%; 


If V, is a second space with the fundamental form 
(40.2) @ = Gide da’, 


the equations of its geodesics are analogous to (40.1), and are 


a in (40.1) by the Christoffel symbols 


* 1896, 1, pp. 318-322; he states without proof that the same is true for 
any m and considers also the case when the roots are not simple. The reader 
is referred to this paper and to Levi-Cwita, 1896, 2, p. 292. 


obtained by replacing 


9Q* 
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er formed with respect to (40.2). In order that every set of 


solutions of (40.1) define a geodesic in Vn, the equations 


03) [oat Weal) Gr at “We ae ar oar? 


must be satisfied identically. 
If we subtract equations (8.1) from the corresponding equations 
for V,, the resulting equations may be written 


; pa big ees (f ! = l y dat Oa oa'* 
ae foe lwol Na gS GgdT aal! ax’? oat 
Hence if we put we: 
(40.5) so} a em ay 

j lij ig | ay? 


the quantities a. are the components of a tensor, symmetric in 
2 and 7. 

When the expressions (40.5) are substituted in (40.3), the latter 
can be written 


ji ee Oe ae 
5h a’ im — 9 aim) — =i 
(Ok a1 im) dt ai dt 0 


Since these equations must be satisfied identically (cf. § 39), we 
must have 


ja eta) jot Eee) Amb ey 
Oj; im + 0; a mit Om ake — OK Vim =F 0; ee ae On, Qk . 
Contracting for 7 and m, we get 
0 2, Ys 
de = On Wit 07 We, 


where yz is the vector ayl(n +1). Hence in order that equations 
(40.3) be satisfied identically, it is necessary and sufficient that 


(40.6) {i ae last 1d w+ dF yy, 
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where w; are the components of a vector.* If now we contract 
for 7 and j we have in consequence of (7.9) 


z dlogg dlogg 
(40.7) Se See ta te, 
where g = (gi|. Hence y; is the gradient of a function y, that 


is, W,, since g/g is an invariant. 
Expressing the condition that the covariant derivative of gix with 
respect to a/ and the form (40.2) is zero, and replacing the symbols 
l : ; ; : 
tigh by their expressions (40.6), we get the following equations 
equivalent to (40.6): 
(40.8) Gik,j = 2G Vi Gi Wir Gi Yes 
where gix,; is the covariant derivative of gx with respect to a/ and 
the fundamental tensor gj. The conditions of integrability (11.15) 
of these equations are reducible to 


(40.9) Gm Bip Gin Ren = Gi Vra— Fa Pry + Ij Pa— Gra Yj, 
where we have put 
(40.10) Wy = Wa Wi Ws. 


If we denote by A”, the Riemann tensor for gj, we have 
from (40.6) and (8.3) 


(40.11) R" Be. i ee oy” Wij — 07" Wit. 


From these equations it follows that (40.9) is equivalent to the 
identity Regt Ring = 0. 
When V,, is of constant curvature Ko, we have from (27.1) 


(40.12) Ri = Ko (0;" Jil on 95) 
In this case (40.9) and (40.11) reduce respectively to 


Gin Aa— gua Ayt gj Auw— gu An = 9, 


(40.13) Rnijt = Ghj Ay— Gna Ajj, 


* Of, Weyl, 1921, 4, p. 100; also Hisenhart, 1922, 6, p. 284 and Veblen, 1922, 
7, p. 849. 
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where 
(40.14) Ai = Ko gi — Wy. 


Multiplying the first of (40.13) by g/* and summing for 7 and k, 
we find that 
(40.15) Ay = 094, 


where @ is an invariant. Hence the second of (40.13) becomes 
Run = 0 Gij Ja—Ju Gy) and trom § 26 it follows that 0 is a 
constant and V, also is a space of constant curvature. Hence we 
have the theorem of Beltrami:* 
The only spaces whose geodesics correspond to the geodesics of a 
space of constant curvature are spaces of constant curvature. 
From (40.8), (40.10), (40.14) and (40.15) we have for e +0 


(40.16) Wag = 2 Wai W jet wy Wat Wn Wy) —4Y,i Wj Wk 
— Ko 2 gix 5 + Gi Wit Gu Y,n)- 


In consequence of (40.12) the conditions of integrability (11.15) 
of (40.16) are of the form 


(40.17) Wijk — W, any = Ko (Wj Gx — Yk Gis); 


which are satisfied identically by (40.16). 
For e@ = 0 we have from (40.15), (40.14) and (40.10) 


(40.18) Wiig = Wi Wit Ko wy, 


which are readily shown to satisfy the conditions (40.17). Hence 
according as we have a solution w of (40.16) or (40.18) we can 
find a space of constant curvature different from or equal to zero 
with geodesics corresponding to those of V,. In the former case 
gi; is given directly by (40.15) and in the latter by the solution 
of (40.8). 

When e in (40.15) is Ky, V, has the same curvature as Vy. 
From the considerations of § 27 we may think of (40.15) and 
(40.14) for a given solution of (40.16) as defining a correspondence 
of V, with itself such that geodesics correspond. 


* 1868, 1, p. 232; also Struik, 1922, 8, p.140 and Schouten, 1924, 1, p. 204. 
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Contracting (40.11) for m and J, we have 
(40.19) Ry = Ry+(n—1) Wy. 


If the expressions for Wi from (40.19) are substituted in (40.11), 
we find that 

Wie = Wei, 
where 


fy 1 7 
(40.20) VW "ik = fa ot. (0%, Ue Oj Riz). 


This tensor was discovered by Weyl* and called by him the 
projective curvature tensor. 

in order that the components of W "ae be zero, in which case 
Weyl calls V, a projective plane space, it is necessary and suf- 
ficient that 


1 

(40.21) Rix = ey (gi Rij — git Rix). 

Since we must have Rij — 0, we find that for n> 2 
Ry = ogi 


and consequently V, is of constant curvaturet. 
41. Certain spaces with corresponding geodesics. We 


return to the consideration of equations (40.8). If we put 


w = —tlogw, the equations become 
(41.1) 2 wGik,j + 2G: l,j + Gli t Gikyn = 9, 
and from (40.7) we have 
1 
g\ ett 
(41.2) pe (2) 


where C is an arbitrary constant. 


* 4921, 4, p. 101. 
+ Cf. Weyl, 1921, 4, p. 110. 
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We assume that the elementary divisors of 


(41.3) | Gu —egy| = 0 


are simple and denote by 4)’ the components of the orthogonal 
ennuple defined by equations of the form (33.3). Equations (41.1) 
are equivalent to the system obtained by multiplying (41.1) by 
Ap|’ Aq 4,2 and summing for 7, 7 and k, for p, q, r= 1,---,” 
(cf. § 39). According as we take p,q,7r+, p=a+r, p#9=7Fr 
and p = q —7, these equations are reducible by means of equations 
analogous to (36.7) and (36.8) to the respective equations 


(0p — Qa) Vpar =i) (p, q, 7 +), 
(on) = 0 (p+), 
0 Sy 
41.4 Of 
2 1 (0p — 0a) Ypaa+ 5 ea —=10 p =F 9), 
D 
g (Ww? Qn) — 0 
Ost ae : 


We consider the case when the roots of (41.3) are simple.* 
From the first of (41.4) it follows that ypor = 0 for p,q, r+, 
and consequently the principal congruences are normal [ef. (36.1)]. 
If we choose these curves as parametric, equations (41.4) reduce, 
in consequence of (37.1) (87.2) and (37.3), to 


0 S : ; 
papi WG) = 0, @ ae ne 
; 0 log A; 00; : = 
(41.5) 2 (ei — Qj) aad os Aad mae? OS ae 
0 Pee = 
Ba (tu Gi) —_ 0. 


From the first of these equations we have 


1 
(41.6) le 5 
Pi 


We refer the reader to this paper for the case of multiple roots. 
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where g; is a function of a alone, and from the third and (41.6) 
that «/g; is independent of z*. Hence 


(41.7) py Oia EN BTS UH lp, 


where c¢ is an arbitrary constant. From (41.6) and (41.7) it follows 
that the second of (41.5) becomes 


aloe He =. 8 


(4.1.8) ; = - 
ace! 0x Ou! 


log (yj— 9%). 
Hence if [];(yj—g) denotes the product of the factors (yj— i) 
for 7 = 1, ---, mn (+2), we have that erAOe (gj— gq) is at 


most a function of z alone. Consequently the coérdinates 2‘ can 
be chosen so that, in consequence of (37.1), 


(41.9) a Hy = ei| IT; (yj— 9) |, Gj = OY. 


These expressions for Hj are not changed if we replace gy; by 
yi +a, Where a is an arbitrary constant, forz—1,---,”. Then 
from (33.12), (41.6), (41.7) and (387.2) we have 


ne Ci 1 
— Bape on . ia UCR peer 
1D) te = Era Gabe wre Ulm ool: 
Gi — 9: 
Jf we put 
aij = Gis, 


from (41.1) it follows that a; satisfies the condition (39.6). Con- 
sequently 


(41.11) 2 ei (Git a) +++ (Pia a) (Pit + a) >>: 


' ane 
++ (gant aT (9i— 9%) Ga = const. 


is a first integral of the equations of the geodesics of V, with the 
fundamental tensor gj. Since (41.11) must be a quadratic first 
integral whatever be a and the left-hand member is a polynomial 
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of degree n —1 in a a, it follows that the equations of the geo- 
desics admit n distinct quadratic first integrals.* 

In the case just considered corresponding parametric hypersurfaces 
of V, and V, are n-tuply orthogonal. We shall obtain other solutions 
satisfying this condition. From (15.7) and (40.6) in which yy; Is 
replaced by the gradient of — }logmu, we have the following set 
of conditions: 


1 8 Git i. lee Gi ee 
gis Px) gy Ba CFD; 
Oe ee ee fe 
(41.12) Fapi 10S i ey es log - G+), 
0 Stef. ipa? Gi 
B xt log gii a 8 at log we . 


We consider first the case when every giz is a function of all 
the codrdinates. Expressing the condition of integrability of the 
last two of (41.12), we find that w must be of the form (41.7), 
and then from these equations we have 


(41.13) Ji = ee 


to within negligible constant factors. Then from the first of (41.12) 
we have 
a) a) 
5 yf Soa = Si ae Vi). 

Comparing this equation with (41.8), we obtain equations (41.9) 
and (41.10). 

Suppose now that geo for « =1,---, m are independent of x° for 
o=m-+1,.---,n, then from the first of (41.12) it follows that gue. 
are independent of «°. Proceeding as before, we find 


(41.14) PP ADU DOM bigs = e«|1 Is (yg — Pa) |; Gor: = a 
o 


(a, 8 =1,---, m). 


* Of. Levi-Civita, 1896, 2, p. 287. 
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For the other g’s we have from the first of (41.12) and (41.14) 


2 Goo _ 1 4960 
; Ones _ yw 0 re ’ 
(41.15) = 7 
Joo __ @ Goo 
eae 18 5 ae (6.7 == m1, es © + 3). 


and from the second and third of (41.12) we have gos = ts se 
bw 


From the second of (41.15) it follows that all the constants cs must 
be equal, say 1/c. Then from the first of (41.15) we have 


0 log goo ae 0 = 
Oa dat log tye =o) 
Hence 
1,-++,m 
(41.16) Joo-—— dak (g2— ¢) fo (o == (Des wall PSS ns 


where fc are arbitrary functions of v”*1,..., 2”. 
From these results the general form (40.2) is obtained similarly 
to (41.10) by replacing 9; by y;-++a in the expression for pu. 


Exercises. 


1. Solve equations (40.8) for the case where V, is of constant Riemannian 
curvature K, +0 and vi, is a flat space. 

2. Determine solutions of (41.12) other than those given in § 41. 

3. Show that if 2 are the components of a geodesic congruence, then 


HG, +4, ) = 0, 
and consequently the determinant [Ay 4,6) is zero. 


4. If 4,,, are the components of a geodesic congruence, the congruences can- 
onical with respect to it are given by [Cf. (38.2)] 
(Xj — 9) a0, 
In particular, the congruence /,,, satisfies this equation for w = 0. 
Ricci, 1895, 1, p. 304. 
5. If 4,,, are the components of an orthogonal ennuple in a V,, a necessary 
and sufficient condition that the congruence of components u, = a*4,,, be geodesic 
is that the invariants a” satisfy the equations 


h 


0a 
k| Oui 


= ©, Vay a’ a? 
Ricci, 1924, 6. 
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6. A necessary and sufficient condition that the congruences 4,‘ for 
« = 1,-++,n—k of an orthogonal ennuple be normal to «”—" sub-spaces V, is that 


-> u—k; 6,7 = n—k+1,°++, 2). 

Levy, 1925, 8, p. 41. 

7. If every set of ~—k congruences of an orthogonal ennuple are normal 
to oo”—* sub-spaces V,, then all the congruences of the ennuple are normal. 

Levy, 1925, 8, p. 42. 

8. If ¢, is a multiple root of order m of equation (33.1) and all the elementary 

divisors of this equation are simple, in order that m mutually orthogonal con- 

gruences corresponding to e, be normal, it is necessary that any m independent 

congruences A, for » =1,-°*:,m corresponding to this root and any »—m 

independent congruences corresponding to the other roots satisfy the equations 


y —— er (Gash 


: DSN, som, He 
AoA, k§—A, 74,9) = 0 Se yO 
Barr s| a) h=m+1,--+7 


Eisenhart, 1923, 6, p. 265. 
9. If the roots of equation (83.1) are simple or double and the elementary 
divisors are simple, a necessary and sufficient condition that there exist a normal 
orthogonal ennuple whose components satisfy (33.3) is that any orthogonal ennuple 
satisfying (83.3) shall satisfy (86.1) and (36.6) in which h and k, # andl respect- 
ively do not correspond to the same root, that the equations of Ex. 8 be satis- 
fied and that (86.2) be satisfied, when 7 and p refer to the same double root, and 
q and r to any other root or roots. Etisenhart, 1923, 6, p. 267. 
10. If the congruences 4,,,' for « =1,---,—1 of an orthogonal ennuple 
are normal, they are canonical with respect to the congruence 4, ‘. 
Ricci, 1895, 1, p. 308. 
11. If for a V, the equation | R,,+ eg,,| = 0 admits a simple root e, and a 
triple root e,, the elementary divisors being simple, and the principal directions 


corresponding to e, and og, satisfy the respective conditions 


Us, x 


I; 44) — ih 9; a4 =-—1 (h= 2, 3, 4), 


ij hy h| 
then 


il 
By— 3 IF Ae Od AneA oT + 1+ 0s) Sy: 


Such a V, may be interpreted as the space-time continuum of a perfect fluid 
in the general theory of relativity, the congruence 4,,' consisting of the lines 
of flow. Eisenhart, 1924, 4, p. 209. 
12. When the fundamental form is defined by (89.11), the determination of the 
equations of the geodesics in finite form is reducible to quadratures (cf. Ex. 8, p. 60). 
Stackel, 1893, 2, p. 1284. 

13. Show that the quantities 


1 ee? 1 A at 
TT. =4,,4- Na Saya 
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have the same values at corresponding points of two spaces in geodesic cor- 
respondence, and that for a new set of codrdinates x” the corresponding func- 


tions [Tey are given by 


02 a _ yye Oa! Ti Oxi Om 
ax'® Or'B rags iY Dan! les Aa'® ba'h 


1 (? log A Ox" Olog 4 da’ 
n+1 Ox'® = AaB da'B =A wl@]’ 


Ox! 
eas Me Ne SH oa, Wess, 8), (0. 200, 


x'& | 


where A is the Jacobian 


14. By expressing integrability conditions of the second set of equations in 
Ex. 13, derive the tensor W',, defined by (40.20). 
J. M. Thomas, 1925, 10, p. 207. 
15. For the parameter ¢, defined along any geodesic by 


an 


the differential equations of the geodesics are 


dxi dak 
oe eri Bts diaamaiaee 


where the functions als are defined in Ex. 13. 
T. Y. Thomas, 1925, 9, p. 200. 


16. Show that the parameter ¢ in Ex. 15 is the same for spaces in geodesic 
correspondence. 

17. Show that at corresponding points of two spaces in geodesic correspondence 
a coérdinate system yz’ can be established such that the equations of the geodesics 
through the given points in the two spaces are given by y' = 7't, where 7’ are 
constants and ¢ is the parameter defined in Ex. 15; show also that the equations 


Pry yt = 0 


are satisfied identically, where P’ are the functions for the y’s analogous to 
[]j,, in the w’s defined in Ex. 13, (Of. § 18). 
Veblen and Thomas, 1925, 11, p. 205. 
18. Show that the quantities aie in Ex. 13 behave like the components of 
a tensor under linear fractional transformations of the codrdinates, and under 
them alone. Veblen and Thomas, 1925, 11, p. 206. 
19. A necessary and sufficient condition that there exist for a V, a symmetric 
tensor g,, where |g,,| +0, whose first covariant derivatives are zero, is that 
the equations « of the geodesics of V,, admit the first integral g,, da‘ da’ = const. 
and that the V, with g,, as fundamental tensor admit geodesic representation onV,,. 
Levy, 1926, 1, 
20. For a space of constant curvature the only tensor g,, where |9,; | += 0, 


whose first covariant derivatives are zero is given by g,, = 99,,, where ¢ is a constant. 
Levy, 1926, 1. 
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21. A necessary and sufficient condition that a Riemannian space admit a 
symmetric tensor a,, other than g,,, whose first covariant derivative is zero and 
such that the elementary divisors of the corresponding equation (33.1) are simple, 
is that its fundamental form be reducible to the sum of forms yy = g,,,, dz" dx’, 
where gq),, are functions at most of the x’s of that form; then 


a,,da da’ = Dee Pe) 
a 


where the o’s are constants. (Cf. Exs. 4 and 5, p.124.) Hisenhart, 1923, 5, p. 303. 

22. The congruence corresponding to each simple root of equation (33.1) of 
Ex. 21 is normal, and the tangents to the curves of the congruence form a field 
of parallel vectors. Eisenhart, 1923, 5, p. 303. 


"CHAPTER IV 
The geometry of sub-spaces 


42. The normals toa space V, immersed in a space VJ,,. 
Let V, be a space with the fundamental quadratic form 


(42.1) ye = gy dx dxi (9 == 1,---,”) 
immersed in a space V,, with the quadratic form 
(42.2) 1) beg dy” dy? (a, s = 1, x ee m),* 


V, being defined by equations of the form (cf. § 16) 


(42.3) fe OE ae a) 
; On/ies 
where the rank of the Jacobian matrix | nee is 
For displacements in V;, we have 
(42.4) dag dy” dy? = gyda! dai, 
and consequently 
dy* ByP 
(42.5) ep ao on = a 


Since the y’s are invariants for transformations of codrdinates in Vay 
their first derivatives with respect to the z’s are the same as their 
first covariant derivatives with respect to (42.1). Hence we may 
write (42.5) in the form 


(42.6) fag Yi j = gu. 


If 4“ are the components of a vector-field in Vi, normal to Vp, 
at points of the latter, we must have (§ 16) 


(42.7) dy gl ==, 


*In this section Greek indices take the values 1,---,m and Latin 1,---, n, 
unless stated otherwise. 
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Since the matrix of these equations in 4? is the product of the 
matrix ||y*,;|| and the determinant 


(42.8) a = | dep), 


which we assume to be different from zero, it follows that this 
matrix is of rank n,* and consequently equations (42.7) admit m—n 
linearly independent sets of solutions; that is, there are m—n 
independent vectors normal to V, at a point. 

We consider first the case when m = »-+1 and prove the theorem: 

A necessary and sufficient condition that the normals to a Vu 
immersed in a Vn4i form a null vector system ts that the deternunant g 
for Vn be zero. 

In accordance with the theorem of § 31 it follows from (42.6) 
that the determinant g is the sum of the products of corresponding 
m-row determinants of the two matrices ||a.,y% || and |/y* (||. If 
(42.7) is written in the form 


yi he == 0, 


it follows from this equation and (42.7) that corresponding deter- 
minants of these matrices are proportional to 2° and 4. respectively, 
and consequently g = ea? 4s, where @ and o are factors of 
proportionality. From this expression for g the theorem follows 
at once (§ 12; cf. § 14). 

We consider now the case m>n-+1 and indicate by 46;“ for 
o = n-+1,---, m the contravariant components of m—n inde- 
pendent vectors normal to V,. If we put 


(42.9) ay = tt agi (o,¢ = n+1,---,m), 


where ¢ are functions of the z’s, the vectors with components Sait 
are normal to V,. In order that they be orthogonal to one an- 
other, the functions ¢{ must satisfy the conditions 


Pe dics. fe) % pee 
dap Sa, Soy Meee ee ee 
(u,v, EO a (ee lle Sos 178 t+), 


* Bocher, 1907, 1, p. 79. 
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which we write 

(42.10) Gicts tgue x 

The problem of finding m—n sets of functions e satisfying this 
condition is equivalent to the algebraic problem of finding a self- 
polar polyhedron (§ 13) with respect to 


(42.11) Gee aay 


When the determinant |Cyy| is different from zero, there can 
be found m—n sets of ¢’s satisfying (42.10), none of which satis- 
fies (42.11). Consequently m—n sets of mutually orthogonal vectors 
normal to V, exist, none of which is a null vector. 

If |¢,,| = 0 and the rank of the determinant is mM—n—p, 
there are p linearly independent vertices of the hyperquadric 
(42.11),* and consequently p linearly independent null vectors are 
given by (42.9) and m—n—p other vectors, which are not null 
vectors, orthogonal to the former. Thus there are m—n independent 
vectors &,“ normal to V,, of which p are null vectors. For any 
one of these null vectors, say &\", we have 


fe es B, 
Veep $3) Se) 


teh ea ae c= n dene) 
pe ee sian 
Since |d,g|+0 by hypothesis, we cannot have eg Ei ==7 0 for 
& = 1,---,m. Hence there must exist relations of fhe form 


PU we Lo 
a So| +O y8 i = 0, 


where all the b’s cannot be zero, otherwise the m—n vectors §&@(° 
would not be linearly independent. Multiplying by eg yp jy and 
summing for «, we have b’ gj — 0. Since all the b’s cannot vanish, 
we must have g—0. Therefore the case |c,,,|—= 0 is possible 
only when g = 0, and hence: 

When the determinant g of the fundamental form of a Vn immersed 
m a space Vn is different from zero, m—n real mutually orthogonal 
vectors normal to Vn can be found none of which is a null vector. 


* Of. Bécher, 1907, 1, p. 130. 
10 
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Suppose now that 4)“ are the components of m—vn such mutually 
orthogonal vectors normal to V,. The magnitudes of these com- 
ponents can be chosen so that 


Hep ae = 6) s4(@ss=4nal pene), 


where the quantities e, are plus or minus one. Then ¢,,,, = 0 in (42.10) 
for w+¥v and ¢,, = e,, So that (42.10) reduces to > e, te ie = 0 
i 


for u,0,t = n+1,---,m(o+t). The problem of finding such 
functions ¢ is that of finding an orthogonal ennuple in a space 
Sm—n (§ 26). Each such ennuple determines by means of (42.9) 
a new set of mutually orthogonal non-null vectors normal to V;,,. 
Hence we have: 

When m—n mutually orthogonal wrt vectors in Vm normal to 
a Vn immersed in Vm are known, linear combinations of their com- 
ponents, whose coefficients are the components of any orthogonal 
ennuple in a certain flat space of m—n dimensions, are the com- 
ponents of another set of mutually orthogonal normal vectors. 

From the results of § 13 it follows that any one of these linear 
combinations can be chosen arbitrarily, provided that the functions ¢® 
are such that > és (#°)? + 0. 

oO 


43. The Gauss and Codazzi equations for a hypersurface. 
Consider a space V,11 of codrdinates y“ and a hypersurface V,, of 
coérdinates «* defined by the equations 


C2 yo = fle, we) 


We take (42.1) and (42.2) for the fundamental forms of V, and 
Vat respectively, and consequently have the relations 


(43.2) dap yi y?,;) = 


between the components of the two fundamental tensors. 
From the first theorem of § 42 it follows that the normal 
vector to Vp is not a null vector, since it is assumed that g + 0. 


*TIn this and subsequent sections Greek indices take the values 1,---,n+1 
and Latin 1,---,n. 
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If §* are the components of the unit normal vector, we have 
from (42.7) 


(43.3) Aap yi? = 0, dag &* BB = ef, 


If equation (43.2) be differentiated covariantly with respect to 
a* and the g’s, we have 


0 Ves 


t ¢ 3 y | 
a ot YY KH Oye (Ye pty yt s) = 0. 
Oy 


If we subtract this equation from the sum of the two equations 
obtained from it by interchanging 7 and k& and jy and k respec- 
tively, we obtain, in consequence of Chit) 


dep YY ag tle’, yay iy? i yn = 0, 


Where the Christoffel symbols of the first kind are formed with 
respect to a, and evaluated at points of V,. When this equation 
is written in the form 


a 


3 ahs 
beg Y" Jk (yu aa { y' st y's) == 0), 
a 


bev 


it follows from the first of (43.3), since the Jacobian ll y”,2 || is 
of rank n by hypothesis, that 


(43.4) Yi = —{ 4: \ yr iy” je Qy &, 
MP Ja 


where the functions 2; are thus defined. If these equations be 
multiplied by ecg &? and summed for a, we obtain 


(43.5) 25 = dag Fy" ,4j + (wr, Bla yi” 5 6. 


Since ep, EP and [“v, 8], are invariants for transformations of 
codrdinates x in V,, it follows from (43.5) that 2;; are the com- 
ponents of a symmetric covariant tensor in the 2’s. 

If the first of (43.3) be differentiated covariantly with respect 
to z/ and the g’s, we have 


10* 
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; 2 vt Y Gaps 
(43.6) - deg yy P + aeg yy = —P a GE 


ay” 
= —y" 5 yj «P ([av, Bla ae [By, o]a), 


in consequence of (7.4). By means of this result equations (43.5) 
are equivalent to 


(43.7) Qi = — Aggy" SP 5 — (By, way ey i &. 


These equations can be written in the form 


B 


} cy 
(43.8) Hep y'a(Ps+{ jhe) = — Qj. 


If the second of equations (43.3) be differentiated with respect 
to x/, the resulting equation is reducible by considerations similar 
to those used in (43.6) to 


eee ayes le ee 
(43.9) ag 5 (+4 Dies Vee 0 


ey iF 
From this equation and the first of (43.3) it follows that 
“8 » 8 UR aS ae Ke B : 
Pit { Oh ie = se 


where the A’s are determined by substitution in (43.8); in con- 
sequence of (43.2) we have 


ge Aj = — 2%, AY = — 2y 9. 
Hence we have 
(43.10) f= — 8, gm fm B fk. 
(eV Ja 


In order to obtain the conditions of integrability of (43.4), we 
make use of the Ricci identity (§ 11) 


(43.11) Ye — Yani = Ym gf Rraje 


43. The Gauss and Codazzi equations for a hypersurface 149 


where Ry, are the Riemann symbols of the first kind formed with 
respect to the g's. Substituting from (43.4) and making use of 
(43.4) and (43.10) in the reduction, we obtain 


Ym G™ [Rrije— e( Qj; Qin— Qnx Qij)] — e &* (Qi. — Dix.) 
ee bu Vy A 
ale wry yt Y A) Y ,k = 0, 
where the components #',,,, are formed with respect to dgg and 


evaluated at points of V,. If this equation be multiplied by ep yf l 


and summed for @, and again by eg eP , we obtain the two sets 
of equations (after changing the indices) 


, a =~ ct y a) 
(48.12) Rina = e( Qi Q2— Qi Qn) + Raga yi iv nya, 


2 


: = Caen LO. mee 
(43.13) Qi, — Din, = Reps Vi iY hE - 


In consequence of these equations the conditions of integrability 
of (43.10) are satisfied. 

When V+: is a euclidean 3-space and the y's are cartesian 
coordinates, equations (43.4) become 


(43.14) Y ij = QF. 


These are the Gauss equations* for the surface, where in accordance 
with the customary notation 


Soe — 4, = 4, 2D, 2, =") 2S pe 
In this case equations (43.12) reduce to the single equation 
(43.16) ieee 1) 1) = Pe 

the equation of Gauss, and (43.13) to the equations of Codazzi 
(43.17) 2 ef = 01 


* 1909, 1, p. 154. 
+1909, 1, p. 155. 
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Accordingly (43.12) and (43.13) are called the equations of Gauss 
and Codazzi for the hypersurface V,; they were established first 
by Voss.* Also the quadratic form 


(43.18) Ww = Q; dx da! 


is called the second fundamental form of Vn. 
When Vrii is a space of constant curvature K,, we have 
from (27.1) 


(43.19) Repys = Ko Gay 4p3—4ad Apy) - 
Because of (43.2) and (43.3) equations (43.12) and (43.13) reduce to 


(43.20) Raju == (Qir 25x ore 25 Qix,) -- Ko (gin GJjl— Gia Gjk) 
and 
(43.21) 244 — Qin, = O. 


44. Curvature of a curve in a hypersurface. Consider 
a non-minimalt curve C lying in a V, and defined by the z’s as 
functions of the arc. When these expressions are substituted in 
(43.1), we have the y’s of the enveloping space V,+41 as functions 
of s. Consequently 


Since the left-hand member is an invariant in V,, we have by 
covariant differentiation with respect to 2/ 


Substituting for y* 4 the expression from (43.4), multiplying by 


dx! ; 
sae and summing for 7, we have 


* 1880, 1, p. 146; cf. also Bianchi, 1902, 1, p. 361. 


+ For the method of proceedure when C is minimal see the first foot-note 
of § 24. 
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dt f oe dy dy” 
ds* luvsa ds ds 
da’ dai a? oot t| dx) dak 
= e 2 F* — —_ “ils (a= —). 
us ds ds me cS +i ds ds 
From § 20 it follows that the left-hand member of this equation 
is the component 7” of the principal normal of C in Vy14, and 
the expression in parenthesis on the right is the component w’ of 
the principal normal in V,. The first curvatures of C in Vn and 
in Viti respectively are given by [ef. (20.3)] 
ig wl, a Ve em 
ea? Og | Gi ke |, 0 i leg 4 / Lia 
The former of these is called the relative curvature of C with 
respect to Vy. 


If we put 
1 = dx; dx dx dai ¥ 
44.3 — = 6 Ry aay: = %, 
(44.3) ie ETS MOE a 


it follows from (44.1) that 1/R is the component normal to Vy, Of 
the first curvature of C in Vnsi. Its value at a point P is the 
same for all curves of V, through P with the same direction. 
Accordingly it is called the normal curvature of V,, at P for a given 
direction. From (44.1) we have: 

The normal curvature of a hypersurface for a direction is the 
Jirst curvature in the enveloping space of the geodesic of the hyper- 
surface im this direction.* 

If we denote by 7” the components in the y’s of the vector w, 
that is, 

(44.4) Bn mo Yet 


equations (44.1) can be written 
ee eee 
(44.5) n° =e ep on 
The vector © is called the relative curvature vector. 


* These results and those which follow are immediate generalizations of well- 
known ideas in the theory of surfaces in euclidean 3-space. Cf. 1909, 1, 
pp. 131-133. 
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If the vectors 4% and 7% are not null vectors, in consequence 
of (44.2), equations (44.5) can be written 


(44.6) 1 =e 


where now * and 7 are the components of the unit vectors in 
their respective directions. 
Since the vector of components 7“ lies in Vz, we have 


Aap S77 == 0, 
and from (44.6) it follows that the principal normal in V,y4, is 
me of the directions in the pencil of directions formed by the 
orthogonal vectors &* and 7%. If we put 
diag Sn? = cose, Aap nn? = cose, 
we have from (44.6) 


(44.7) — <= 2 : == -, 


where dggq% 9° = 6. 
If the fundamental form for Vn+i is positive definite, we have 
e =e = 1, coso = sing, and consequently 
i COS o 1 sino 


oo) a Ge Dibra ee 


The first of these equations is the generalization of Meusnier’s 
theorem to curved spaces of any order and the second shows 
that the curvature of C relative to V, is a generalization of the 
geodesic curvature of C.* 

45. Principal normal curvatures of a hypersurface and 
lines of curvature. The principal directions in V,, determined 
by 2; are given by 


(45.1) (Rn 2y— gi) dn’ = 0, 


*1909, 1, p. 118. 


—— 
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where Aj, are the roots of the determinant equation 
(45.2) | fe 2;— 9;;| == 0. 
From § 33 it follows that A, are the maxima and minima values 
of the radii of normal curvature defined by 


ra 1 2; MU 
( et — 1) 
(45.3) iar ie 


and 4)" defined by (45.1) are the corresponding directions. The 
roots of (45.2) are called the principal radii of normal curvature 
of V,. The curves of the congruences determined by 4;) are called 
lines of curvature of V,. If the roots of (45.2) are simple, there 
are m uniquely determined families of lines of curvature, and their 
directions at any point are mutually orthogonal (§ 33). If a root 
is of order 7 and the elementary divisors are simple, the corres- 
ponding principal directions are linearly expressible in terms of 
r directions, orthogonal to one another and to the directions 
corresponding to the other roots. If the elementary divisors are 
not simple, which can happen only for certain cases when the 
fundamental quadratic form of V,, is indefinite, it is not possible 
to find » families of lines of curvature whose directions at a point 
are mutually orthogonal. The lines of curvature corresponding to 
areal root are always real. When the fundamental form is definite, 
all the roots are real. This is not necessarily the case when the 
form is indefinite. 

Suppose that the elementary divisors of (45.2) are simple, in 
which case none of the vectors defined by (45.1) is a null vector 
(§ 33). Hence there exist » mutually orthogonal unit vectors A)‘ 
satisfying (45.1) such that 


(45.4) 4 Any’ Any? = en, Gj Any’ Any? = 0 (h + k). 
Any unit vector-field in V,, say 4’, is defined by 


(45.5) P= e1 eos og Ayo 22 -bieg C08 tp An; 
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where (§ 13) 90H) et 
COS Oy = gig Wt Ay", dyn k =e: 


Now (45.3) becomes 


z 1 a eae: 
(45.6) R = @ Qi hi Aj, 
and from (45.1) we have 

if 3 5 
(45.7) Rea en Qi Any” Any’. 


Substituting in (45.6) from (45.5) and making use of (45.7), we 


obtain . 
é ey cos? aly 


(45.8) oe = se 
‘1 


€n COS* Gy 
Rn j 


which is the generalization of Euler’s formula.* 

We shall prove the following theorem: 

The congruences canonical with respect to a normal congruence 
are the lines of curvature of the hypersurfaces normal to the congruence. 

Let §* be the components of the congruence of normals to a Vy in 
a Vas1, and &)° for h=1,---, the components of the congruences 
canonical with respect to the congruence &“. From (38.2) we have 


: a. 2 s “ 
(45.9) BE (S06 | 53 «) Wp, Aaa| Sy? ton S¢ = 0, 


where the covariant differentiation is with respect to the fundamental 
form of Vy4i. : 


Since 

iyi we Ooi Se maul waleumg fe 

Sa, B Le COS, Ca laps, aos Aas pee ay 2 Va Y § 
and from (43.10) we have 

0g 0 _B Pee ; 

Ss genres (Que 8) = —2Qyg” ¥ sm Hog + lem, va ay spans 
it follows that 
(45.10) Sa. 8 oj = a i g” y, m eps 


* Cf. Voss, 1880, 1, p. 151; Bianchi, 1902, 1, p. 370; also 1909, 1, p. 124. 
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From & 8 of i —= 0 we have by covariant differentiation with respect 
to the g’s and by means of (43.4) 


(45.11) 53 ti yi + 23 = 0. 
B 


e ~ S . . 104 2 

Ti (45.9) be multiplied by y i and summed for @, and &,;" be 
jf : 

replaced by An)’ 7 ;, we obtain 


= 1 * = < | Cig B j 
(45.12) & (Se, 2 af £3 ¢)— @h ‘up| Gs. Yj dni? — 0. 
Because of (45.10), (45.11) and (42.5) this reduces to 


(23; + @n 94)) Inj" =e). 


which proves the theorem. 

As a consequence of this result and the last theorem of § 38 
we have the following generalization of the theorem of Dupin :* 

When a space V, admits an n-tuply orthogonal system of hyper- 
surfaces, any hypersurface is cut by the hypersurfaces of the other 
Jamilies in the lines of curvature of the former. 

46. Properties of the second fundamental form. Con- 
jugate directions. Asymptotic directions. [If Pie \arand: 
P'(z' +d) are nearby points of a hypersurface V,, and C is the 
geodesic in V;,, determined by these points, it follows from (44.5) 
that |) as given by (44.3) is the radius of first curvature of C at P. 
From (20.6) it follows that p given by 


(46.1) 2p = 2, de dai 


is the distance from P’ to the geodesic of V,+1 tangent to C at P, 
to within terms of higher order.+ This is the well-known property 
of the second fundamental form of a surface immersed in euclidean 
3-space.t Hence we have: 


* 1909, 1, p. 449. 
7 Since the principal normal to C is normal to Vn and consequently is not 
a null vector, the exceptional case treated in § 20 does not arise in this instance. 


£1909, 1, p. 114. 
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If Vn is the locus of geodesics of Vn4i tangent to a Vn at 
a point P(x*), the distance from a point P'(a'+ dz’) of Vn to Vn 
is one-half the value of the second fundamental form for the given dx’, 
to within terms of higher order. 

Generalizing a concept* of the theory of surfaces, we say that 
two directions at a point P determined by dz* and 02 are con- 
jugate, if 
(46.2) Ryle 0a” — 0, 


From § 45 and (33.10) we have: 

The directions of two lines of curvature at a point of a hyper- 
surface are conjugate. 

Also we have the more general theorem: 

The vector at a point of a hypersurface whose components are 
linear combinations of the components of p vectors tangent to lines 
of curvatare is conjugate to the vector whose components are linear 
combinations of the remaining n—p vectors tangent to lines of 
curvature. 

A direction which is self-conjugate is called asymptotic. Hence: 

The directions at a point of a hypersurface defined by 


(46.3) Ode 6 
are asymptotic. 

From (44.5) and (20.6) we have: 

A geodesic of a hypersurface in an asymptotic direction at a point P 
has contact of the second or higher order with the geodesic of the 
enveloping space in this direction at P. 

By definition an asymptotic line is one whose direction at every 
point is asymptotic. From (44.5) we have: 

When an asymptotic line is a geodesic of a hypersurface, it is 
a geodesic of the enveloping space, and conversely. 

If Ay’ and &\“ are the components in the z’s and y’s respectively 
of a vector-field in V,, we have 


’ 


If equations (43.10) be multiplied by a and summed for 7, we 
have in consequence of (46.4) 


*1909, 1, p. 127. 
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(46.5) Ey” FF og = — Oy gy? ¢ day’, 


where £° .is the covariant derivative with respect to the fundamental 
tensor of V,11. From the form of (46.5) it is seen that the right- 
hand member is the associate direction in Vr41 for the displacement 
of the normal vector in the direction &,)“, unless the normal is 
parallel along the curve (cf. Ex.5, p. 158). In order that this associate 
direction coincide with the direction §)“, the right-hand member 
of (46.5) must equal e&,)*. The resulting equation is reducible by 
means of (46.4) to 


(21; g! In! + edn'y? i = 0. 


Multiplying by Ae3y ,, and summing for 8, we have, in consequence 
of (42.5), 
(Qrj + egni) dn’? = 0. 


Comparing this equation with (45.1) we have: 

A necessary and sufficient condition that the associate direction 
(when it exists) of the normal vector to a hypersurface for a curve 
im the hypersurface be tangent to the curve is that the curve be 
a line of curvature. 

in order that the associate direction be orthogonal to the curve, 
we must have ; 

dap Eu" Qyg yn = 0, 


which is reducible by (46.4) and (42.5) to 


DQ dny’ dn” = 0. 
Hence we have: 
A necessary and sufficient condition that the associate direction 
(when it exists) of the normal to a hypersurface for a curve in 
the hypersurface be orthogonal to the curve is that the curve be an 


asynuptotic line.” 
Exercises. 

1. When the elementary divisors of equation (45.2) are simple for a hyper- 
surface V, of a space of constant Riemannian curvature K,, the scalar curvature 
R of V,, is given by 
_* These two theorems are generalizations of well-known theorems in the theory 
of surfaces in euclidean 3-space. Cf. 1909, 1, pp. 143, 144. 
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a ap we (24) nas Gro O Ween) 


where R, are the radii of principal normal curvature. 

2. Let V,, be a given hypersurface of a V,,, and refer the latter to a coérdinate 
system «* in which the hypersurfaces w"*+! = const. are geodesically parallel 
to V, (§ 19), «"*! being the are of the geodesics normal to these hypersurfaces 


measured from V,; then 
gp = e(dart)?+ Cy dat dat (CU pn oan 3), 


and G3 = (¢,,), n41_,: Show that in this codrdinate system the components of 


the normal to V, are &’=0 ((=1,---,n), &+!—=1, and by means of (43.4) that 


eae 
9 2 N00" att 5 
Bianchi, 1902, 1, p. 359. 
3. When a V,, admits an n-tuply orthogonal system of hypersurfaces «'= const., 
the components in the a’s of the tensor 2, for the hypersurface 2” = const. are 


2 ee 
“ —e.— 2, 
i ia Oa, : 


=a) (nj) ono, es 0 32%) 


as follows from (87.1), (387.2) and (48.4); and the radii of principal normal 
curvature are 
1 1 OF, 
Re ro Jantar, Ou" OV nit? 
Bianchi, 1902, 1, p. 378. 
4. When a V, admits an m-tuply orthogonal system of hypersurfaces x*= const., 
the first curvature of the curves of parameter x” is given by [cf. (30.18) and Ex. 3] 


(r +h), 


= Ey 
where R,, is the radius of principal normal curvature of a = const. for the 
curve of parameter x”. Bianchi, 1902, 1, p. 379. 

5. In order that the normals to a hypersurface along a curve of it be parallel 
with respect to the curve in the enveloping space, it is necessary and sufficient that 


dat 
Elise 


where ¢ is a parameter along the curve; show also that such a curve is an 
asymptotic line. 


6. For a V, the functions ”, defined by (cf. § 31) 


1 ee 
(H8 — a, ethi oak Biss 
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are the components of a symmetric contravariant tensor. Show that on taking 
indices as equivalent which are congruent modulo three 
gp? = Bea r+2s-+1 s+2° 
Jae, Weoley, Il jay BE. 
7. In a V, the Riemannian curvature at a point for an orientation orthogonal 
to the vector 4, is given by 
5 ea 
SS ao 
g 4, i, 


where 8% is defined in Ex. 6. Hence the principal directions determined by 
8% are those for which K has maximum and minimum values; these are given 
by the roots of | §% —og* | = 0. Bianchi, 1902, 1, p. 354. 

8. For a hypersurface of a space V, of constant curvature A, the lines of 
curvature are the directions for which the Riemannian curvature are maximum 


and minimum, and these are given by 
eae ros Gj) b= 12,3574 ee 


Bianchi, 1902, 1, p. 371. 


_ é 
R, R, 


47. Equations of Gauss and Codazzi for a V, immersed 
ina V,,. Given aV,, of codrdinates z* in a V,, of coordinates y*; let 
the fundamental tensors of V, and V», be taken in the forms (42.1) 
and (42.2) respectively*. As shown in § 42 there exist oom" DP 
systems of real unit vectors in Vm mutually orthogonal to one another 
and normal to V,. We choose a particular system of such normal 


vectors and denote their components by &4\° for ¢o = +1, ---, m; 
then we have 
(47:1) Cap Ear Eo = Cos eg Sai eat =a 


(6, — M+ 1,-++,m; O47), 


where é. is plus or minus unity. These components satisfy equations 
27) >that: is; 
(47.2) Gap iSgf = 0. 


If (42.6) be differentiated covariantly with respect to the quadratic 
form (42.1), we have 


Cap y 
(47.3) oy Pein + Ga, Gacy? ity ny”) = 0. 


*In this and subsequent sections Greek indices take the values 1,---, m, 
unless stated otherwise, and Latin 1,---, ». 
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If we subtract this equation from the sum of the two equations 
obtained from it by interchanging 7 and k, andj and & respectively, 
we obtain 

ep Yk Pi tle ray iysiy’ rc = 9, 


where the Christoffel symbols are formed with respect to the form 
(42.2) for Vm and evaluated at points of V,. This equation may 
be written 


Hop yk vats oa rail ja’ ——U; 


Since any solution of (42.7) is expressible linearly in terms of the 
m—n vectors §.“, there must exist functions 2c; such that 


o| ? 
(47.4) ogi a os Gay oh Dec Qoiij Eo" 
(o = n+1,---, m). 


From these equations we have in consequence of (47.1) 
(47.5) dep yu So? = —[ur, Blay” cy” ,5 Sot + Qoiy- 


The functions £4)? and [uy, Al, are invariants for transformations 
of coérdinates 2 in V,, y°, are the components of a symmetric 
covariant tensor of the second order in the x’s and y“; are com- 
ponents of a vector. Hence it follows from (47.5), that for each 
value of o the quantities 2¢\;; are the components of a symmetric 
tensor in Vy. 

Differentiating (47.2) covariantly with respect to 2’, and making 
use of (47.5), we have 


(47.6) deg y” Eo PF 5 = — Qojiy—[HB, vay” i yj So)%. 
If we define functions #,,,; by the equations 
(47.7) ep Sei" gP + ler, PR age ei “Sate algs 


then for each value of ¢ and o the quantities fézg|j are Components 
of a vector, since the term on the left of (47.7) is the component 
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of a vector. Moreover, if the second of equations (47.1) be 
differentiated with respect to 2/, we have from the resulting equation 
and (47.7) that 

(47.8) Megij + Mer; = 0, Hogi; = 0. 


Fer a given value of j the quantities Fol ; are the contravariant 


components of a vector in Vm. Accordingly we write 
Ef =. A* yo n+ d B, é? (c — n+ 1, on 9, m), 
G 
where the A’s and B’s are to be determined by substituting this 
expression in (47.6) and (47.7). This gives 


4 ; 8 
A" Gi, = — Qo — HB, vy Lat Sat: 


B, = é, Mro\j—_ er [wv A, yj a g,. 
From the first of these we get, on multiplying by g” and summing 
for 2, | 
A —_- — Qo; gy a [wu 8, Va we yi Eq g. 


If 4y’ are the components of any mutually orthogonal unit vectors 
in V,, we haye from (29.5) 


ae Any Any = g (h = ihe “0 2, n). 


tien are the components of these vectors in the y’s, we have 
Ei" = dy y*; and consequently 


Z < Si] < y 6 
Af, = — Qe; g Yi lw, va yj Soi en Sn” Eni? 
Lv 


Substituting these expressions in the above equation for ae and 


making use of an equation of the form (29.5) for Vm, we have 
{on changing indices) 


- ik 8 Les 
(47.9) fof 5 = — Qay9 ts fo + 2 er Meal Sri? 


(o,¢ = n-+1,--+, m). 


11 
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In order to obtain the conditions of integrability of (47.4), we 
make use of the Ricci identity (cf. § 11) 


(47.10) Ye Yigg = YG” Bran, 


where the Riemann symbols Ras are formed with respect to (42.1). 
Substituting from (47.4) and making use of (47.4) and (47.9) in 
the reduction, we obtain 


ig th | PB — oe 
y t9 : [Rina > €6 (Qeinj Qo Qoink Qo) 
o 


a & 
a €6 So [2 olij,k Qo, j Lee e (tre! ine Be) ij Mol j Dein) | 


Jee 


Py te — 
why iy Gy Kn = 0, 


where Rye, is the Riemann tensor with respect to the fundamental 
form (42.2) of V» evaluated at points of V,. If this equation be 
multiplied by dg, y? , and summed for @ and again by deg &,8, we 
obtain the two sets of equations 


SS 
Rig = = dnt Co Qik Qeiji— 2 Joli Qs 261 jt) 


(47.11) RU - 
t+ Repya Yi Pui Yo nyt 
and 
Qoiij,k — Qojix,j7 = Dit (Meek Drigg— Ural Qa) 
(47.12) 


a Rapyo tee yj yx EF (5, T=n+ Leas y m). 


Since §o7 jx == €6\° xj, the conditions of integrability of (47.9) are 
reducible by means of (47.12) to 


2 Cr (Meat; 1 ike trolke, j )§, p +> €g Cx (Meoi; Mork Uraik Mori) E,i° 


@,t 


(47.13) +e GP (Qaitk Qrinj— Qi Vojpa) S)° + Reiger Ys Ye Soh? 


— gi 1 Te yoy 5 Yk Ea" Sele 
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Multiplying this equation by Szjg and summing for 8, we obtain 


Meg j,k — Mrolk,j ay 0 (Mori; Mook Mor|k Ho} j) 
> 
(47.14) ; _ 
+g! (Qri4j Qoink —Qejx Qoinj) + RP hu Ys Yk §o4” Eig = 0 


(Q,¢,0=n+1, pens m), 

When m= n+1, the quantities fii); are zero, as follows 

from (47.8). Then (47.11) and (47.12) reduce to (43.12) and (438,13), 

and (47.14) are satisfied identically. Hence we call (47.11) and 
(47.12) the equations of Gauss and Codazzei of a Vy in a Va 


If in accordance with § 42 we take another set of real mutually 
orthogonal yectors normal to V, defined by 


(47.15) Ey ay Soin 
the functions ¢ satisfy the conditions 


co 6 6 ~ 
Dae t, to aU: oe (¢,)? = Cy 
oO o 


(,7,9=n+1,--., m3» +). 


(47.16) 


In consequence of the results of § 29 we have 
(47.17) 2%%%=0, D2, (0) =e, 


From equations similar to (47.5) and (47.7) by means of (47.15) 
we have respectively 


(47.18) Diy =. ty Daly; 


a oT Ah 
4yvo|j; i t Merz . aa C) is t j 
(47.19) aE ee = v eu 


(A, », @, EY Die Miya i.) 


“These results for positive definite forms are due to Voss, 1880s pe 139 
and to Ricci, 1902, 2, p. 357. 
u* 
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When these expressions are substituted in equations similar to 
(47.11), (47.12) and (47.14), these equations are found to be 
consistent with the latter in consequence of (47.17). 

48. Normal and relative curvatures of a curve in aV, 
immersed in aV, In § 24 we considered the vectors of a 
field in V, at points of a curve in a V, immersed in a Vm, the 
components of the vector being 2 in the x’s of V;, and & in the y’s 
of Vin, and we obtained the following expressions for the com- 
ponents 7° of the associate direction for Vm along the curve: 


p Ry ay% by" 
laryfa Oa? Bal] ° 


3g _ aad ay? a 82/8 


Rs J 
1 ds da Fe “ds a 


Oat Ox 


In consequence of (47.4) this can be written 
2 Oi =. 
(48.1) = wh y+ Deo Qoiij Soe gi (c= n+1,-++,m), 
= 


where y/ are the components of the associate direction in V,, for 
the vector 2’ and are given by (24.2). 

The associate curvature of the vector 2’ inV, is given by (24.4) 
which now we denote by 1/r,, and analogously the associate 
curvature in V,, is defined by 
(48.2) = = Vy | eg N° no |. 


7 
From these definitions and (47.1) we have, in consequence of (43.3), 


Ca eg dx aa 
48. pn Ene Deep Onde = 
(48.3) lie i Zea Poi Solx ds ads 


where éq and é, are plus or minus one when the respective associate 
directions are not null vectors. From (48.1) it is seen that the 
component in V, of the associate vector for Vi» is in the associate 
direction for V, and its magnitude is 1/7. 

When 2’ are the components of the unit vector tangent to the 
curve,* equations (48.1) can be written 


* For the method of procedure when the curve is minimal see the first foot- 
note of § 24. 
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(48.4) nt = wei ys a8 ce — i“ +. Ce 


where 9“ and 4 are the components in the y’s of the principal 
normals of the curve in V» and V, respectively, and by definition 
a Aa) ie 


(48.5) ee dee ir ee 
De & heed @O HHO |? SO 
c Las alge 


which evidently is a vector normal to Vp. Its magnitude 1/R is 
given by 


(48.6) 1 ieee Cd Oe 
(FOr, Gell pee ee €5 = a lay =. Niet } 
i ee ae TOMS ren aaa ee aii 


it is the component normal to V, of the first curvature of the 
eurve in V,,. Its value at a point P is the same for all curves 
of V, through P in the same direction. We call it the normal 
curvature of V, at P for the given direction and the vector C¢ 
defined by (48.5) the normal curvature vector. When the curve 
is the geodesic through P, we have 7“ = 0, and consequently: 

The normal curvature of a Vn, immersed in a Vn, at a point 
and for a direction is the first curvature in Vn of the geodesic of 
V, through the point in the given direction. 

The first curvatures of the curve in V,, and V, are given by 
equations of the form (44.2); 1/o, so defined is called the relative 
curvature of the curve with respect to V,, and the vector 7% de- 
fined by (48.4) the relative curvature vector. Tn this case equation 
(48.3) reduces to 


ies Ca eg e 
(48.7) cea 
Q QF R 


where ea, ey and e are plus or minus one, when the respective 
vectors 4“, 4% and ¢% are not null vectors. When all of these 
vectors are not null vectors, equations (48.4) can be written in 
the form 


(48.8) 


where 4%, ¢* and 7® are components of unit vectors.* 


* Of. the results of this section with those of § 44. 
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49. The second fundamental form of a V, in a Vy. 
Conjugate and asymptotic directions. Consider the biquadratic 
differential form 


(49.1) Ww = Deg Qojj Qojna Ax? Ae! dakdz! (6 = n+1,---, m). 
o 


When m—=n-+1, the expression ey is the square of the second 
fundamental form of V, (§ 43). Accordingly when m > nm-+1 we 
call (49.1) the second fundamental form of V,. From (48.6) and 
the geometrical interpretation of & it follows that the form w is 
independent of the choice of the m— mutually orthogonal vectors 
in Vm normal to V,, in terms of which the functions Qe; are 
defined by (47.5). 

Let C be a geodesic of V, through a point P, and consider first 
the case when the principal normal of C in Vm is nota null vector, 
the components of the principal normal being defined by (48.4). 
From the theorem of § 48 and equations (20.6), (48.6) and (49.1) 
it follows that the distance from a nearby point of C’ to the 
eeodesic of Vm tangent to C at P is one-half the square root of 
the absolute value of w for the direction of C, to within terms 
of higher order. When the principal normal of C is a null vector, 
we have 1/R—0 so that the distance is of the third or higher 
order as follows from (20.6)... Hence: 

If Vn is the locus of geodesics of Vin tangent to a sub-space Vp 
at a point P(2'), the distance from a point P' (a+ dz) of Va 
to Vn is equal to one half the square root of the absolute value of W 
for the given values of dx, to within terms of higher order. 

Generalizing the concepts of conjugate and asymptotic directions 
of a hypersurface (§ 46), we say that two directions at a point 
determined by da’ and da? are conjugate, when 


(49.2) > C5 Qevij oi Ax? Ox) dak® on =O; 
and asymptotic, or self-conjugate, directions are defined by 


(49.3) D C5 Qos Qoixr dat dat dak da! = 0.* 
o 


* Cf. Voss, 1880, 1, p. 151. 
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From (48.6) we have: 

The normal curvature of a Vy in an asymptotic direction ts gero. 
From this result, the theorem of § 48 and (20.6) we have: 

A geodesic of Vn in an asymptotic direction at a point P has 
contact of the second, or higher, order with the geodesic of Vin in 
the direction at P. 

An asymptotic line is by definition a curve whose direction at 
every point of the curve is asymptotic. From (48.8) we have: 

When an asymptotic line is a geodesic in Vn, it is a geodesic 
Mm Vm or its principal normal in Vm is a null vector; and con- 
versely, when a geodesic in Vy, is a geodesic in Vin, it is an asymptotic 
line in Vn. 

From equation (48.3) and § 24 we have: 

When a vector in Vy is displaced parallel to itself in Vy along 
a curve whose direction is conjugate to that of the given vector, it 
moves parallel to itself in Vin, or its associate direction in Vin is 
a null vector. 

In order that a vector displaced parallel to itself in Vy, shall move 
parallel to itself in Vm, it is necessary that the direction of dis- 
placement be conjugate to the vector in Vy. 

From (48.4) and (48.5) it follows that the components of the 
principal normal in V,, of any curve of V, through a point P are 
expressible linearly in terms of » mutually orthogonal vectors 5° 
forh—1,---,nin V, at Pand the n(n-+ 1)/2 vectors 266 2615 Soi" 


for o==n-+1,---,m normal to V, at P. We denote by + the 
number of linearly independent vectors in these combined systems. 
Evidently +< m, and also +<n(n+3)/2. If it is less than 
n(n 8)/2, there must exist linear and homogeneous relations 
between the functions 2,;;. We denote by G, the variety of 
order ¢ consisting of all the geodesics of V,, through P in directions 
determined by the + independent vectors. From the last theorem 
of § 20 it follows that G, has contact of the second order with 
every curve of V, through P. Hence we call G, the osculating 
geodesic variety of Vy at P.* 

50. Lines of curvature and mean curvature. The principal 
directions determined by each of the m—wn tensors 214; corres- 


* Cf. Bompiani, 1921, 5, p. 1122. 
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ponding to a given set of m—n mutually orthogonal unit vectors 
normal to a Vq_ in a Vm define an orthogonal ennuple of congruences 
analogous to the lines of curvature of a hypersurface (§ 45). We 
call them the lines of curvature of V, for the corresponding normal &,,°. 
In order to obtain a geometric characterization of these lines, we 
multiply equations (47.9) by Ay’ and sum for 7. Making use of 
(46.4), we obtain 

p 


c @ fe = AD ees eee eR {od 
(50.1) E,\° So 500 Bae — 6|1j9 Wx dnl + De ee Meo| j &,? dy 3 


Proceeding with this equation in a manner similar to that followed 
in the case of (46.5), we gét the theorem: 

A necessary and sufficient condition that the associate direction 
of a normal vector to aVn for a curve in the Vn be tangent to the 
curve is that the curve be a line of curvature for the given normal. 

Any unit vector &* normal to a V, is expressible linearly in terms 
of m—n mutually orthogonal unit vectors normal to V,, as in 
(47.15), and the corresponding tensor 2; is given by 


(50.2) Qi = (Gag Or ij + [tev, Bla y i y’ 3) gP 


as follows from (47.5), (47.15) and (47.18). When the normal 
vector is a null vector, its components §* involve an arbitrary 
factor and consequently the corresponding 2, is determined by 
(50.2) only to within a factor. 

From equation (45.2) it follows that the sum of the principal 
normal curvatures of a hypersurface is 


(50.3) Q = gi Q,. 


This is the generalization of the mean curvature of a surface* 
and is called the mean curvature of the hypersurface. In a similar 
manner we call 2,1, defined by 


(50.4) Qo) = Ff) Qowj; 
the mean curvature of V, for the normal direction &@)°. 


* 1909, 1, p. 1238. 
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Consider the vector normal to V;, whose components &* are given by 
(50.5) — 2 Ga Beis Gg” Foi". 
Its magnitude 1 is given by 
(50.6) M = 2 eo Daly Qaim gg |. 


From (47.15) and (47.18) it follows that the vector £“ is independent 
of the choice of the m—n mutually orthogonal vectors £4)“ normal 
to Vi. 

Since the rank of the matrix || &&@|“|| is m—wn, the components 
of the above vector vanish, when, and only when, 


(50.7) Qo 9” ==> O (o _—- n+l, ee oy m). 


The invariant VW is zero in this case, and also when the vector 
is a null vector.* 
Suppose now that 1/7 + 0 and write (50.5) in the form 


(50.8) ME* = D co Moy 94 Eo", 


oO 


é“ being the components of the unit vector. Then from (50.2) 
and (47.4) we have for the components of the tensor 2;; corres- 
ponding to the vector & 


(50.9) M2; = D eg 214 Sopa g*. 
- 


From this equation and (50.6) it follows that the mean curva- 
ture of V, for the direction &, that is, 29”, is equal to M, to 
within sign at most. Moreover, if the vector §* is a null vector, 
we find that the mean curvature for this normal is zero. If we 
call M the mean curvature of V, and the vector defined by 
(50.5) the mean curvature normal, we have: 


* Of. § 52. 
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The mean curvature of a V, immersed in a Vm for the mean 
curvature normal is the mean curvature of Vn, to within sign at 
most, 

Also we have in view of the above results: 

A necessary and sufficient condition that the mean curvature of 
a V, be zero is that the mean curvature with respect to every normal 
to Vn be zero, or that the mean curvature normal be a null vector”. 

Let 7” be the components of any vector normal to V,; then 
yé = @§,". From (50.2) and (47.18) it follows that the mean 
curvature for this direction is ¢° 2,,;g/. From (50.5) we have 


a Ay eee 2 te 2B ye ) ij @ 
Cop $ VS a eg t Sz/’ Ce Qa Gf" So 


Consequently we have: 

The mean curvature of a V, for any normal orthogonal to the 
mean curvature normal is zerot. 

51. The fundamental equations of a V, ina V,, in terms 
of invariants and an orthogonal ennuple. In a V,, immersed 
in a V» of cobrdinates y“ we choose an orthogonal ennuple of 
unit vectors of components 4)’, that is, 


(51.1) Gij dni Any’ ep Gi} Any Dag? == 0) (hk == ons, I; h ae k). 


Since y“; are the components of a covariant vector in V, for each 
value of @, a set of iuvariants §),\" are defined by (cf. § 29) 


~ 4 4) C Si pete , a 
(51.2) i= Den Enh” Anis (hit == Ayes, 905 © eee 
h 


These equations are equivalent to 


wate fm, 2 (v4 d 
(51.3 Sa) == Gates 


From the latter we have 


(51.4) Weg En)" &,° == Chis ep Eni" &,P ae 8) (h = k). 


*The second alternative does not arise, when the fundamental form of V,, 
is definite. 
t Cf. Bompiani, 1921, 5, p. 1134. 
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From (51.3) it follows that &,\" are the components in the y’s of 
the vector whose components in the z’s are ie and from (51.4) 
we find that the e’s are the same for a congruence whether given 
in the y’s or 2’s. 

In similar manner, if we put 


: a 
(51.5) Qo = Deh Ck Malhk An i Ax j (G == n-1,2--, mi), 
hk 


the quantities woj,, are invariants in V,, which are given by 


e ; a> J 
(51.6) Meine = QoajpAny Axis 
and thus 

(51.7) Molhk = Wolkh- 


We recall from § 30 the formulas 


. x eG bl) 
(51.8) Ay; = men Cn Yak Anis Are j Vink == Ane j Any Axi. 


Us k 


From (47.4), (51.3) and (51.6) we have 
2 , ‘ Hie? 2 Pats 
(51.9) Inj’ dae yy = = Di to 0 eoh ea = Eni Sx’ 
i a : 
Cone ia Oa CRN eae 


Differentiating (51.3) covariantly with respect to x/ and the 
fundamental form of V,, we have 


ie (es Ca 4 
Sy" 5 = yf gdm Ly can 


Multiplying by i,’ and summing for 7, we have, in consequence 
of (51.8) and (51.9), 


51.10 0B" == >) 5 wank €o|° — 
( 6 ) or See - €o Mo\hk Fo| \ we , 


} a aa er ¥inK $1)" 
a f 


where 
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Since §jje = dep &,", it follows that we have also 


0§ Sh o »’ “ ae Oe ay) Pe 
(51.11) aos == De €6 Walni Sala (eV, Mla Sai" Sx) ge CLV thk Slice» 
ke j 


oO 


Equations (47.11) may be written in the form 


5 14 vi} k l 
(51 12) Ri jie Ap} hal “y"| As == Dd, C6 (wolpr @Mo\gs _ Me\ps Wgiqr) 
(ol, 6 


af Lepyd Ep" Sq" S) 


When the expressions for Qej,~ and Qo%,; as obtained from 
(51.5) are substituted in (47, 12) and this equation is multiplied by 
Aol Aa Nee and summed for 7,7,h, we have 


0 @o| 0 ®6\n7 
py o|p) f Hy Z 
Pd tS er loch ire OO ur ene ee 
0 Sy 0Sq h 
(51.13) 
7 a Ai i) 1D; «he Ue ve BR 
= Der Ur" rote Or|pq—Agl Mero|j @r|pr) + Ripur Spi" Sq" Sr)" Sol". 
Te 


The &’s defined by (51.3) and those of § 47 are the components 
of an orthogonal ennuple in V». ee to (51.8) for V, we 
have for Vn 


8s ful ee oe ee 

(51.14) Sola, 8 Sa Cu Cy ou Sule Fr\8 > 
u,? 

and 

~ ot eS — aA ‘ 

(51.15) So] 18 = owt Suv ¥ our at Sy|B* 


a, 


If we substitute in (51.15) for the y’s their expressions in terms of 
the x's, multiply by y’,; and sum for 8, we have for points of VF, 


S cee ae fo U2 52 y é 
a ra ne So| ya} 7 As ee Cy Y one Sul SriB yf. ae 
ay 


Multiplying by 4, * and summing for 7, we have, in consequence 
of (51.3) and (51.4), 


* Ricci, 1902, 2, p. 359. 
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0 & 
x S0| — coy el 3 | a nana 7B 
51.16 = Die sn Suet 
if ) 0 Sk Cu Y ouk S| | 8 y msl Shy 


Ay APE =o Ve pi an ear 7) 


If we compare these equations for @ = 1,---,n with (51.10), 

we have 

ee Ve — h, k,l = 1,--+, 0: 

(51.17) thie Vie; chk <= — Welhi: ( PAG, ’ 9M, 
ef ’ Y oh o\hh 6==7 1, ,m 


Equations (51.10) can be written 


$e : elias. ernie 
(51.18) EP Sh Ga. De @ Maing Foi “+ Det ru §1° 


(C58 —— 1m, Cn =m hy, k= 1h a). 


When k = h, we have on comparing (51.18) with (48.4) that 
qi, are the invariants of the normal curvature vector of the 
curve whose tangential vector has the components §)% in the y’s 
and that yin, are the invariants of the relative curvature vector. 

When k +h, it is seen from (48.1) that Mg, are the invariants 
of the normal component of the associate curvature vector for Vi» 
of the vector &\° for the direction §,° and that ym, are the 
invariants of the component relative to Vr. Since gin, = meixn, 
it follows that the components normal to V, of the associate 
curvatures for Vi, of &\° in the direction &)° and of &)*% in the 
direction &)° are equal in magnitude and direction. 

In order to give another interpretation to these invariants, we 
consider the case when m — n-+ 1, indicating by &* the components 
of the vector normal to V,. In this case, because of (51.17), 
equations (51.16) for e = n-+1 become 


(51.19) » EP & e.= — Den Onk En| , 
where 
(51.20) Ont = Dy Any Any’. 


If the curve whose tangent vector is &)° is a geodesic in Vn, 
&“ are the components of its principal normal. Comparing (51.19) 
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with (32.16) for p = 2, we have again that wy, is the first curv- 
ature, and wp, for h+k are the invariants of the second cury- 
ature vector. This second curvature is evidently the generalization 
of the geodesic torsion of the curve in V, of direction &\°*. Hence 
in the case m>n-+1, if at any point P in Vy, we take the 
flat 3-space determined by two directions &;“ and & ° in V, 
and by a normal &,)“ to V,, the invariants ,,;, and oj. are the 
normal curvatures of the curves of direction &,)“ and &)° respec- 
tively, and ,),;, their geodesic torsions to within sign at most. 
Since the left-hand member of (51.12) and the second term of 
the right-hand member do not involve normal directions, it follows 
that the value of the first»term on the right is independent of 
the choice of the m-—n mutually orthogonal vectors normal to Vp. 
For 7 =p, s=q equations (51.12) become 


, ¢ ij {ie en ee 2 
Rizr Ap) Agi Ap\ Aq = pa lg (@oipp ® s\iaq Walpq) 
(61.21) 


D on Giese ‘ TO. 
le Repys Sy) pile Sly Fq| s 
If m=n-+1 and the Vrsi is an Sp41, we have 

U) i) rat 2 
Rijn Ap) ha} Ay| AG €(@ pp Weq— Wpq)- 


Hence each of the terms e, (oipp Ggiaq — ©oipa) in (51.21) multiplied 
by ép eq may be interpreted as the Riemannian curvature at a point P 
for the orientation Op, determined by 2p)‘ and 4,)" in the flat 3-space 
defined by these two vectors and the direction §,“ at P. Accord- 
ingly Ricci calls the first term in the right-hand member of (51.21) 
the relative curvature of Opg and equation (51.21) may be interpreted 
as follows: 

The Riemannian curvature for an orientation in Vy is the sum 
of the relative curvature and the Riemannian curvature of the 
orientation in Vm. 

By means of (30.6) equations (51.21) are expressible in the form. 


: D ae 
(51.22) ‘para D> lo (®o1pp Glad = MGinq) 1 ¥ papa 
» 


and the preceding theorem gives the interpretation of these invariants 


* 1909, 1, p. 138. 
+1902, 2, p. 361. 
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If we multiply equations (51.21) by ep, and sum for p from 1, ---, 7, 
we have in consequence of (29.5) 


Praeiite Se 2 = Tn ies aie Gite OS 
— BjtAg\ *q| = > ep co(@einp @aiqg— @alpa) + Repydoe ork ol Eq\P Ep)? Eq| - 
o,p p 


Multiplying by eg and summing for g, we have 


> ’ 2 
— i = 2 Cn Cg C6 (@a\pp Woigg— apy) 

2 6, 4 

(51.23) cs 
> ra im O) 
ae Lepyd > Cp &y Sp E,° Ep\’ Sql , 
Ds 

or 
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Exercises. 


1. A necessary and sufficient condition that the principal normals of a curve 
in a V,, and for an enveloping V7, coincide is that 


dai da) _ 


oO pau = 
OW ds ds 


(o = n+1,---,m). 


2. If the functions (42.3) defining a V, in a V,, satisfy the equations 


ay" {at SELES Bc aU ee Nata LE ec) 
iif, i ijeiowne! 


the parametric curves in V, are asymptotic lines. 
3. If the functions (42.3) defining a V, in a V,, satisfy the equations 


0 x™ 


Sry 4 oy" : | a Oy! Oy? =, «, 8, vy =1,  / 
dai dx list, By{, Ov Oxi af, BE, GT 


the directions of any two parametric lines at a point in V, are conjugate. 
4. If the functions v“ = f* (x', x’) defining a V, ina V,, satisfy the equations 


02 fre.) ay? Oa 


Oalda® ' \Byf, ou! Oa? 

the parametric curves in V, form a conjugate system of lines, such that the 
tangents to the curves of either family where they meet a curve of the other 
family are parallel in V, with respect to the latter curve (cf. Ex. 3 and 4, p. 79); 
these are a generalization of surfaces of translation in euclidean 3-space. 


Bompiani, 1919, 2, p. 841. 
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5. If a V,in a V, admits a conjugate system of lines, the osculating geodesic 
variety (§ 49) of V, is at most of order four. 

6. If a V, in a V, admits two families of asymptotic lines, the osculating 
geodesic variety of V, is at most of order three. 

7. Show directly by means of (47.18) and (51.5) that the first term of the 
right-hand member of (51.12) is independent of the choice of the m — mutually 
orthogonal congruences normal to V.. 


n 


52. Minimal varieties. Consider any V, and a V, immersed 
in it, defined by the equations 


(52.1) Yi PO, 54 ee) 


Let Vz be a given closed sub-space of V, bounding a region R,, 
of the latter and consider the integral 


(02.2) 1 i a): Lida Oi eae 


extended over #,, where Z is a function of the y’s and their first 
derivatives y* ,.* 
Let w*(v',-.-, 2”) be a set of arbitrary functions -such that 


(52.3) Oo —==5 ) Seton tye. 
Then 
(52.4) Y* = 9% + ew", 


where ¢ is an infinitesimal, define another variety V,, containing the 
given Vn. and nearby V,. Substituting these expressions in the 
function Z in (52.2) and expanding by Taylor’s theorem, we have 
for the corresponding integral 


I= r+ef [ow 2% + 0% ae | dat dat... dx 9, 
aes. oy OY ,é 


a »@ 


where g involves terms of the second and higher orders ine. Tf 
we write 


*It is understood that Z and its first and second derivatives with respect to 
the arguments are continuous in the domain and on the boundary. 
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P- Bir Ref ‘ } 
(52.5) bf = ¢ | [o oe we £2) Of An —-- te 
e R,, Oy . oy x 
and integrate the second term of (52.5) by parts, we have, in 
consequence of (52.3), 


ol = | bee i al = ) CN ae EO oie 
JR Oy Ou \OY yi 


In order that the integral Z be stationary, that is, that dj] =0, 
for every set of functions o satisfying (52.3), it is necessary and 
sufficient that DL be a function such that 
6 | 01 \- Clee 
aa" ay” 
These are the generalized equations of Euler (cf. § 17). 

The element of area of a surface in euclidean 3-space is 
V EG— F® dudv* in terms of the customary notation. General- 
izing this expression to a V, in a Vin defined by equations of the 
form (52.1), we have V 9g dx da... da" as the element of volume 
of V,. If we consider the region #,, of Vx bounded by a closed 
V,1, its volume is defined by the integral 


(52.6) 


a 
OY i 


(52.7) jp iE Vg bles Whigs 5 0 (NIE. 


Generalizing the definition of minimal surfaces,t we say that Vy, 
is a minimal variety in Vm, if for a given V»—1 the integral J is 
stationary.+ 

In order to determine the characteristic property of minimal 
varieties in terms of the functions defined in § 47, we consider 
the equations 


0 The 
From 


* 1909, 1, p. 7d. 
+ 1909, 1, p. 251. 
+ This generalized problem was considered by Lipschitz, 1874, 1; in this paper 
he obtained equations (52.6). 
12 
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we have 


Vg 1 dg ay) . 
Ce RE Bet 
ay”,i = Vg bgn by" 


Making use of equations of the form (7.6) and (7.9) for the g's 
and (7.4) for the a’s, we obtain 
a [aVg ae oe 
( eres = Vy 9 [deg "+ (er, Bla + [B7, cle) cy). 
Y i 


Oe 


Also we have 


aVg Led oe tt 
a ai ie 
ay" 2Vq Dam ay" Ig i, Blay iy’; 


From these expressions and (47.4), we have . 


3 ae oVg 


Oat 


‘i ‘ 8 | 
« ia acing eg ly 34) +{ ! yi y ) 
OY a! OY HV ia 


= Vg des ae Qoiij gj’ Eq? : 
6 


Since these expressions must vanish for all values of a, we have 
Des Qa; 9” Eg? = 0. Hence we have: 
o 


A necessary and sufficient condition that a Vn be a minimal 
variety for a Vm is that its mean curvature normal vanish.* 

From the results of § 50 we have also: 

A necessary and sufficient condition that a Vn be a minimal 
variety for an enveloping Vm is that its mean curvature in every 
normal direction be zero. 

This is an evident generalization of a characteristic property 
of minimal surfaces.t 

Suppose that a V,,,1 admits oo! minimal hypersurfaces. If these 
be taken for y*! = const. and their orthogonal trajectories for 
the curves of parameter 711, we have 


>) Sets on 
Ant1i = O, Cntinta = €An+13 6 = 0, == aes 


* Lipschitz, 1874, 1, p. 31. 
PIBWE), ja Bail 
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From (43.5) it follows that 


oe 1 0 ij 
a) 2 Tay ayers MN 
In this case gi; = a; for any 7”*t! = const. and g = |a,;| for 
Gij ij Y g J 
t,j =1,-+-+,n. Consequently 
1 Og 


2S Ae One, 2 
M = g! 25 = Dheboe ay : 

Hence we have: 

A necessary and sufficient condition that an infinity of hyper- 
surfaces of a space be minimal is that their orthogonal trajectories 
determine «a correspondence between them which preserves volume.”* 

53. Hypersurfaces with indeterminate lines of curvature. 
A hypersurface V, with indeterminate lines of curvature is a general- 
ization of a plane or sphere in euclidean 3-space.t As in the latter 
case, when the lines of curvature at a point P are indeterminate, 
P is called an umbilical pornt. 

From (45.3) it follows that a necessary condition that every 
point of a V, immersed in a Vyii be an umbilical point is that 
23; = 0gij, Where @ is an invariant. If we multiply this equation 


S 


by g and sum for 7 and j, we obtain 
(53.1) 2 = 29! = ne, 
and consequently the condition is 

2 
(53.2) Qj, = — Hj. 

n 
In this case we have from (51.20) 

1 
(53.3) Onn = — en, On, —= O (ut ky. 
The case when 2 = 0, that is, when 1/k —0, will be treated 
in § 54. 
*For a Vs this result is due to Bianchi, 1903, 1, p. 578; for any Vn to 


Bompiani, 1921, 5, p. 1141. 
TCT OOO mate LLG: 
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When m = n-+1,* equations (51.12) and (51.13) become 


, PONT ee = é cea Ms 
(53.4) Rina dy Agi’ Ar 1s) = €(@py O43 — Ops@qr) + Rapyd Eni” Eat? Ei Es) 
and 

0 Ong 0 @yy>- 


as as “tas €h [@iny Vhapy — hr Vipg + Ong (Ynar a? Yrrg] 
Sy q D 


(53.5) Z 2 . 
== Rigur Epi” Eq\" &|” EP 


For the values (53.3) we have from (53.5) 


(53.6) Ripur Epi Eq Spi” er aU (p, q, 7+ ); 
and fOr p ==.7 42g 

Lisg2 
(53.7) (“-« ie Ren oe eP) Ei ae 


When 2 = const., equations (53.7) become 
(53.8) Rigur Epi" Ep?” &F ai = 0 (p + q). 
This piuation is satisfied identically, if we take p — gq; also if we 
replace ihe by &“. Hence if (53.8) be multiplied by e, and the 
resulting equation be summed for p, we have in consequence of (29.5) 


(53.9) ath, at 4a? Ente — Rou ge ey == ((). 


If we put Roy gP cl — eo, where e is defined by (43.3), it follows 
from (53.9) and agu &q\"&° = 0 that 
(Reu— Q eu) gP Eq = 0, (Rou pee, a.) gP gh rFa 0, 


and since the n+-1 vector-fields g,“ and &* are independent, we 
have 


(Rou mau’: au) x8 7). 


* From (47.8) it follows that the functions are zero in this case. 
vIn this section and the next Greek indices take the values 1,---,m +1 and 
Latin i, pile 
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Hence (§ 34) we have: 

Tf a@ Vnii admits a hypersurface Vn with indeterminate lines of 
curvature and 2 is constant, the normals to Vn are Ricci principal 
directions for Vris at points of Vn. 

We seek the canonical form of the fundamental tensor of Vr+41, 
in order that there may exist «+* hypersurfaces with indeterminate 
lines of curvature. To this end we choose the coérdinate system 
so that y”*' = const. are the hypersurfaces and we choose their 
orthogonal trajectories for the curves of parameter y”*'. Then 
we have 
W100). ~ Gnas == 0, pny, ed He Oo We oe) 


The contravariant components of the normal vector are 


; it 
53.1 st —— gi a ; 
(Da:11) é 0, K oe 
At points of any hypersurface y”*? = const., y/ = x and ay = gy 
for i,j =1.---,. Consequently equations (43.10) become in 
this case 
2 eke 1 
5 PR ee ig yh OP ae eee 
cage! a n WI Om Vgn+lla Anis 
For 8 = w-+1 these equations are satisfied identically. For 
& = 1l,--:, n we obtain 
Oe all ote ols eal 


Me nee ee 


From these equations and (53.10) we have 


jan : a 2 
lye t1,kle = Ger Vin + he 5 - jp. Hn t-t, 
and consequently 
ae dlogV ayn 2 
(53.13) ay sete? Hy 41. 


* For 2 = 0 this theorem is due to Ricci, 1904, 2, p. 1239; for 2 +0 to 
Struik, 1922, 8, p. 143. 
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Conversely, when (53.10) and (53.13) are satisfied, equations 
(43.10) for the values (53.11) lead to (53.2). 
When 2 +0, it follows from (53.13) that the ratio of any two 


of the functions aj, for 7,k = 1,---, 2 must be independent 2". 
When 2 = 0, the functions a, are independent of 7#”*?. Hence 
we have: 


A necessary and sufficient condition that a Vasa admit a family 
of hypersurfaces with indeterminate lines of curvature is that its 
Sundamental form be reducible to 


(53.14) y = Aaydy dyi+ Bdy)y 4,9 == Ave 


where aij are the functions of y',---, y”, and A and B are any 
functions of y'*+-+, y*; according as A involves y”* or not, 
2 is different from or equal to zero. 

As a corollary we have: 

If a space admits a family of hypersurfaces with indeterminate 
lines of curvature, their orthogonal trajectories determine a con- 
Jormal correspondence between them. 

If a Vnii is conformal to an Spii, and the codrdinates y* are 
chosen so that 


(53.15) gy = @ Dea (dy”)’, 


the conditions of the above theorems are satisfied by any of the 
codrdinate hypersurfaces. If @ does not involve 7’ then from 
(53.13) it is seen that 2 = 0 for the hypersurfaces ¥”+1 — const. 
Since any S, in the S,+1 to which V,41 is conformal can be 
chosen as a hypersurface y”*1 = const., we have: 

Lf a Vnti is conformal to an Sy41, the hypersurface of Vi+1 
corresponding to any Sp im the Syi1 has indeterminate lines of 
curvature. 

Another way of stating this result is that in such a Vniy at 
each point and in each direction there is a V;, with indetermin- 
ate lines of curvature. In order that a Vis for n>2 may 
possess the latter property, it is necessary that equations (53.6) 
be satisfied by every orthogonal ennuple in V,i1. In § 37 we 
saw that in this case V;i1 must be conformal to an Sn1.. Hence 
we have the theorem of Schouten*: 


* 1991, 2, p. 86. 
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e 


A necessary and sufficient condition that at each point and in 
each direction of a Vnti for n>2 there is a hypersurface with 
imdeterminate lines of curvature is that the Vn+rs be conformal to 
an Sy+1. 

54. Totally geodesic varieties in a space. If all the geo- 
desics of a V, are geodesics of an enveloping V,11, the former 
is called a totally geodesic hypersurface of Visa. These hyper- 
surfaces are an evident generalization of the planes of euclidean 
3-space. 

From (44.5) we have that a necessary and sufficient condition 
that a V, be a totally geodesic hypersurface is that 1/R = 0 
and from (44.3) that 
(54.1) Qi ea) (7,7 = 1,---, m). 
Then trom § 45 we have: 

The lines of curvature of a totally geodesic hypersurface are indeter- 
menate.* 

Since 2, as defined by (53.1), is zero, the first theorem of § 53 
applies to totally geodesic hypersurfaces. 

From (54.1) and (51.20) we have 


(54.2) ope O ON, et erred 1 


In consequence of (51.17) we have from (51.15) 


a 


(54.3) es = 0. 
Hence we have: 

The normals to a totally geodesic hypersurface are parallel im the 
enveloping space. 

We shall not write down the systems of differential equations 
determining a space admitting a totally geodesic hypersurface,t but 
will consider the case when there are oo’ such hypersurfaces. 
From the second theorem of § 53 we have: 

A necessary and sufficient condition that a Vni1 admit a family 
of totally geodesic hypersurfaces is that its fundamental form be 
reducible to 
(54.4) g = ajd/dytBay ) @j=—1,--:,), 


* Cf. Ricci, 1903, 2, p. 412. 
+ Cf. Ricci, 1903, 2, p. 414. 
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where aij are independent of y" and B is any function of 
the y’s.* 

As a corollary we have: 

If a space admits c' totally geodesic hypersurfaces, their orthogonal 
trajectories determine an isometric correspondence between them.+ 

When all the geodesics of a V, in a Vm for m>n-+1 are 
geodesics of Vm, we say that Vy is totally geodesic. Since the 
matrix ||&)“|| is of rank m— vn, it follows from (48.5) that 

A necessary and sufficient condition that a Vy, immersed in a Vin 
be totally geodesic is that 
(54.5) Qey4j = 0 (o—n+1,--+, m3 4,7 —1,---, n). 
From (48.3) we have: : 

If any vector in a totally geodesic swh-space of a Vy is trans- 
ported parallel to itself along a curve, it moves parallel to itself 
also in Vm. 

Also from the results of § 52 we have: 

A totally geodesic sub-space of a Vm is a minimal variety of Vin- 


Exercises. 
1. A minimal surface in any V, is characterized by the property that its 
lines of length zero form a conjugate system, and it is a surface of translation 


in the sense of Ex. 4, p. 175. Bompiani, 1919, 2, p. 841 
2. The equations “* 
a p—uUgp' +y'+ go — Uo Pot ’ 
ty = p— Up’ —Y'— Got Uo P+ Ys, 
2= bY uy'—g'+%—wmy— 9h, 
it =— ot ug + h—wyt 9, 


where ~ and w are arbitrary functions of w, and o and w% of uw, and where 

primes denote differentiation with respect to the argument, define a minimal 

surface in euclidean 4-space. Eisenhart, 1912, 1, p. 224. 
3. If f(@+ iy) is an analytic function and 


S@tiy) = u(a, y) + iv (a, y), 


the equations 
BS BAG ME), i 


define a minimal surface in euclidean 4-space. Kommerell, 1905, 2, p. 586. 


*This theorem for x= 2 is due to Hadamard, 1901, 2, p.40; for any n 
Ricci, 1903, 2, p. 412, derived the result for the case a, =0 @ +9); ef. also 
Bompiani, 1924, 5, p. 122. 

f Cf. Bompiani, 1924, 5, p, 122. 
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4. A necessary and sufficient condition that all the lines of curvature of a V,, 
be indeterminate at a point is that at the point 


oy = O69, (C= N-F 1m): 


Such a point is called an wmbilical point. Show that at an umbilical point 
the osculating geodesic variety is determined by V, and the mean curvature 
normal. Strusk, 1922, 8, p. 106. 

5. When the lines of curvature of a hypersurface of a space of constant 


curvature K,,, are indeterminate, the hypersurface has constant curvature K,, and 


+1 


@) 


» 


2 
K, = e-7 +K,,.. 


ab 


6. A necessary and sufficient condition that a V,,, for n>2 admit at each 
point and in each direction a V, with indeterminate lines of curvature and 
that 2 be the same constant for all the V,,’s is that V,,, have constant Riemannian 
curvature. Schouten, 1924, 1, p. 181. 
7. A necessary and sufficient condition that for an orthogonal ennuple 4,,° the 
congruence 7, be normal to a family of hypersurfaces with indeterminate lines 
of curvature is that 
== h, bas 122s, M1 hw, 


vv 
4 nhk 


e ne PSS? 


oy y y 
1 4 mil 2722 n—1 4 n—1N—1" 


8. When a V,, admits p independent fields of parallel vectors, the congruence 
of eurves of each field are the orthogonal trajectories of a family of totally 
geodesic hypersurfaces. 

9. A necessary and sufficient condition that a V, be totally geodesic in a V,, 
is that 


y 


ge OF) Oh Ou Cyt ye 
Ox! Oa! Lig fg Oat lBvfa Ox! Oxi 4,9 Riel se 


10. When a V,, admits ' totally geodesic sub-spaces V,,, they determine 

Aer of which they are totally geodesic hypersurfaces. 
Bompiani, 1924, 5, p. 128. 

11. When a V,, admits «' totally geodesic sub-spaces V,,, the tangents to 
their orthogonal trajectories at points of the same V,, are parallel with respect 
to V,,. 

12. Show by means of (47.4) that a necessary and sufficient condition that 
the sub-spaces y* = const. for o = -+1,---,m of a V,, with the fundamental 
form (42.2) be totally geodesic is that 


Cah es ees k \ cee ia 


Vegilar ’ \ij 7 ag g¢=n+1,---m!’ 
a 


a are formed with respect to a,.dy’ dy! (i,j =1,+++,7). 


where the Chrisioffel symbols 


——_—— 
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13. When the fundamental form of a V,, is 


fy ira ecru 


g = a.dyidyita_idytdyt 
P= a,dy' dy + a, dy? dy PEO ai) 


? 


where the functions a, are independent of y**", ---, y”, the sub-spaces y® = const. 


are totally geodesic in V,,. Bompiani, 1924, 5, p. 124. 
14. When two totally geodesic sub-spaces of a V,, intersect, the variety of 
intersection is totally geodesic in V,. Struik, 1922, 8, p. 97. 


— 


15. If the order of the osculating geodesic varieties at points of a VY, ina V_ 
is less than m (§ 49), then for each value q < m—-r there are an infinity of 
sub-spaces VY. with respect to which V, is totally geodesic. 

Struik, 1922, 8, p. 118. 

16. Ti a V, lies in a V, for m>>n-+1, for each value of gq <m—n—1 
there are an infinity of sub-spaces V, ., of V, in which the curves of a given 
congruence in V, are geodesics. Struik, 1922, 8, p. 118. 

1% If a V, lies in a V, for m>n-+1, for each value of gxsm—n—l1 
there is an infinity of sub-spaces Vii., With respect to which V, is a minimal 
variety. Struik, 1922, 8, p. 114. 


CHAPTER V 
Sub-spaces of a flat space 


55. The class of a space V,. In § 10 it was shown that 
a necessary and sufficient condition that there exist for a space Vn 
a codrdinate system in terms of which the components of the 
fundamental tensor are constants is that all the components of the 
Riemann tensor in any codrdinate system be zero. We have called 
such a space a flat space and have denoted by Sp a flat space 
of » dimensions (§ 26). For an Sp there exist real codrdinates 2° 
in terms of which the fundamental form is 


(55.1) p= 3 Ca (de)? (e125) 
a 


where the c’s are plus or minus one according to the character 
of the space. There are other real codrdinate systems in terms 
of which g assumes the form (55.1), but the number of positive c’s 
and of negative c’s is the same for all of these systems. In par- 
ticular, when all of the c’s are plus one, Sm is a euclidean space 
of m dimensions and the z’s are cartesian coérdinates. When ¢ 
for any Sj, assumes the form (55.1), we call the codrdinates cartesian. 
In order that a space V, with the fundamental form 


(5d.2) y = gyda dx 


be a real sub-space of S,,, it is necessary and sufficient that the 
system of equations (cf. § 16) 


14 0 ot 


5 pee Sho ale 
(55.3) 2 be Saat Bad il) 


admit m independent real solutions 


(55.4) —— bi (x’, ete a”) (a = 1, Riad | m). 
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The signs of the c’s in (55.3) depend upon the character of the 
form (55.2). In fact, from the theory of matrices* and (55.3), it 


tollows that the determinant g = |qg;| is equal to the sum of terms 
each of which is the square of a determinant of order » of the 
dz 


matrix | ; 
| Oat 


sponding determinant of the nth order of the determinant of (55.1) is 
plus or minus one. Consequently, if g is negative, all of the c’s cannot 
be positive, that is, Vn cannot be immersed in a real euclidean space. 

The coérdinates « can be chosen so that at any point of Vn the 
form (55.2) involves only squared terms with plus and minus signs. 
Since » of the z’s can be identified with x’s at the point, we have 
that (55.1) at the point must have at least as many positive and 
as many negative c’s as there are positive and negative terms in 
the reduced form of (55.2) at the point. Thus, for example, one 
of Einstein’s postulates concerning the space-time continuum V, of 
general relativity is that at each point the fundamental form is 
reducible to —(da*)? — (da?) —(da*)? + (da*)?. Consequently, for 
a flat space in which V, can be immersed one of the c’s must be 
positive and three negative. 

If (55.2) is a positive definite form and we take all the c’s equal 
to + 1 in (55.3), we have 7 (2 + 1)/2 equations for the determination 
of the 2’s. If we take m= n(n+1)/2, we have a system of 
equations which admits in general real solutions in accordance with 
the theory of partial differential equations. Thus a V» with a positive 
definite form can be immersed in general in a euclidean space of 
n(2-+1)/2 dimensions. Similar results hold when (55.2) is not 
positive definite and the c’s have been chosen in accordance with 
the preceding observations. 

We have just seen that in general a V;, can be immersed in a flat 
space of m(m-+ 1)/2 dimensions. However, it may be immersible in 
a flat space of a lower order. If the lowest order is n+p, we say 
that Vn is of class p.t 

Consider, for example, the space-time continuum VY, outside 
a Symmetric mass m with the Schwarzschild formt 


with a plus or minus sign according as the corre- 


*§ 31. 
} Ricci, 1898, 2, p. 75; also, Struik, 1922, 8, p. 99. 
tCf. Ex. 6, p. 93. 
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9, 
(55.5) y = (1 =m) ae | _gy*__,* (q6*-+ sin® od 9), 
\ 2m 


y 


where + >>2m. If we put 


mr aua l>— 2m 
r—2m 2 r—2m .. if 
i a) a ee 


4 


zZ 


= r sin é cosg, 2° = r sin @ sing, o° == eos. 


where /(r) is such that 
(s-) = 1 ( ! 2m), 
< 


ar] y—2m 


then (55.5) becomes 


y = (dz')?+ (dz)? — (dz*)? — (dz*)? — (dz®)? — (dz). 


Hence the given V, can be immersed in a flat space of six dimensions, 
and consequently its class is two or one. From the results at the 
end of §59, it follows that p = 2.* 

56. A space V, of class p>1. If Vn with the fundamental 
form (55.2) is of class p(> 1), the enveloping flat space Sn+» has 
the fundamental form (55.1) in which @ = 1,---,n-+p. Let 70° 
denote the components of » mutually orthogonal unit vectors normal 
to V,; then we have 


(56.1) Dade Hae age Oe Dae en Eey, 
(o,¢ = nt+1,---, n+p; 04 0).1+ 


The equations for this case analogous to (47.4) and (47.9) are 


; 7 
(56.2) a > to Delij Noi 
6 
and 
* 4 ih q 04 
(56.3) Noi Sih ie be Ug ; ae +2) Cr Vrolj Ut| 
T 


(¢,t¢ = nt+1,---,n+>p), 


* Ci. Kasner, 1921, 6, p. 130. 
+In this and the next section, unless stated otherwise, Greek indices take 
the values 1,---,-+p and Latin i,---,n. 
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where for each o and the quantities yzq; are the covariant com- 
ponents of a vector, subject to the conditions 


(56.4) Voli + Yori = 0, Yoo|j = 0. 


The conditions of integrability of (56.2) are reducible to [ef. (47.11) 
and (47.12)] 


(56.5) Riza = D eo (de\in boija — Dojsa Bot jn) 
oO 


and 
(56.6) be\ij,4— boli, ad Dae (Veolke bela Se Legal) brjix), 
.T 


since the components of the Riemann tensor for 8, are zero. By 
means of these equations the conditions of integrability of (56.3) 


reduce to 
n+l, --+, n+p 


Vol j,k — Yrolk,j + Co (Yor|j Yooik — Vorik Yeolj) 
Oo 


(56.7) s : 
Si Gee (bey Voimke = brik De|m,) ==) 


Conversely, if we have a symmetric tensor yj, p symmetric tensors 
beiij and p(p —1)/2 vectors rors = (— roi) satisfying (56.5), (56.6) 
and (56.7), the conditions of integrability of (56.2) and (56.3) are 
satisfied. If we put 


a a 4 Cn 
Dae Ce) mer 0) ae Ay, parr: UG 2 0h == Beii, 
© o 
7 1M 
kc, Woh Ube = Cie = Cor, Coo — €6, Cor = 0 (o EE t), 
@ 


then 4; are the components of a tensor, Bo of p vectors and Cor 
are invariants in Vn. If we differentiate these equations with respect 
to a and make use of (56.2) and (56.3), we find that the first 
derivatives of Ay, Bo; and Co, are equal to expressions linear and 
homogeneous in these functions. In like manner the derivatives 
of any order are linear functions of these quantities and of the 
derivatives of lower order. Hence if we choose a set of solutions. 
of (56.2) and (56.3), whose initial values satisfy 


* Cf. Ricci, 1898, 2, p. 90. 
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>; ee Oe ee ta > , a a oe 0 
et € ? é © J Tij , ¢ a Vo| é ? z eh : 
a a 


(56.8) : 

2% (ne\) = os 2 te o\- Nr| = 0 (o aE t), 
these conditions will be satisfied by the functions for all values of 
the a's. Since there are (n+ p)(n+p+41)/2 of these conditions 
on the (n+ p)* functions 2“; and yoi“, the desired solution involves 
(w+ p)(7 + p—1)/2 arbitrary constants in addition to n+ p additive 
arbitrary constants, arising from the determination of the 2’s by 
the integrals 


° - 
(56.9) = fe. ax. 
e 


These results obtain for an arbitrary choice of the c’s in (56.8). 
These can be chosen so that for a domain of the x’s the set of 
solutions are real. In fact, if the coérdinates 2’ are chosen so 
that at a given point P we have mj = 0 (i +7), and we make the 
choice 


Gate “(= 1,---; n), Cc =e (© = n+1,---,n+p), 


where the e’s appear in (56.5), (56.6) and (56.7), the conditions (56.8) 
are satisfied by the values 


Qa OL a Of 
Z 4 0; : No| = Og 


at P, and thus for a domain in the neighborhood of P we have 
real solutions, and consequently a real S,+, enveloping the V, with 
the fundamental tensor gy. 

As previously seen, the desired type of solution of equations (56.2) 
and (56.3) involve (n+ p)(n+p-+1)/2 arbitrary constants. We 
give an interpretation of the significance of these constants by ob- 
serving that, if 2° and 4,“ are a set of solutions, so also are 


(56.10) Ze = as gP 1. Bf, 


B ire ai gies 


(56.11) Nel = a” No| ¢ = n+l1,---,n+p) 
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where the a’s and b’s are constants, and that the conditions (56.8) 
are satisfied, if the constants a”, satisfy 


(56.12) 2 Ca (a%,)® = p, 2 a“,a%, = 0 (+7). 


Because of these (n+p) (n+p+1)/2 conditions, (n+p) (n-+-p—1)/2 
of the constants a, and all of the b’s are arbitrary. Hence the 
general solution is obtained from a particular solution by means 
of (56.10) and (56.11). From (56.10) and (56.12) it follows that 


ee) eee 
a a 


and consequently equations.(56.10) and (56.12) define in cartesian 
coérdinates the most general motion (§ 27) of the S,+» into itself. 
Generalizing the ideas of motions in euclidean space, we say that 
the a’s determine a rotation and the 6’s a translation. Thus we 
have that different sets of solutions of (56.2) and (56.3) define Vn’s 
which are superposable by a motion in Sn+,. Hence the foregoing 
results may be formulated as follows: 

In order that a symmetric tensor guj, p symmetric tensors be\i; and 
p(p—1)/2 vectors Yorn (= — eoji) for 1,9 = 1, ---, nN, 6,5 = n+l, 
+++, n+p determine a Vn with gi as fundamental tensor immersed 
ana veal Sntp, wt is necessary and sufficient that these quanteties 
satisfy equations (56.5), (56.6) and (56.7); the fundamental form 
of Sntp is determined by the first of (56.8), and Vn is determined 
to within a motion in Sp+p. 

From the definition of the class of a V, it follows that equations 
(55.3) admit solutions (55.4) when « = n-+~p. Evidently the 
equations (55.3) for « = n+p+r admit solutions of the type 
(55.4), and if r of these solutions are not constants, the given Vy 
is a sub-space of an Spipir. For the cases when 7 = O and 
y + 0 the geometric properties of V, depending entirely upon its 
fundamental form, that is, the cntrinsic properties, are the same. 
But this is not true for geometrical properties depending upon the 
enveloping space. We are familiar with this idea in the case of 
surfaces of euclidean 3-space and those of euclidean 4-space. 

57. Evolutes of aV, in an S,,,. The coérdinates of a point 
on the normal of components |" to a Vn in an Sn4» are given by 


(57.1) Zo|. = 2 ete . 
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In order that the point with these codrdinates shall undergo a 
displacement tangential to the normal, when the corresponding point 
in Vn is displaced in Vp, it is necessary that 


dze\" 


Net 


ae | (oe =o Iie p), 


where 2 is an invariant, or, in consequence of (57.1), 
(e* s+ ene\",«) da'+ 40)" de—a) = 0. 


If this equation is multiplied by c, 7,|° and summed for «, in con- 
sequence of (56.1) and (56.3), we find that 4 = de, so that these 
equations become 


(57.2) ("s+ ene|,i) dx = 0. 
If (57.2) be multiplied by ca az\ (« +o) and summed for @, and 


also by ¢,2%, and summed for «, we obtain the respective sets 
of equations 


(57.3) VeG\i dx = O (t ed) -- i DIO 4 4h) +) 
and 
(57.4) (gj — obs iij) dx? = 0 Gj = 1,-+-,%). 


Conversely, for a displacement in V» satisfying (57.3) and (57.4) 
the conditions (57.2) are satisfied. 

As in § 50 we say that the congruences defined by (57.4) con- 
sist of the lines of curvature of V, for the normal 7o\“, and the 
roots of the determinant equation 


(57.5) \gij — 0 bojyj| = O 


are the corresponding principal radii of normal curvature for the 
vector 74o|°. When, in particular, the directions of a line of cury- 
ature satisfy (57.3), we say that the V, defined by (57.1) is an 
evolute of the given Vn. 

Suppose that for a root o, of (57.5) the direction determined 
by (57.4) satisfies (57.3) (or one of the directions, if 0, is a multiple 


18 
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root). If we take these curves for the curves of parameter z', 
from (57.1) and (57.2) we have 


a Qa 
AG) == UKal 


0 
noice 26\\ 4 a ert tol reat oo gal” 


(r —= BE) Yr 
If go denote the components of the fundamental tensor of the 
corresponding evolute Vo;, we have 


00,\? 001 00, 
Go| —~ ee (£2) , Goa; ax! aar* 


Consequently the fundamental form of Vo; can be written 
(57.6) eg doit Goirs dx” das (r,s = 2,.. Nn), 


where go|rs are determinate functions. Hence the varieties 0: = const. 
in Vo; are geodesically parallel (§ 19) and have for orthogonal 
trajectories the curves of parameter Q,; these are geodesics in Vo\.* 

Conversely, let a V, in an Snip be referred to a family of geo- 
desically parallel hypersurfaces whose orthogonal geodesics are not 
null curves, and take the latter for curves of parameter z'; then 
the fundamental form of V,, is 


(57.7) é: (dzx')? + Gys dx” das (1, i= 2 eae 


—_ a 
Let 2? be the coérdinates in Sn+p of points of the Vn, then a 
x 
are the components in the 2’s of the tangents to the curves of 
parameter x'. Moreover, from (57.7) it follows that 


Oz, \? Oz, Oey 
(57.8) 2 Ca (52) — Q ,y 2 SSeS SSS 0, 


0x) Oar 


and from the first of these we have 


de at 
(57.9) ee 0 (@=1,-.-,n). 


* This is a generalization of a well-known result concerning the evolute of 
a surface in euclidean 3-space; cf. 1IOD PL aap Site 
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If we put 


(57.10) 2 = 24—@'+a) pe 


da)’ 


where a is a constant, we have by differentiation 


2 a a ey ple 
0 21 C2 O° 2 
oe a) Ogi?’ aur 2 (2 Sel O) eer eer 02x AO or 


(== 25-5 )3 


02 
da} 


In consequence of the second of (57.8) and (57.9) we have 


02° Oz ; 
> ana = 0 C= aan 


c Oa? One 


whatever be a. Hence equations (57.10) define a family of V;,’s 
of which the given V, is an evolute. 

58. A subspace V, of a V,, immersed in an S,.,. In 
this section we shall derive the equations of § 47 from the equations 
of § 56 by considering V» as immersed in an Smip. We let the 
coérdinates of Vn be a?, those of Vm be y* and of Sintp be 2%.* 
There are m—n-+ p anally orthogonal non-null vectors in Sm+p 


normal to Vn; we denote by yo\° for o—=n-+1,.---, m the com- 
ponents in the z’s of these vectors which lie in Vm ne by Nel for 
e=m+1,---,m-+p the components of the vectors normal to 


both Vm and V» at points of the latter. 
From the equations 
a2 


(58.1) Zi == oye 


yi 
we have by covariant differentiation with respect to «/ and the 
fundamental form of Vn 


- ue a2 2H 


(58.2) oi = “at Feo Vie a: 


For Vm immersed in Sin+p) we have equations of the form (56.2), 
namely 


* In this section 7,7 =1,--+,; 4, 4,¥=1,---.m; a= 1,---,m+p. 
18% 
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02 2% es = 
(58.3) oy ay” \wrla 5 — —= = Leh elu No\ 


G2 et Mees a m+ p), 
where ‘ee are formed with respect to the fundamental form 


of Vn, namely 
(58.4) Oy ay” dy’. 


In like manner for Vn immersed in Sn4+» we have 


we ie o=nt+1 NS 
(58.5) 2°y—= 2 eg boi 101 $2 ¢@ belts Nel” = ana | 


If Ee are the components in the y’s of the vectors 7)" in the z’s, 
we have 


e . az 
(58.6) i = Ene 


dy” 

Substituting the expressions for Wee ay from (58.3) in (58.2) 
and for 7\° from (58.6) in (58.5) and ‘hee the resulting 
equations, we have 


Ore 


r A 5 ao 
A ly at} } yay J Dy ea boli; Fc 
Va Gs 


oy 
+ ree Colur Ue, YY" j—— dois) Nol” 7 O. 


gt 
Since the determinant of the quantities ae and q\° is not zero, 


we have 
‘i A fA \ ps v cork 
(58.7) Ue eds + 2i¢ bea Soi, 
= : == 1,---;m; 
58.8 b a == d eee | (’ n+ ) ’ ? ). 
( ) oly ole Y ty e—=m4+1, + m+tp 


If we differentiate equations (58.6) with respect to 2, we have 
in consequence of (58.3) 


Chere eae ja \ y Og” 7 , Y 
1o| 3 = (fo a eed) y!,) yt + ee Poin Soi” Yj Nel”. 
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From (56.3) and (58.6) we haye 


= C2 4 O02" 
(58.9) 6[°,5 = —beiy g’™ ay Ym sae eriMroif St) or 
Y G oy 


Qa 
> Zo Voolj No| . 


Subtracting these equations and proceeding as above, we obtain 


< A mm A A be 
(58.10) Soi j a bey 9 Y m4 Tos Ea” +> Cr Vrolj EI", 
wy a 4e@ 
F ; = y = 4 Ibn soo, WOR 
(58.11) er ee ae ee Tic da a iy a 
) Voo\j oluv Y 7 So| Pel eon 


Equations (58.7) and (58.10) are of the form (47.4) and (47.9) 
respectively, where 


(58.12) Delij — Qoij, Vro|j = Erol (0,0 = We AN -,™M). 


If the expressions for bei, Vecij, Vejij ANd ¥ro,j from (58.8), (58.11) 
and (58.12) are substituted (56.5), (56.6) and (56.7), and we remark 
that from (56.5) and (58.3) it follows that the components of the 
Riemann tensor of V,, are given by 


g 3 Vee == 2 Co (Volar Dolun rio Dolan Bolpur)» 


the resulting equations are reducible to (47.11), (47.12) and (47.13) 


respectively. 
59. Spaces V, of class one. When Vn is of class 1, we have 


in place of (56.2) and (56.3) 


(59.1) a yj = eb 9° 
and 
(59.2) Rod ae aaa bij ape om 


The conditions of integrability of these equations are 


(59.3) Rijnr = e (dar bj — bir djx) 
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and 
(59.4) bij.x— bx,j = 0, 
in place of (56.5) and (56.6). 
From considerations similar to those of the preceding sections 


we obtain the theorem: 
In order that 


(59.5) = Gj du an, LS =o dae dx 


be the first and second fundamental forms of a space Vn immersed 

in a real Snir, it 2s necessary and sufficient that (59.3) and (59.4) 

be satisfied; then Vn is determined to within a motion in Sp41. 
The roots of the determinant equation 


(59.6) | 2 bi; — gyj| = 0 


are the principal radii of normal curvature of V, in the 9,41, and 
the congruences of curves defined by 


(59.7) (Rn bi; — 9) In’ = 0 


are the lines of curvature of Vn (§ 45). Since (57.3) are satisfied 
identically in this case, it follows that the normals to Vn along 
a line of curvature are tangents to a curve, and that these curves 
lie in the sheets of the evolute of Vn, just as in the case of surfaces 
of euclidean 3-space. 

If the elementary divisors of (59.6) are simple, there are n families 
of lines of curvature, whose directions at any point are mutually 
orthogonal and are not null directions. At any point P the coérdinate 
system can be chosen so that these are the codrdinate directions. 
Hence at P in this coérdinate system we have 


coe ee Oe 2 SOR Po. a ee 
by = O04): pe = ebm. 
h 


If we denote by 7 the Riemannian curvature for the orientation 
determined by 4," and 4x", we have from (25.9), (59.3) and (59.8) 


1 


9 ie 
(59.9) nk eR eR, 
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Since these quantities are invariants, we have the theorem: 

When a Vn is of class one and the elementary divisors of (59.6) 
are simple, the Riemannian curvature at a point for the orientation 
determined by the directions of two lines of curvature at the point 
ws numerically equal to the product of the corresponding normal 
curvatures; the sign is determined by the character of the normal 
to Vn in the enveloping Sy+41.* 

From (59.3) we have for the components of the Ricci tensor 


(59.10) ta eg (dix ba— ba Dix) 


Hence at a point for the codrdinates such that (59.8) hold we 


have 
Tiyae oa 


(59.11) Ry = —eby D2 abu, Rn = 0 (ey 
t+ 
From these equations and (34.4), we have: 

When a Vn is of class one and the elementary divisors of (59.6) 
are simple, the Ricci principal directions coincide with the directions 
of the lines of curvature.t 

We seek now under what conditions Aj — 0 for 7 —1,---,n 
in (59.11). These conditions are satisfied, if one of the b’s, say bis, 
is not zero, and all the others vanish. Suppose now that p(>1) 
of the b’s do not vanish, say by,---, bpp, and that. the others 
vanish. Then we must have 


1,- +.) 
(59,12) 2 bic O (j =1,---, p). 
i j 7 
Subtracting two of these equations for 7 = 1, s, we get e- brr = es dss. 
Since this must be true for 7, s = 1,---, p(r +s), it follows 


from (59.12) that all of these 6’s are zero contrary to hypothesis. 
Hence at most one of the b’s can be different from zero, and then 
from (59.3) it follows that the components of the Riemann tensor 
are zero. Since this situation must hold at every point of Vn, the 
latter is of class zero and not of class one. Hence we have: 


*This is a generalization of the theorem of Gauss for surfaces in euclidean 
3-space, cf. 1909, 1, pp. 120, 155. 
+ Schouten and Strwik, 1921, 3, p. 214. 
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There are no spaces of class one for which all the components of 
the Ricci tensor are zero.* 

60. Applicability of hypersurfaces of a flat space. For 
a space V, with the fundamental form 


(60.1) p = gy da da 


equations (59.3) and (59.4) for e = 1; 7,7 = 1,2 are the Gauss 
and Codazzi equations of a surface in euclidean 3-space. The 
problem of finding other surfaces applicable to the given Vo, that 
is, with the same fundamental form (60.1) is the problem of finding 
sets of functions 0;; satisfying these equations. It is of the generality 
of a partial differential equation of the second order,+ and thus 
there are many surfaces applicable to a given surface. When n > 2, 
this is not the case. In fact, it will be shown that 

If a Vn is of class one, real quantities by are determined by (59.3) 
to within sign, if one of the determinants of the third order of the 
b’s ts not gero.t 

Since by hypothesis the rank of the determinant b = | by| is at 
least three, the codrdinates can be chosen so that at a point P 
we have b,, +0, brs = 0 for r,s = 1,2, 3 and r+s, and thus 


(60.2) Be) br e0 (i; 8° == lee 
We consider first the possibility of two sets of solutions b;; and bij 
of (59.3) tore == 1 sande —1 respectively. If Bys denotes the 
cofactor of b,sin B and similarly B,s for the determinant B= | ,s|, 
it foHows from (59.3) that B,;—= —B,s5. Since 

(60.3) Byes 

we have that B? — — B®. Consequently if equations (59.3) and 
(59.4) admit a set of real solutions for e = 1 or —1, the solutions 
are imaginary fore — —1or1. Accordingly as we are concerned 


only with real solutions, e must be the same for both sets of 
solutions and consequently B,; —= B,s; and from (60/308? = (Be 


* Kasner, 1921, 7, p. 126; also Schouten and Siruik, 1921, 3, p. 215. 
‘+ CE. 1909, 1, p. $31. 
tCf. Killing, 1885, 1, pp. 236-237; also Bianchi, 1902, 1, p. 465. 
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Hence . 
(60.4) B= = 8. 


Since the cofactor of B,s in (60.3) is b-sB,* we have in consequence 

of (60.4) ? 

(60.5) Drs = + Dys (7, ——— i 2, oy 
From the equality 


(60.6) Bre bet — brs Ort = Dre bst— brs bre (7,8 = 1, 2,3; t—=1,---, 0), 
from (60.5) and b,, +0, brs = 0 (r + 8), we have 


(60.7) Up be ad oo 1 et): 
Again if in (60.6) we take r = 1,2,3 and s,t = 1,---,m, we 
obtain 7 

bse = xb Dot (s,t = 1,---, m) 


and the theorem is proved. 

From (59.6) it is seen that the case where the rank of the 
determinant is less than three is that for which »—2 of the roots 
of (59.6) are infinite, and from (59.9) that the Riemannian curvature 
is zero for all but one of the orientations determined by the lines 
of curvature of Vx. Hence the preceding result may be stated 
as follows: 

A hypersurface in an Snir for n > 2 is indeformable, uf more 
than two of its principal radii of curvature are finite, or, im other 
words, if the Riemannian curvature determined by more than one 
pair of directions of the lines of curvature is not zero. 

It should be observed that, although the functions b;; are deter- 
mined to within sign by (59.3) for n> 2, except in the cases 
indicated, the conditions (59.4) must be satisfied also, in order 
that the space be of class one.t 

6x. Spaces of constant curvature which are hyper- 
surfaces of a flat space. In a flat space with the fundamental 
form 


(61.1) g = > ta (de? (o =1,---,n+1) 


* Cf, Bdcher, 1907, 1, p. 33. 
+ Cf. Sbrana, 1909, 3. 
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the hypersurfaces defined by 
(61.2) Di a Geyser, 


where e is plus or minus one, and #& is an arbitrary constant, 
will be called the fundamental hyperquadrics of the space. When 
all the c’s are positive, that iss when the space is euclidean, there 
is only one family of real hyperquadrics; in this case e = 1 and 
the hyperquadrics are hyperspheres. In all other cases (except 
when all the c’s are negative which case we exclude) there are 
two families of such real hyperquadrics, corresponding to e = 1 
and e == —1 and arbitrary values of R. When the hyperquadrics 
are subjected to a translation in the Sys, we get in place of 
(61.2) the equation 


(61.3) > Cale—b%)? = e R?, 

where the b’s are the constants defining the translation (§ 56). 
We shall show that the hyperquadrics are spaces V, of constant 
curvature; we take their equations in the form (61.2).* 


Assuming that the 2’s are functions of a* for i — 1,---,” So 
that (61.2) holds, we have from (61.2) by differentiation 


>) coe” 2% j = 0, 
a 
Dy Cat 2, = — Di tae 2%; See al fic 


From the first of (61.4) and (61.2) it follows that the compon- 
ents 4“ of the unit vector normal to Vp are given by 


(61.4) 


When the expressions for 2%; from (59.1) are substituted in the 
second of (61.4), we find 


1 


(61.6) bi == = pies 


* From the results of § 56 it follows that there is no loss of generality in 
so doing. 
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Now (59.4) are satisfied identically and (59.3) become 


(61.7) Ria = Ko Gu gi—gugix), 
where 

(61.8) a = 

and (59.1) become 

(61.9) oy = Shae == Nogge 
Hence: 


The fundamental hyperquadrics of a flat space are spaces of 
constant Riemanman curvature. 

We shall prove the converse theorem: 

The fundamental hyperquadrics are the only hypersurfaces of 
constant Riemannian curvature of a fiat space. 

In fact, if V, is any space of constant curvature, a solution of 
(59.3) and (59.4) is given by (61.6), where #& and e are determined 
by (61.8). Moreover, by the arguments of § 60 this is the only 
solution, to within algebraic sign, if g = |gij| +0. Equations (59.2) 
become 


ant «1 Oe" 
og) AUR 


of which the integral is (61.5), if we neglect additive constants, 
that is, a translation in S,41. Then (61.2) follows from (56.1) 
and the theorem is proved. 

If 2 are one set of solutions of (61.9), the equations 


(61.10) Zp Aagh. 


where the a’s are constants define other sets of solutions. In order 
that (61.2) may be satisfied, these constants must satisfy the 
conditions 


(61.11) D> tala%s) = ep, 2 Co, 08 ay = (Gas }). 


There are n+1 and n(n+1)/2 of the conditions respectively, and 
consequently n (m+ 1)/2 of the (n-+ 1)’ constants a*, are arbitrary. 

We shall show that (61.10) and (61.11) define the most general 
solution of the problem. In fact, if we put 
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(61.12) ee == p", 
and write (61.9) in the form 
Op®. 
(61.13) bay = — Ke gg e, 


the system of equations (61.12) and (61.13) is completely integrable 
in the (n-+1) functions 2“ and the n(n-+1) functions pi. Our 
problem consists in the determination of the solutions of these 
equations satisfying (61.2) and the conditions 


(61.14) Dice p eR; 9G, Lae ae 
C & 


that is, (n+ 1)(n+2)/2 conditions, so that the desired solution 
involves n(m-+1)/2 arbitrary constants, as was to be proved. 

For any set of the a’s satisfying (61.11) equations (61.10) define 
a motion (§ 27) of the hyperquadric into itself; from the point of 
view of the enveloping S,41, this is a rotation (§ 56) about the 
origin of the cartesian coérdinates of Snii. Since the quantities 
p i determine a direction ata point in V,, the number of arbitrary a’s 
is Just sufficient for the determination of a motion which carries 
a point P into a desired point Q, and an orthogonal ennuple in 
Vn at P into a chosen orthogonal ennuple at Q. This result is 
in keeping with the last theorem of SEO 

62. Codrdinates of Weierstrass. Motion in a space of 
constant curvature. In the preceding section the z’s have been 
interpreted as the cartesian codrdinates of a flat space Snp41 in 
which a given space V, of constant Riemannian curvature is 
immersed. If we are concerned only with intrinsic properties of 
the Vn, that is, those depending only on its fundamental form, we 
may adopt another point of view and treat the 2’s as a particular 
type of coérdinates, »+1 in number, in terms of which the 
equations for a space V, of constant curvature assume a form 
advantageous to the consideration of certain problems. Thus we 
may State the results of the preceding section as follows: 

For a space Vn of constant Riemannian curvature Ky, there exist 
sets of n-++1 real codrdinates 2% satisfying the condition 


(62.1) Dy bu (24)? = = («= 1,---,n-+1), 


te) 
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mm terms of which the fundamental form of Vn may be written 
(62.2) Gg Dt (dey 
a 


where the c's are plus or minus one according to the character of the 
Jundamental form; when one such system is known, others are given by 


(62.3) C= a, 28, 
where the a’s are constants sulject to the conditions 
(62.4) 2 Cy (a% 9)” == Ce, 2 Cy Ay a, = 0 
(a, 8, y = eed: B+ Ys 


When the V, is defined in terms of any set of codrdinates 
a’ (i= 1,---,n), the determination of the z’s reduces to the 
solution of equations (61.9), (62.1) and 


(62.5) me Co: ae a == Yij. 
a 
From (61.4) it follows that a set of »-+1 quantities 7% such that 
(62.6) > Ca 2% = 0 
a 


are the components in the z2’s of a vector in V,; the components hi 
of the same vector in the z’s are given by 
a 7° pills 


(62.7) qo = eG. 


If 71; and yp)" are the components of two of these vectors, it 
follows from (62.7) and (62.5) that 


Ca (mi) = gy day Ay’, 
a 
>) Com gal = gists f Agi’. 
a 


Consequently, the angle between two unit vectors is given by 


(62.8) 


(62.9) cos 6 = es my 12\ « 
a 
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An equation of the form 
Gy 2 + Og 27 > ee Tantus a = 0 


in which the a’s are constants defines a hypersurface of the Vn, 
which we shall show is a space of constant curvature. In fact, 
by a transformation (62.3) of the z’s this can be reduced to the 
form z**1= 0. Then from (62.1) and (62.2) we see that the 
hypersurface z**+ — 0 has the same constant curvature as the 
enveloping Vy. 

When all the c’s in (62.2) are positive, it follows from (62.2) 
that the fundamental form of the Vp is positive definite, and from 
(62.1) that Ky is positive for the space to be real. When cq —1 
for 7 = 1, -+-, , cai = —1 and K, = — 1/R?, if we solve 
(62.1) for 2**1 and substitute in (62.2), it becomes 


1 
>“ + R? 


a 


(Ly oe We (dz)? +> dei — 2 dz')*| 


OER = i trees ”), 


from which it is seen that » is positive definite. In consequence 
of the first theorem of § 27, when a V, has a positive definite 
form, it is possible to choose a set of n-+1 codrdinates in terms 
of which the fundamental form is (62.2) with all the c’s plus one 
or all but one plus one, according as the curvature of Vn iS positive 
or negative. 

If we put 2* = y*/R, the y’s are the codrdinates which 
Bianchi has called the point codrdinates of Weierstrass, since 
they are a generalization of codrdinates used by Weierstrass in 
non-euclidean geometries of two dimensions.* In deriving these 
results for spaces of constant curvature with positive definite 
fundamental forms, Bianchi used a different point of view, which 
seems less direct than the foregoing. We generalize his notation 
so as to apply to spaces of constant curvature with any type of 
fundamental form and call the z’s the point codrdinates of Weier- 
strass and the components 7% the vector components of Weierstrass. 

In the above theorem equations (62.3) and (62.4) have been 
interpreted as a transformation of codrdinates of Weierstass into 


* Cf. Bianchi, 1902, 1, pp. 407, 434-444, 
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coérdinates of the same kind. They serve also as a basis for the 
equations of motion of a space of constant curvature V, into itself 
in terms of general codrdinates. In fact, we have seen (§ 27) that 
the portion of V, in the neighborhood of a point P can be applied 
to the portion in the neighborhood of another point P. Consequently, 
there exist codrdinate systems z* and x* in V, such that the fun- 
damental forms of Vn in the two coérdinate systems are 


(62.11) S. ==  e aa! —=30 aaa x, 


where any gi is the same function of the x’s as gj is of the z’s, 
and the codrdinates x‘ have the same values at P as the corre- 
sponding «* at P. If 2* denote a particular set of solutions of 
(61.9) satisfying (62.1), evidently the same functions of the x’s are 
a solution of the corresponding equations (61.9) in the x’s. When 
these expressions for 2“ and z® are substituted in (62.3), we have 
the z’s defined as functions of the z’s and n(n+1)/2 parameters, 
and thus we have in general codrdinates the equations of the 
continuous group of motions of V, into itself. 

63. Equations of geodesics in a space of constant 
curvature in terms of codrdinates of Weierstrass. For 
a non-minimal geodesic in a space Vn of codrdinates x* we have (§ 17) 


Caos viii as 
oe) te hl ds ds 


If Vn is a hyperquadric (61.2) of a flat space, we have in conse- 
quence of (63.1) and (61.9) 


Pee 32 4 dx ae ey 
ds= —s  @a+ ~«6©ds.) «6ods aa 
i Eg ee CALLE 
Ths ae Ti as ds 
Because of (61.8) and 
da dx! 
(63.2) sa pe 1, 
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the above equations reduce to 


ae ee 
ee) ae eee 


There are two cases to be considered according as ee, is +1 


or —1l. 
1°. ee, == +1. In this case the integrals of (63.3) are 


(63.4) e* == 2¢ 08 = ea sin — a 
where z¢ are the codrdinates at the point s = 0, and qf are the 


components in the 2’s of the unit vector tangent to the geodesic 
at_s — 0, as is seen from the equations 


(63.5) 


= (—2 sin — ts cos +) =. 
Since the expressions (63.4) must satisfy (61.2) for all values of s, 
we must have 


(63.6) Do, = eR, De, (ns? =e, Leyes = 0, 


which are in agreement with the preceding observations and results. 
From (63.5) it follows that the functions 7%, defined by 


Send Late es ig 8 
(63.7) Ry = — 24 sin = + R7é cos R 
are the components of the unit vector tangent to the geodesic at 
the point of codrdinates z*. From (63.4) and (63.7) we have 


s pest SS 
4 = 2 COS = — Log sin, 
(63.8) 


i ee esin-= + Ry* cos, 


which reveals the reciprocal character of these formulas. 
From (63.4) and (63.6) we have 


2% (eo 20)? 4eR sin’ =, 
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and consequently the distance in the enveloping te between two 


points whose geodesic distance is s is 2. Rsin=— ae From this it 


follows that two points coincide whose geodesic distance is 27k; 
this is seen also from (63.4). Hence: 

In a space of constant curvature the geodesics for which ee, = 1, 
where e is defined by (61.2) and e, by (63.2), are closed curves of 
length 2ah. 

From (63.7) we have 


s 


(63.9) >) Con” 1% = € C08 PR: 
ra Fr 


Consequently the angle, as determined by the metric of the enveloping 
space, between the tangents is s/R or ~—s/R, according as e is 
+1 or --1, whereas from the definition of parallelism these 
tangents are parallel with respect to the curve in the metric of 
the given Vn (§ 21). 


2°. ee = —1. The integrals of (63.3) are 
(63.10) g = 2 cosh At Bat sinh aa 


The components of the unit vector tangent to the geodesic at the 
point of codérdinates 2% are given by 


(63.11) Ra =. 4 sinh = + hag cosh — 


= " me 
Since 


pee i 2 [ a 4 e5 — =e 2 2 
PAC zs) 2eR (1 cosh 5] 4e R* sinh eae 


we have that the distance in the enveloping space of two points, 


ae, ; ; ‘ $ : 
whose geodesic distance is s, is 2h sinh 3p - Moreover, since 


s 
Ye n= n= = ecosh—, 
7 a / 6, R 


-we see that in calling the left-hand member the cosine of the 
angle between the tangents (§ 16) the term cosine is a mere notation. 
14 
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When, in particular, the fundamental forms of the spaces of 
constant curvature are positive definite, we have e, — 1, and 
consequently the cases 1° and 2° apply respectively to spaces of 
positive and negative constant curvature.* 

When the fundamental form of Vn is not definite, there remains 
for consideration the case of minimal geodesics. If in accordance 
with the observations following equations (17.11) we choose the 
parameter ¢ so that the equations of the geodesics are of the 
form (63.1) with s replaced by ¢, equations (63.3) assume the form 
a? g 
cdi 
the equations of the minimal geodesics are 


= 0, and consequently in the codrdinates of Weierstrass 


(63.12) gt == ttt et, 


Accordingly the components in the z’s of the tangent vector are 
the same at all points of a minimal geodesic. 

64. Equations of a space V,, immersed in a V,, of constant 
curvature. As an application of the results of §§ 58 and 61 we 
establish the equations of a sub-space Vn of a space Vm of constant 
curvature in terms of the codrdinates of Weierstrass, making use 
of the notation of these sections and observing that p= 1 in § 58. 

From (61.5), (61.6) and (61.8) we have 


ge = 1 j 
(64.1) amt” = pe Omtilpy = maps Kye — Re? 


where a, dy" dy” is the fundamental form of V,,.t 
From (58.8), (58.11) and (64.1) we have 


iWee verse 1 
Dm-+1]4j = NG i ad Yep as aie eas 2 
(64.2) 1 
Ym--16 | j = 5 Sw "5 Fo” — 0, (a = n+1, oie Kars mM). 


*Cf. Bianchi, 1902, 1, pp. 434-440, where these results are obtained from 
a different point of view. 

{In this section @=1,--..m+1;4,4,7=1,-. -,m and Latin indices take 
the values 1, ---, ». 
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Because of these results and (58.12) equations (58.5) and (58.9) 
reduce to 


(a eae eS es Qe 15 No} — Ko gi 2", 
o 


ae 
(64.4) AG ye == Qejz5 g'™ ar +> Cr ro) j Nr| 
1F 
(o,¢ = n-+1,.---, m). 


Proceeding as in § 47, we find that the conditions of integrability 
of (64.3) and (64.4) are 


(64.5) Rina = D>) es (Qeiin Qo jt — 26 it 265) + Ko Gie git— ga gin); 
Co 
(64.6) Qetij,x— ota, = D> er (trope Brij — feo j Qryen), 
ia 


' . 7 
Mro\j,k— ro|k,j +> Co (Hor|j Meo\k — Mor\k Hoo) 
Oo 


(64.7) ‘ 
+g" Qeij Qo ne — Qrine Qoinj) = 0 (0, 6,7 = n+, ---, m). 
These equations follow directly from (56.5), (56.6) and (0657) io 1t 
we make use of (64.2) and (58.12).* In this case we can show 
as in § 56 that, if we take the equations preceding (56.8) for 
6,t —=7-+1,---,m and 

if 


(64.8) De No\_ a Ds, D> Ge Zo oa = E;, Paes (2°)? — K ate 
75 a 4 0 


and choose initial values so that Ay, Boj, Cor, Do, E; and F vanish, 
then they vanish for all values of the «’s.t 

There are (m-+1)(m+2)/2 of these equations of condition on 
the (m+ 1)? functions 2° ;, 40\", 2“. Hence a solution of (64.3) 
and (64.4) satisfying these conditions involves m(m-+1)/2 arbitrary 
constants. We may account for these arbitrary constants by 
observing that, if 2” and >|“ are a set of solutions of (64.3) and 


(64.4), so also are Z given by (61.10) and no| given by 
*They follow also from (47.11), (47.12) and (47.14), if we note that 
Fon = Ky (a, Ca a Qi) ‘ 


f Equations (64.8) are merely forms of (56.8) for 7m41{% given by (64.1). 
14* 
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GENS ee 
Yo) = @ RS) 


DL 


where the a’s are subject to the conditions (61.11), when e = m+1. 
Recalling the intrepretation of (61.10), we have the theorem: 

When a symmetric tensor gj, (m—n)(m—n—1)/2 vectors tere|i(— Meri) 
and m—n tensors Qe); satisfy equations (64.5), (64.6) and (64.7), 
in which Ry ts a constant, the tensor gy is the fundamental tensor 
of a space Vn immersed in @ space Vp, of curvature Ky; Vn ts 
determined to within a@ motion in Vy. 

When » = n-+1, that is, when V, is a hypersurface of a space 
of constant curvature, we have in place of (64.3) and (64.4) 


(64.9) 2g = eQy 9° — Rogge’. 
> m z x 
(64.10) y 6 Se Q:; a 3 ra m> 


where the functions 2* and »* are in the relations 


(64.11) Saws See ee 
e 


the ¢’s being plus or minus one, such that the equations 


e 


bi . 
(64.12) ~ Cu? 32 5 = GF 
— 


admit solutions e* which are real functions of the a’s. The conditions 
of integrability are 


(64.13) Rigrr === e( Qa. Qy ee Qs Qx) 24 Te Ks (Ox Qu Gu Dix). 
(64.14) 25.%— 2a j5 = OF 


When two tensors gy and 2; satisfy these conditions, there exists 
a V» immersed in a space Vas of curvature K,, which is deter- 
mined to within a motion in the space. 

The arguments applied in § 60 to equations (59.3) apply in like 
manner to (64.13) with the result: 

A hypersurface of a space Vn of constant Riemannian curvature 
Jor n> 3 is indeformable in the Vn, if more than two of the principal 
radii of curvature are finite. 

* CR (3.20) and (43.21). 
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We establish the following theorem which evidently is a gener- 
alization of the results of $$ 57 and 59 for spaces of class one: 

A necessary and sufficient condition that the geodesics of a space 
of constant curvature Vn4ia normal to a hypersurface Vn of Vn along 
a curve C of Vn be tangent to a curve in Vn+i is that C be a line 
of curvature of Vn.* 

We establish this theorem by means of the results of § 63, 
where z{ and 7f denote respectively the codrdinates of a point of V,, 
and the oe of the normal to V, at the point, this normal 
lying in Vy. 

We consider first the case when the codrdinates of points on 
the gecdesics normal to V;, along a curve of the latter are ex- 
pressible in the form [cf. (63.4)] 


(64.15) 2 = 2 COS >, at Rat Si. =f 


where 2, 7 and w are functions of x’ which are functions of s 
for the curve. Now 


dz” = ore cos mar es a sin 
ds ds Rk 
(64.16) we 
Pte) 2 w dw 
ate a sin 4 a ene COS ee Rods 


In order that the point of coédrdinates 2% be displaced tangentially 
to the geodesic at the point, we must have as follows from (64.16) 
and (63.7) 


ade dnt w 
ee ASG 8 0 Wig z ne ), 
qe °S RP pole ve sin = e(— 2 sin ae vag COS 5), 


where @ is a factor of proportionality. If we multiply by c* 7g, 
sum for « and make use of (63.6) and ae Zo" 945. 9, we find 
that 0 == (0. Hence we have 


dat 
(64.17) « +Raé ; ta an 4) 7, = 0. 


* Of. Bianchi, 1902, 1, pp. 488-491. 
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When this equation is multiplied by c% g", and summed for «, 
we obtain, in consequence of (64.10) and (64.12), 
w\ dx 


(64.18) (ou — RQ, tan re 0 


Comparing this equation with (45.1), we see that the curves 
possessing the desired property are the lines of curvature of Vn, 
and if A; denote the principal radii of normal curvature, the 


quantities w; are given by 


wm hy 
(64.19) tan = See 


Conversely, when (64.18) are satisfied, we have 


: a 
© ce Les w\ ax 
Ca 20 .j 120 it R70 tan = ==— == ((), 
we a a (de R/ ds 


Also the equations 


= 0 


q z 
Co Ho (eo i+ Ryo’,; tan + a 
are satisfied identically. Since the determinant of these equations 
is different from zero, equations (64.17) follow, and consequently 
the theorem is proved for the case (64.15). 
Proceeding in like manner with the second case of § 63, we obtain 
similar results. In place of (64.19) we have 


Wi R; 
tanh = == R’ 
from which it follows that w; is real or imaginary according as 
fi; is less or greater than R. 

65. Spaces V, conformal to an S,. In § 28 we established 
by direct processes the conditions in tensor form that a space 
Vn be conformal to an Sn. In this section we show that such 
a Vn can be immersed in an Spi. and make use of the results 
of § 56 to obtain the conditions obtained in § 28. 

It V, is conformal to an S,, there exists a codérdinate system x’ 
for which the fundamental form of V;, is 


(65.1) p= wt 2) a (dai? C=] 
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where the c’s are plus or minus one and w is a function of the a’s. 
If we put 


z= ya, iS (x ci (a!) — “a 
(65.2) 
7 1 
grt — w (> Ci Gee ate +) 


we have from (65.1) 


(65.3) @ = > ce (de)? (a =1,---,n+2), 
where 

(65.4) ER ee m2 = —1, 

and from (65.2) 

(65.5) >, Cu (2%)? = 0. 


li we call (65.5) the fundamental hypercone of the Sni2 with the 
fundamental form (65.3), we have that V, is immersible in an Sp+2 
and is in fact a hypersurface of the fundamental hypercone (65.5). 

Conversely, equation (65.5) and any equation F(z", ---, 2n+2) = 0 
not homogeneous in the 2’s define a hypersurface of the hypercone. 
If in the equation F —0, we substitute the expressions (65.2), 
we find the function w of the a’s in terms of which (65.3) is 
reducible to (65.1). Hence we have the following theorem which 
is a generalization of a theorem due to Brinkmann:* 

Any Vn which is conformal to an Sy is a hypersurface of the 
fundamental hypercone of a certain Sny2, and any hypersurface 
of the fundamental hypercone of an Sn4+2 which is not a hypercone 
with the same vertex is conformal to an Sy. 

In terms of any coérdinates x’ in V, we have from (65.3) 


~ a C 
(65.6) 2 tae ae. j| = Oi: 


Differentiating (65.5) covariantly with respect to x’ and x/ and 
the fundamental form of Vn, we have in consequence of (65.6) 


a a 
a Ca é @ i oat 05 


Cae 2 ij = —GJu- 


(65.7) 


* 1993, 7, p. 1. 
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As in § 56 we denote by 7«\° for «1,2 the components of 
two mutually orthogonal unit vectors in S,+. normal to V,. From 
the first of (65.7) it follows that 2“ = ra“-+ ¢y2\". Substituting 
in (65.5) we find that r7e, +e. —0O. Hence e, and e differ in 
sign. Without loss of generality we take ¢ é2 = 1, so that 


(65.8) Ca (my)? = 1, > Cee (ya}")? = —1 
CG « 

and then ; 

(65.9) a r (at “1b no“), 


where + is an invariant. From the conditions 


DS >: Gr 0 
ae Cae i Io} = : 
a 


(65.9) and (65.8) we have 


ae ‘4 % dlog? 
(65.10) ae 12) ° mA) i — — See m1) 92) i Fi a 
@ red Ox 
Hence from (56.3) we have 
" é log 
(65.11) Ya —— —_ 19 —— = 
rele os 
so that 
2 a dlogr 
(65.12) No\ ——— — be ug a Ne erage (o,¢ = 1, 2; o+ tv). 


From the second of (65.7) and from (65.9), (56.2) and (56.1) 
we have 


; \ 


< ot 
(65.13) bay = — {bi Ear gis) « 
In this case equations (56.5) reduce to 


1 } 
Rigg = = (bayae Gi + Dryje Gaa— Dajix gyz — br) j2 Gin) 
(65.14) 


uy 
> Git Ge — Gir 970): 
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in place of (56.6) we have 


dlogr dlogr 


ca en. 1 ek 
(65.15)  dijéj,n— d1 yx, = Sak (Pair . gi ee (Onin t a) 


and (56.7) are satisfied identically. 
By means of (65.9) and (65.13) equations (56.2) can be written 


a 1 i om 
(65.16) 2 ai = (ea e+ gij Mi); 


and (65.12) for « = 2 becomes 


= rz % ity a 1 a , g& y 
(65.17) q2\°a = Daye Gof a Te at (m4) a. 
iP fp Ot 
When (65.14) and (65.15) are satisfied, equations (65.16), (69.17) and 
0 Zz oe 
i ee 


form a completely integrable system in 2“, 2°; and no. Asin § 56 
it can be shown that if the initial values of the quantities are 
chosen so that 


(64 (4 a a 
tae Rae ,J 5 Yijs D) fet Zz yt = 0, 
a a 


(65.18) 
2 6a Pea = U, Duta (fy 0; 
these equations will be satisfied by all values of the w’s. Hence 
two tensors gj, diy; and an invariant r in the relations (65.14) 
and (65.15) determine a Vn with the fundamental tensor gij which is 
conformal with an Sn. 
If we put 


1 1 
(65.19) diy = —— buat 9,3 Iu» 


equations (65.14) and (65.15) become 


(65.20) Rina = gin dat ga dx — gir dia — gj dix 
and 
(65.21) dij,k— dik,j eas 
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From (65.20) we have for the components of the Ricci tensor 


(65.22) Rix = ging" dat (n — 2) dix 
and consequently 
R= 2(n—1)9% dy. 


Hence from (65.22) we have 


1 
>’ R jx V 


IPC = fi oe ] re 
eng Ok a" Gy eee 


When these expressions for the d’s are substituted in (65.20) and 
(65.21), we get equations (28.17) and (28.19) respectively. 


Exercises 


1. Determine the conditions which the functions to must satisfy, in order that 
for the normal of components 


re rs Ne ny (6 = a+1, Soe ts n+p) 


the conditions (57.3) are satisfied identically. 
2. Show that in a euclidean space of n (> 3) dimensions there are no hyper- 
surfaces of constant negative curvature. Bianchi, 1902, 1, p. 485. 
3. When the fundamental form of a space of constant curvature K, is definite, 
the hypersurfaces of constant curvature AK are such that K> LG. 
Levy, 1925, 1. 
4. A necessary and sufficient condition that a hypersurface of a space of 
constant curvature be of constant curvature is that the lines of curvature of the 


hypersurface be indeterminate. Levy, 1925, 1. 
5. Show that, if in (27.4) the d’s are given the values zero and the c’s are 
chosen so that oe c, = 1/4, the fundamental form is reducible to 


eet De, Sa 2 
[Deo a 


on replacing x’ by Rat and K, by e/R*. 
6. When in (61.2) we put c,= e, and Cri, = @, this equation is satisfied by 


2 é 
: e€. 2 — — 
F Sytele 


ott ——= R : 


? # 5 es 
2 e, ae a Pe @ af? . 


and in terms of the 2’s the fundamental form is that of Ex. 5. 


VAs eos of Bp 
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7. When a hypersurface V, of a space of constant curvature admits  con- 
gruences of lines of curvature, their tangents are Ricci principal directions 
for V.. 
8. When in the equations of § 65 we put 27+? = FR or 2**'= R, we have 
the case of spaces V, conformal to spaces of constant curvature. 
9. The third fundamental form of a hypersurface of an S,,, is given by 


pS Dee (dye)? = b, b, g@ dat dx’. 


10. When V,, is a hypersurface of a space of constant curvature, from (64.10) 
it follows that 


= ¥\2 — Q ¢ ki i J 
y= Dita (d7") = 2, Log auiaus. 


Bianchi calls this the third fundamental form of the hypersurface. 
Bianchi, 1902, 1, p. 488. 
11. When in (27.4) a=0, ¢, =0, 6, =0(G9 =1,---,»—1), this equation 
beconies K, = —4e, b? and the fundamental form of the space of constant 
curvature Ko is 


e, (dat)? + «+. +e, (dan)? 
4b? ge ; 


a 


12. When the fundamental form of a space of constant curvature is 


e, (dat)? + --- +e, (da)? 
—p SS = 
6 ae 
nr 


the function 


ss 


fn 


fie ni? Re tN n? 
a faa") =e, Gaye a |, 


where the a’s are arbitrary constants, in such that 4,U = U*. Hence (§ 19) 
the finite equations of the geodesics are 


: , 1 : 
oe aN tee ie a” U (eee 
ti — Oo == yen Oye U (7 — it ,nm—1), 
where the b’s are arbitrary constants. Bianchi, 1902, 1, p. 422. 


2 
13. If U in Ex. 12 be replaced by 7 


the equations of the geodesics can be written 


e, where ¢. b? = ¢, bi +++ 14, boa 


b \ 
eo z a gi = tee —-tanhs (F=1,---,n—1), 
beoshs ' 21 De 
where the c’s are arbitrary constants. Bianchi, 1902, 1, p. 422. 


14. For a given set of values of c/ in Kx. 13, the geodesics of V, lie in the 


hypersurface 
bea A eo e 


» e; (ai—c/)* +e, a" = roe 


j 


and are geodesics of this hypersurface (§ 24). Beltrami, 1868, 1, p. 234. 
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15. Show by means of the theorem of Beltrami (§ 40) that the hypersurfaces 
in Ex. 14 have constant Riemannian curvature. 

16. The determination of n-tuply orthogonal systems of hypersurfaces in 
a space of constant curvature Ky reduces to the solution of the system of 
equations (ef. § 37) 


0H, 08, Rare 
bat = MsPu Gage — Baby = 0 (i,j,k #), 
08, | 8B, 
sent taens +24 © Ou Pr By; + KK, ¢, ¢; H, H, = 0, 


where §.. = 0. 

17. When a space of constant curvature Ky is referred to an n-tuply orthog- 
onal system of hypersurfaces x’ = const. and the fundamental tensor has the 
form (87.1), the functions 7%, defined by 


Oz" 


age a, (t=1,---, xn), 


where z© are coérdinates of Weierstrass, satisfy the equations 


2eq 27 = 0, Login =e, Deg ng 7 ==) ae 
a a 7 
Shew that (ef. § 37) 


07, 07, © 
| : 
— 7 ap. = — a ee 2k 
Axis 15] Bi; Bat es %y A By, ¢, K, H, z : 


Bianchi, 1924, 3, p. 651. 


CHAPTER VI 


Groups of motions 


66. Properties of continuous groups. For a Vp expressed 
in terms of codrdinates 2* the equations 


(66.1) ee ee (eae e/a 


where a is a parameter, define for each value of a a point trans- 
formation of V,. Ifthe functions f* are such that the combination 
of two such transformations is one of the transformations (66.1), 
and if also the identity transformation and the inverse of every 
transformation is in the set, then these transformations are said 
to form a one-parameter continuous group of transformations.* 
In this case the z’s considered as functions of a satisfy a system of 
differential equations of the form 


wt 
(66.2) =— = wa) PG, a, ---, £%).4 
6 
If a) is the value of a for the identity transformation and if 
a 
we put t= ["v) da, the equations (66.2) become 


ax* nee a 
2S rd Cie Bre EP. 


(66.3) 


dt 


and the identity is given by ¢ = U. If the functions § are 
assumed to be regular in the domain of x, the integrals of (66.3) 
can be written in the form 


Ls : Ae ggliyi aa 
Yin — pt & pt ii re) —_ —— poe 
(66.4) x z (x)t+ pee, 


«The restriction that the identity and the inverse of every transformation be 
in the group is not made in the general definition of a group as given by Lie, 
1893, 3, p. 368. However, the above definition is in keeping with that generally 
in vogue today, and the groups of the less restricted type are called semi-groups. 

+ Of. Lie, 1898, 3, p. 371; also Bianchi, 1918, 4, p. 63. 
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If we introduce the notation 


mre) 
(66.5) Xf = $ £ 


and indicate by X”f the result of performing the operation Y¥ 
on fr times in succession, equations (66.4) can be written 


y .  £ pee oe 
(66.6) z= aot Kat fe ata a aa 


Moreover any function F(a',---, 2”) regular in the domain of 2 
is expressible in the form 


= ee 
(66.7) F(z}, --., 2") = FU Coe Eee cio eon P.O) 1g a ee anes 


When in (66.4) we replace ¢ by the infinitesimal dt, we obtain, 
on neglecting terms of higher order, 


(66.8) xe == git 6, 


This is the infinitesimal transformation of the group and from 
(66.8) we have that the x’s undergo the infinitesimal change 


(66.9) Oi net Oy, 


Moreover from (66.7) we have that the change of any function F 
is given by 


(66.10) OFS 0 t 


The equations (66.8) are uniquely defined by the form of Xf 
which Lie* calls the symbol of the infinitesimal transformation of 
the group. The equations (66.4) of the group are then determined; 
the group is said to be generated by Xf. It is understood that 
Af and aXf, where a is any constant, generate the same group. 
We shall at times refer to Y J as the generator of the group. 

Equations (66.3) define a congruence of curves in Vp, the paths 
of the group, each of which is described by a point as the latter 
undergoes the continuous transformation of the group. 


* 1893, 3, p. 890; Bianchi, 1918, a, pot, 
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From (66.3) it is seen that &’ are the contravariant components 
of a vector; we call them the contravariant components of the 
infinitesimal transformation. From § 2 it follows that there exists 
a transformation of codrdinates 2”? = 2!, 2! = gi(z!, ---, 2”) for 
j = 2,---, nn so that in the new system the components gE — 0 
for j = 2,---, n. If we effect the further change defined by 


on (ae git? x" = q!! (jee et) 


or “is ; : s a) 
it follows from (66.5) that in this system Af = Buin Hence: 
0x 
The codrdinates of a Vn can be chosen so that the contravariant 
components of the infinitesimal transformation of a one-parameter 
group are 


(66.11) >= I, p= © (G2) ae). 
In this coérdinate system the finite equations of the group are 
(66.12) ee then coll = 7 


as follows from (66.4). As an immediate consequence we have 
that a one parameter group containing the identity contains also 
the inverse of every transformation of the group. 

When the equations of a transformation involve r essential 
parameters, thus 


(66.13) fo 7 a, es oo) C= es 


and these transformations possess the property referred to in con- 
nection with (66.1), they are said to form a group G,. We say 
that r infinitesimal transformations 


hao.) 
(66.14) va f = Sa) 24 (Ca cr Oe r) 


are linearly independent, when there do not exist constants c% for 
which 
(66.15) Cen == 0: 


Suppose that 7 linearly independent infinitesimal transformations 
satisfy the conditions (cf. § 23) 


DMA VI. Groups of motions 
(66.16) (Xi Xf = cag fe By Lae 


where the c’s are constants, called the constants of composition 
of the group, and are subject to the conditions 


ie Y 
Cup + Ce =a 0, 
(66.17) : 
y € y € / 
Cap Cys + C83 Oye eae Cyp == (() 
(ee, B, Y; 0, € a= : are r). 


It can be shown™ that the Xe generate a group G, consisting 
of all the groups G, generated by the infinitesimal transformations 


(66.18) a” Xa f, 


where the a’s are arbitrary constants; and conversely every group G,. 
can be generated by y linearly independent infinitesimal trans- 
formations (66.14) satisfying (66.16) and (66.17). 

If the components & of an infinitesimal transformation are regular 
in the neighborhood of a point P, of coérdinates x, and they are 
expressed in the form 


(GGAG)) 94 = Sota oe! (ai — 15-8 as oe! (ai — 204) (ac* — Oo) cle colegee 


we say that the transformation is of order zero at Py), when not 
all of the «i? S are zero; that is of order one when all the ki? $s are 
zero but not all the a : and so on. 


Consider the matrix 
dy 1" 


NE Ss 


“—~ 
SS 
[ep 
SS) 
S 

— 


a 
yl 


of the components of the generators of a G,. If the rank of M, 
when the x’s are replaced by the 2’s, is T, then in the equations 


S15 > 


apy 1893, 3, pp. 391, 396° Bianchi, 1918, 4, pp. 97, 98. 
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y — Tp) of the a’s can be chosen arbitrarily and the others expressed 
in terms of them. Hence there are »—v‘ linearly independent 
transformations (66.18) of order greater than zero at Po, and 7, 
linearly independent transformations of order zero. 

From equations (66.4) it is seen that if an infinitesimal trans- 
formation is of order >0O at Po, the finite equations of the group 
generated by it leave Py fixed. The + — 7% infinitesimal generators 
of order >O generate a Gz, Which is the sub-group of G, 
leaving P) fixed; it is called the sub-group of stability ot P.* 

67. Transitive andintransitive groups. Invariant varieties. 
A group is said to be transitive, when by means of its transformations 
any point can be transformed into any other point; otherwise it 
is intransitive. For example, the group of motions in euclidean space 
of three dimensions is transitive, whereas the group of rotations 
about a point is intransitive. From the finite equations (66.13) 
of a G, it follows that for a transitive group 7 2 n. 

For an intransitive group G, there are subspaces V», of V,» such 
that any point of a Vm is transformable only into points of Vm; 
otherwise by a combination of transformations a given point could 
be transformed into any other point of V,. Such a Vm is called: 
an invariant variety for G,. 

If we consider any point Po of V, and as in § 66 denote by v% 
the rank of the matrix M for Py, there are t independent in- 
finitesimal transformations which transform Py) into nearby points 
and any linear combination of the form (66.18) for a —1,---, % 
possesses this property. Hence the paths of these transformations 
determine a V;, into points of which P, is transformable, and the 
sub-group of stability of Py is of order r—t. If G, is transitive, 
% == n, since V;, is the same as Vn by the above definition of 
a transitive group. If G, is intransitive, Vr, is a sub-space of Vn. 
It is the invariant variety of lowest order containing P > and is 
ealled the minimum invariant variety for Py. If 7’ denotes the 
transformation by means of which P) is transformed into a point P’ 
of V,,, T’1 its inverse and T any transformation of stability of Po, 
then 

TEE ACP iP 


* Bianchi, 1918, 4, p. 147. 
1h 
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Since all these transformations 777’ are distinct, the group of 
stability of P’ is of at least the same order as for Py, and by 
reversing the process we have that it is of the same order. Con- 
sequently V;, is the minimum invariant variety for any point of it. 
Accordingly the equations of V;, are obtained by equating to zero 
all the determinants of WM of order t)-++1. Moreover, the sub-group 
of G, generated by the zc) infinitesimal transformations referred 
to at the beginning of this paragraph is a transitive group for Vz,. 

From the foregoing considerations it follows that, if the equations 
obtained by equating to zero all the determinants of the same 
order of M are consistent, they define an invariant variety with 
respect to G,. From this we have 

According as the rank of the matrix M in the x’s is n or less, 
G, as transitive or intransitive. 

If the rank of M (66.20) in the w’s is g(<n), and P is a point 
for the codrdinates of which M is of rank g, then the minimum 
invariant variety for P is a Vj. But if for the codrdinates of P 
the rank is r<q, then the minimum invariant, variety for P is 
a V, and is obtained by equating to zero all the determinants 
of M of order r+1. 

If the rank of WM is g(<n), then all of the equations 


(67.1) Xaf —= 0 


are expressible in terms of g of them. In consequence of this 
result and of equations (66.16) it follows from the theorem of § 23 ° 
that equations (67.1) form a complete system and admit n—q 
independent solutions 9i,---, yng. From (66.10) it follows that 
any solution of equations (67.1) is an invariant for G, and con- 
versely any invariant is a solution of (67.1). Hence every invariant 


of G, is a function of 9;,---, ~n-¢. From these considerations 
we see that the equations 
(67.2) 9, (23,---, a") = 95 (a},---, a8) (B=1,---,n—g) 


define the minimum variety for the point Py of codrdinates xp. 
Let Vm be an invariant variety for a G,, defined by the equations 


(67.3) xi == gilyl,..., y™), 
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Since the paths of the transformations must be in V»,, we must have 


Sec eee mt Ne 
(67.4) Sa = eae ies Lead a = i eh 


where the 7’s are functions of the y’s. Now 


ee ee eine eof 
(67.5) of = S| za = Tel byt == of. 
Hence the Y’s are the generators of a group Z’ in Vi which is 
said to be induced by Gy. 
If Vis of order less than +, there exist relations of the form 


(67.6) Ca = 0 
and from (67.4) 
(67.7) os? = 0 


at points of V,,. In this case the transformation of G, of components 
(67.8) ge = 67," 


leaves V» point-wise invariant. Conversely, if (67.8) leaves Vin 
point-wise invariant, then (67.7) must hold at points of V», and 


Ee | is of rank m, (67.6) must hold. 


since the Jacobian matrix 


Hence: 

Tf Vm is an invariant variety for a G, and a sub-group Gp of 
G,. leaves Vm point-wise invariant, the group induced on Vm, by G, 
is a Gr—p; and conversely.” 

From the definition of minimum variety it follows that the group 
induced in such a variety is transitive, whereas for any other 
invariant variety it is intransitive. 

_ 68. Infinitesimal transformations which preserve geo- 
desics. If a V;,, with the fundamental form 


_ (68.1) y= gy dx dx 


* Of. Bianchi, 1918, 4, p. 165. 
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is subjected to an infinitesimal transformation defined by (66.8), 
then from (66.8), (66.9) and (66.10) we have 


fe : 9 & - : ee Oi ee 
(68.2) dda = doz’ = ah Oe ot, og; = ae he 


and consequently from (68.1) 


(68.3) dy = hy da de dt, 
where 

20 4 0 Oi 0 gk kk ke ek 
(68.4) hy = eee + gg, sol 1 GR ag Gees Jt Oke 


oa °° 
Erom (68.3) it follows that the fundamental tensor of the trans- 
form V, is given by 
(68.5) Vy = gig thy Ot. 
For infinitesimal transformations which preserve geodesics we 
have equations of the form (40.6) and (40.8), in which wv; is replaced 


by w,0t, where w,; is the gradient of a function wy. From the 
latter and (68.5) we obtain 


(68.6) hijk = 295 Wt gin Wit ga Wj. 


From (68.5) we have (cf. § 6) 
g = gdtgqry dd, 


and from equations analogous to (40.7) 


) 1 % 
(68.7) Wk = rieearie hij k. 


Since (68.4) can be written in the form 


(68.8) hg = & 5 +83, 
equations (68.7) become 


/ i ae 
(68.9) Je Se mie Ei, jk. 


From (68.6) we have 
(68.10) rij, + hie, — Iyx,e = 2 (ge Wet gin W,)). 


68. Infinitesimal transformations which preserve geodesics VAS) 


Substituting in this equation from (68.8) and making use of Ricci 
identities (§ 11) of the form 


(68.11) Fn Se Sen ee ie 
and of the identity (8.11), we obtain 
(68.12) Si je = — Sm Rong + oy Wie + Gen Wj. 
From these equations and (68.9) we must have 
Ee a = 0} 


which is identically satisfied, since R”7,4; is skew-symmetric in ¢ and /. 
The conditions of integrability of (68.12) are [cf. (11.15)] 


« nit TU t ne t- mm ‘- nh 
Em (RP nij,1.— Buje) + &m,tR wig —SmeR uj + Sim jr 


(68.13) 
+ Em j Re nat ga Win — gin Yn = 0. 


Multiplying by g” and summing for 7 and /, we have 


1 me ev © 1 il « nn 
(68.14) Wij, = ea (Gnde pat em: Bh een Gh Gey Emme inji,t), 
where R”; = g”” Ryj.* 
Since w., must be symmetric in j and k, we have from (68.14) 


Em [RR jn— Rx, + g (RP yit— Ri) = 0. 


When the expressions (68.14) are substituted in (68.13), we obtain 
equations of condition linear in §; and &,; for 7,7 = 1, ---, m 
In addition, the conditions of integrability of (68.14) are linear in 
&, &,; and y;. From these equations we obtain by continued 
differentiation other equations linear in &;, §,; and y,;. All of these 
equations must be algebraically consistent, if the given Vp is to 
admit infinitesimal transformations preserving geodesics. 

* Bor, 9%, Bt = IE mF By = IF, I Raye = Fn G" B's by changing 


“mM, 


the dummy indices. 


e 
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When V, is of constant curvature Ky(+ 0), equations (68.13) 
reduce in consequence of (40.12) to 


Git [Ko (S30 + §1,5) + Y, it] — Gee [Bo (§,1-+ £1.) + Yn] = 0, 
from which follows, for n + 1, 
(68.15) Ko Sj t+ §ad+ vy = 0. 


From the second of (40.13), where now Ay = Ko gi — Wy Ot, and 
from (68.5) we have Rag = Koni gu—gmgii), Which is in 
accordance with the theorem of Beltrami (§ 40). In this case 
equations (68.12) reduce to 


(68.16) Sin == Ko (gin §& — gine &) toy Wnt Gin W,j. 


Differentiating (68.15) covariantly with respect to a and sub- 
stituting from (68.16), we find that w must satisfy the equations 


(68.17) WD ijn t Ko (2 945 Wi + gin Wj + Gik Yi) = 0. 


The conditions of integrability (40.17) of these equations are satis- 
fied identically. 
If we put 
’ es A 
Sy SS ee je Be 
(68.18) OY =I) oi UY, ’ 
where y is any solution of (68.17), equations (68.15) and (68.16) 
reduce respectively to 


(68.19) = Ry 
5 ie == JK, (Gik a — Gik E). 


In § 71 it will be shown that these equations admit n(n + 1)/2 
independent solutions. Hence for each solution of (68.17) there 
are n(m-+-1)/2 independent infinitesimal transformations of a Va 
of constant curvature preserving geodesics. 

69. Infinitesimal conformal transformations. From (68.5) 
and (68.8) we have the V, resulting from an infinitesimal trans- 
formation of a V, is conformal with Vn, When 


69. Infinitesimal conformal transformations 931 
(69.1) hy = Sy + Ss = wow; 


where is an invariant. The case where yw — 0 will be treated 
in the next and subsequent sections. 

A necessary and sufficient condition that the paths of two trans- 
formations § and & be the same is that & — o&, From (69.1) 
and analogous equations in the &’s we have in this case 


ej, Sto078 = W— ow) gy. 


Consider first the case when ~— ey=0. One of the &s must 
be different from zero, say §. When we take : —j —1, we 
get 01 — 0; and when we take i—1,7+1, we get oj = 0. 
Hence ¢ is a constant and the two transformations are the same. 
When ~ —ow + 0, it follows from the above equations that the 
rank of the determinant |g,| is not greater than 2. Hence we 
have the theorem of Fubini:* 

Two infinitesimal conformal transformations of a Vn for n> 2 
cannot have the same paths. 

From (69.1) we have 


aj, + hin,j — lojnt = Gi Wut Gin W,5— Dik Wi: 


Proceeding with this equation in a manner similar to that followed 
in the case of (68.10), we get 


as ae 1 
Eiji = — Em RB wat > Gu Vet Gee Wi — Git Y, 4)- 
The conditions of integrability of these equations are 


« 7 Vi mm « ny ry 
mm Re i,t — Rij.) + Et Bei — Smye Boj t+ i,m Be jes 


tye 


(69.3) i 
+ Em,j Raat ge (git W, je— gik W,1-+ Gk Yar — git Y, ix) = 0. 


If these equations be multiplied by g” and be summed for 7 and J, 
we get 


* 1903, 3. p. 410. 
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<7 ¢. « mR < m : pt pe a ZOKS) a 
g® Son R551 Sm R Ue ergy Si R i> Sm, R kT 2 (n 2) Wik 
(69.4) 1 
| / aS * 
+> Jik dow = 0; 


where Asw is defined by (14.3). Multiplying by g/* and summing 
for 7 and k, we have 


» : < 

& os j ~ Me 
(69.5) 4, Ww ~ n = (Sm Re SG Sm,i R }; 
where RP” = 9” RB = gg” Ry. Substituting this expression 
for 4,w in (69.4), we have w jx expressed linearly in terms of §; 
and §;,; for 7,7 = 1,---, , and the general procedure to be applied 


to this case is similar to that applied to (68.12), (68.13) and (68.14). 
When J, is a space of constant curvature Ky + 0, equations 
(69,3) reduce in consequence of (40.12) and (69.1) to 


Ko W (git Gik —- Gik Git) 
(69.6) 1 
+ > Git V, ik — Gik Ba++ Oe Yt — Gn Y, x) = 0, 


and (69.4) to 
(69.7) 2 Ke (2 —1) Dik Ww os (2 od 2) Wik + OK Ao wy = QO. 


Multiplying by g’* and summing forj andk, we have A, -+K,nw=0, 
by means of which (69.7) reduces for »>2 to 


(69.8) Wik + Ko gnw = 0. 


When w is a solution of these equations, equations (69.6) are 
satisied identically. Moreover, the conditions of integrability of 
(69.8) are satisfied. If we have any solution of (69.8), equations 
(69.1) may be written by means of (69.8) in the form (68.15). 
Tf in this equation and (69.2) we make the substitution (68.18), 
we obtain (68.19). Consequently for each solution of (69.8) there 
are n(n -+1)/2 independent infinitesimal conformal transformations 
of a V, of constant curvature. 

Let G, be an intransitive group of conformal transformations 
of a PV, and take for the hypersurfaces x! = const. co? invariant 

* Of. footnote p. 229. 
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varieties, x’ being the parameter of the orthogonal trajectories of 
these invariant varieties; also we take hypersurfaces formed by 
these trajectories for z/ = const. where 7 = 2,---,. It is assumed 
that the orthogonal trajectories are not null curves; hence we have 


(69.9) gu + O, 75° =_0 (P22 eH): 


Since the hypersurfaces x’= const. are invariant varieties it follows 
from (66.10) that &)— 0. When in the equations (69.1), in which 
kt 


hi is given by (68.4), we take i= 1, 7 +1, we get gy oe Be HV 
Hence ed for 7 = 2,---,m are independent of x’. Consequently 


the codrdinates can be chosen so as to involve »—1 variables, 
and the group transforms conformally into itself not only V,, but 
also each of the V,-:’s. For 7=jy=— 1, the equation of con- 
ets Ot 
dition is &¢) 5 xk 
the V,—1’s do not admit a sub-group of stability and are minimum 
invariant varieties, if the rank of M (66.20) is n—1. In this 
case the group is a Gp-1. 

If the V,_1’s are not the minimum invariant varieties, we may pro- 
ceed with any of them as we did with V,, and reduce the group to 
one operating on »-—2 variables; and so on. Hence we have:* 

Tf a group G of conformal transformations of a Vn admits 
minimum invariant varieties of order m, the group may be reduced 
by means of a transformation of variables to a group on m variables 
with only m linearly independent transformations. 

70. Infinitesimal motions. The equations of Killing. 
When, as remarked in § 27, a space V, is of such a character 
that there exist two systems of codrdinates, x’ and x’, for which 
the corresponding coefficients gj and gj of the fundamental forms 
are the same functions of #* and z* respectively and the equations 
of transformation of the two sets of coérdinates involve one or 
more parameters, these equations may be interpreted as defining 
a continuous motion of the space into itself. In § 27 it was shown 
that any space of constant curvature admits a continuous group 
of motions of n(m-+1)/2 parameters, and that spaces of constant 


= wg. Since +0 and gi, +0 by hypothesis, 


* Fubini, 1903, 3. p. 405. 
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curvature are the only ones admitting a group with n(m+41)/2 
parameters. Also it was pointed out that the method of Christoffel 
(§ 10) could be used to determine whether a given space admits 
a group of motions. In the remainder of this chapter we apply 
the Lie theory to this problem. 

We remark that if a V, admits a group of motions, the fundamental 
form (68.1) of V», must remain invariant for every infinitesimal 
transformation of the group, which accordingly determines an in- 
finitesimal motion of V, into itself. 

From (68.4) and (68.5) it follows that the contravariant com- 
ponents & of an infinitesimal motion must satisfy the equations 


@ Ose 


lard ch 8 Gj ae 
(70.1) ot re + Oak Aig + Oj 8 at =e 0, 
which by (68.8) are equivalent to 

(70.2) Pasig a= OF 


These equations of condition were first obtained by Killing* and are 
known as the equations of Killing. 

From (66.9) we have that the magnitude of the infinitesimal 
displacement in a motion is given by 


(70.3) (bs)? = egy & & (6 1)’, 


and consequently in order that there may be a motion, we must 
have 
(70.4) gi $ & + 0, 


that is, the vector-field of an infinitesimal motion is not null. 

We shall show conversely that if equations (70.1) are consistent 
and admit a solution satisfying (70.4), these &’s determine the in- 
finitesimal generator of a group G, of motions of Vn. To this end 
we assume that the codrdinates are chosen so that the &’s have 
the values (66.11). Then equations (70.1) reduce to 


Das 
(70.5) Ti 0 Gj = Ly a 


da} 


Soe tap. 167% 
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Hence the g’s are independent of at and consequently the fundamental 
form is transformed into itself by the finite equations (66.12) of 
the group. Hence: 

When a space admits an infinitesimal motion, it admits the finite 
continuous group Gy of motions generated by the infinitesimal motion. 

Conversely, when (70.5) are satisfied, a solution of (70.1) is given 
by (66.11). Therefore: 

A necessary and sufficient condition that a Vn admits an infinites- 
imal motion is that there exist a codrdinate system in terms of 
which all of the g’s do not involve one of the codrdinates, say 
xz, and 91, +0; then the curves of parameter x are the paths of 
the infinitesimal motion and also of the finite motion. 

From the foregoing considerations and those of § 68 it follows 
that lengths are preserved in a motion and that geodesics go into 
geodesics. We shall show directly that angles are preserved. The 
angle between two directions defined by d,2* and d,a’ is given 
by [cf. § 13.4)] 

Foca 22 Ju dy a dy x! be 4 
V (e, gj dy a? dy x) (e2 gia dy x* de x!) 


In consequence of (68.2) and (70.1) we have 


29 Eh 9 &k 
6 (gy dx? dx!) = eS : BAS gape Ay a Gik A: ==) dhart yoo) Ot = == Q, 


and therefore dcosa =— 0. Hence: 

When a Vn undergoes a motion into itself, lengths and angles are 
preserved and geodesics go into geodesics. 

By considerations similar to those at the beginning of § 69 for 
y= w= 0 we have: 

Two motions of a Vn cannot have the same paths. 

We shall prove the following theorem: 

Lf a space Vn admits an intransitive group Gr of motions, and 
a hypersurface Vn—1 is an invariant variety, the hypersurfaces geo- 
desically parallel to it are invariant varieties. 

Let the family of geodesically parallel byporsuniaces be the 
spaces #' == const. and choose for the parameter x’ the distance 
from the given V,-1 measured along the normal geodesics. Then 


gu = 4, . gyi 0 Gap 1): 
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Since x’ = 0 is an invariant variety, it follows from (66.9) that 

&5| = 0 for # = 0 ando—1,.. ret) Brom (101) for ==7— 
< 1 

we have ae —= 0 and consequently & — 0 for all values of x* 
x 

and the theorem is proved. 

Suppose now that the minimum invariant varieties of a group Gi, 
of motions are hypersurfaces. We take them as the hypersurfaces 
x == const. and choose the other codrdinates so that (69.9) 


hold. Then ¢'= 0, Equations (70.1) for 7 = j =1 reduce to 


FLO — 0 (¢=2,-..,n). Since the rank of If (66.20) is m—1, 


91. 1S a function of z' alone. Hence: 
Lf the minimum invariant varieties of a G, of motions are 
hypersurfaces, they are geodesically parallel. 


c 
So| 


Exercises 


1. Determine the solution of equations (68.13) and (68.14) when the space 
is flat and the codrdinates are cartesian. 
2. Show that a V; with the fundamental form 


y = & (dat) + X; [es (da) + e (da)’], 


. . . 1 . . OAS 
where X, is an arbitrary function of x alone, admits the intransitive group Gs 
of motions of which the generators are 


ao8 : C3 x3 d €5 x 
Ao) 3 3 . 
Ou?’ Oa?’ Ox? 0x3 


Bianchi, 1918, 4, p. 545. 
3. Show that a V4 with the fundamental form 


OV a (dat) + X; [es (da?) + ey (dixct)” +e, (dxs)’], 


where X, is an arbitrary function of 2! alone, admits the intransitive group G; 
of motions of which the generators are 


ae ee 
Oe SS 0e FP iat? 
a) 0 0 0 0 
3 pape F 4 3 . ap 2 aA 
€3 & x C4 C3 C2 BA BH? 
on On?” Oa Ou os ghee areas 


Fubini, 1904, 4, p. 64. 
4. Show that a V, with the fundamental form 


g = Xi [(dat) + e" dat)’ + eda)" + dat)’, 


where X, is an arbitrary function of a! alone, admits the transitive group G, 
of motions of which the generators are 
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a 


yeh. Soe ree a gs 0 
27 9a? ar Fs eae Pe ie ee Bat 


jo) 
8 


Oa at fh 2 (0, 8 285 
Oat Aah Cae 8 ‘ 
Fubini, 1904, 4, p. 64. 
5. If § are the components of a motion and 4‘ the components of the unit 
vector tangent to a non-minimal geodesic, then &, 1‘ is constant along the geodesic. 


mek 1 5 
- ee ae 2. : [(a)?— (xB)? e 22] 


71. Conditions of integrability of the equations of Killing. 
Spaces of constant curvature. From equations (69.2) we have, 
on putting w — 0, 
(71.1) 


i a eS UME 
a a Sm ae kij> 


See 


and from (69.3) we have as the conditions of integrability of these 
equations 

~ 7 NL ne & ne 

Em (RR nyt — Rw) + &mt Brij — Sm By 


(74-2) 
~ Wit < Vi eS 
+ &; 1m BR” ja t+ §m,j Rm = 0. 


From these equations and (70.2) we have: 
Tf &o; for 6 =1, +++. r are the components of infinitesimal motions 
of a Vn, so also are a° &gi, where the a’s are arbitrary constants. 
We establish also the following theorem: 
If Xcf for ¢ =1,---, r are the generators of infinitesimal 
motions of @ Vn, so also are (Xe, Xz)f for 6,¢=1,---, 7 Ae), 
Consider the case where o 1,7 = 2. If & are the components 
of (X,, X2)f, then 
Ok ek Sy, 


Se ee 
alae ee etl Eo) — So $1) ,k, 


g => §y Oak 


from which by means of (70.2) we have 
beh yy Soe hay Sue 
In consequence of (71.1) we have 
Ee = (— Bal y Soe + Sal y Sanee) + Sa” Eo\* (Bicijm — Femijt) 


Because of (8.10) it follows that &;-+ §,; = 0 which was to be 
proved. 
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From (71.1) it follows that the second and higher derivatives 
of & are expressible linearly and homogeneously in terms of &; and 
their first derivatives. Hence (§ 66): 

The transformations of a group of motions are of order zero or 
one at any point of Vn. 

We observe that (70.2) are the conditions (§ 39) that the equations 
of the geodesics of V, admit the linear first integral &; da = const. 
Hence: 

When a Vn admits a group G, of motions, the equations of the geo- 
desics of Vn admit r linearly independent first integrals, and conversely. 

We have seen that the second and higher derivatives of the &’s 
are expressible linearly and homogeneously in terms of the &’s and 
their first derivatives. These n(n-+ 1) quantities must satisfy the 
n(n -+ 1)/2 linearly independent conditions (70.2), and consequently 
the general solution of (70.1) admits at most n(n-+ 1)/2 arbitrary 
constants. Hence the complete group of motions of a V,, involves at 
most m(m-+ 1)/2 parameters. In § 27 it was shown from other con- 
siderations that a space of constant curvature admits a continuous 
group of motions of n(n-+1)/2 parameters, and that this is a charac- 
teristic property of such spaces. We shall establish this result from 
the present point of view, and observe that the condition is that 
equations (71.2) must be satisfied identically, when the conditions 
(70.2) are imposed. 

As a first consequence we have 


(71.3) BR j,1— Ryn = 0, 
and since the other terms of (71.2) can be written in the form 
Emp (OF BR” naj — Of Re yg + OF Ra — OF Ry) = 0, 
on taking account of (70.2), we have the conditions 
Of Rj — Of” Roy —- OF Ry + 0? Bug + OF Rg — Of Rng 
— OF RR pa + OP Rp = 0 - (p +m,k+2). 


Contracting for 7 and p and: making use of (8.11), we get 


n 1 wi 
Ry = Duy Oi Ru — oP Ry), 


72. Infinitesimal translations 239 


which are equivalent to (40.21), the conditions that V, have con- 
stant curvature. In view of the preceding theorem we have: 

A group of motions of a Vn has at most n(n+1)/2 parameters, 
and this number only in case Vy has constant curvature. 

A space of constant curvature is characterized by the property 
that the equations of its geodesics admit n(n--1)/2 linearly in- 
dependent linear first integrals. 

72. Infinitesimal translations. In § 23 we saw that when 
a Vy, admits a field of parallel vectors, the curves to which the 
vectors are tangent form a normal geodesic congruence and that 
any two V,-1’s orthogonal to the congruence can be brought into 
coincidence with one another by a motion in which each point 
describes the same distance, that is, by a translation. We observe 
that (23.15) satisfies the conditions of the second theorem of § 70 
and that in this case . 

(72.1) Giese = const, 


which from (70.3) is seen to be a necessary and sufficient con- 
dition that an infinitesimal motion be a translation. 

If the coérdinates are chosen so that the components of the 
infinitesimal translation have the components (66.11), then (70.5) 
must hold and from (72.1) it follows that g,, must be constant. 
From this result and the second theorem of $19 we have:* 

The paths of a motion are geodesics, when, and only when, the 
motion is a translation. 

The spaces for which the tangents to the paths form a field of 
parallel vectors are only a particular type of spaces admitting 
translations. The following theorem gives a geometrical charac- 
terization of the general case: 

A necessary and sufficient condition that a field of unit vectors 
be such that the vectors at points of any non-minimal geodesic whatever 
make a constant angle with the geodesic is that the vectors be tangent 
to the paths of a translation. 

Let C be any geodesic along which the coérdinates are expressed 


in terms of the arc. The cosine of the angle at each point of C 


J 
between the vector & and C' is ye ee For this to be constant 


ds 
we must have 
* Bianchi, 1918, 4, p. 499. 
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ax" daw\ dx li da a | 
[5 ) = Ez ds +8 (5 as 


ds \ ds ds 


_ 5, deh dak 
ee ee 

Since this condition must be satisfied for every C, we must have 
(70.2), and since the vector is a unit vector, the theorem is proved. 

As a corollary of these two theorems we have: 

The paths of two translations meet under constant angle. 

Also from this result and the first theorem of § 71, we have: 

If So): for 6 = 1,---,p are the components of imfinitesimal 
translations of a Vn, so also are a® §¢|;, where the a’s are arbitrary 
constants. LL 

For, in this case gy a? &\" a" &/ =a" a" gy 5)" &:/ = const., 
since gi §\° 4; = const. for ¢,c—1,--., p. 

73. Geometrical properties of the paths of a motion. 
If §; are the components of an infinitesimal motion, not a trans- 
lation, and we put 
(73.1) opens Ania, 


where 4,;; are the components of the corresponding unit vector- 
field, and associate with Ay); »—1 other unit vectors forming an 
orthogonal ennuple with it, equations (70.2) become in consequence 
of (30.2) 


(73.2) 2 C1 Om (Y¥ntm + Ynmi) Ani Amij— Wj Anli— Wi Any = 0. 


Multiplying by ait Mg for p,y =1,---,m—1 and summing for 7 
and 7, we get 
(73.3) Ynpq t+ Yngp = 0 (p,g == 1, 


If (73.2) be multiplied by 4,)’ and summed for 7, we have 
(73.4) Se Y¥mnn dm jb Cn UD pare Wi dnl? Ant j = 0. 

mm 
If we multiply (73.4) by an” and sum for j, we get 


(73.5) dn Wi = 0, 
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and consequently (73.4) reduces to 
(73.6) Yj =— yD One Am\j- 


Conversely. when (73.3) and (73.6) are satisfied, so also are (73.2) 
and (73.5). Hence (73.3) and (73.6) constitute a necessary and 
sufficient condition that the congruence of curves 2,; be the paths 
of a motion. 

When p + q, equations (73.3) are the condition that the con- 
gruences 4,); for p —1,---, 7 —1 be canonical with respect to Anti 
(Cf. § 38). From (30.16) we have Ani tr’ = ym (1+ n). Hence 
equations (73.3) for p = q are necessary and sufficient conditions 
that the curves of the congruences 4," for 74+” be geodesics, or 
that their principal normals be orthogonal to the paths. Moreover, 
from (30.14) and (73.6) we have 2n\" Anij,k = en W,j; consequently 
the principal normals to C are normal to a family of surfaces 
w = const. Hence we have the following theorem of Ricci:* 

In order that a congruence C of curves be the paths of a motion, not 
a translation, 7t is necessary and sufficient that (1) anyn—1 mutually 
orthogonal congruences orthogonal to C be canonical with respect 
to C; (2) the curves of any congruence orthogonal to C be geodesics 
ov their principal normals be orthogonal to the curves of C at corre- 
sponding points; (3) the principal normals to the curves of C form 
a normal congruence. 

From (73.6) and (35.9) we have: 

When the paths of a motion, not a translation, form a normal 
congruence, the hypersurfaces orthogonal to the paths are isothermic. 

When the paths C are geodesics, and consequently the motion 
is a translation, equations (73.6) are satisfied identically in con- 
sequence of (30.15). Hence: 

In order that a congruence of geodesics be the paths of a trans- 
lation, it is necessary and sufficient that conditions (1) and (2) of 
the above theorem be satisfied. 

74. Spaces V, which admit a group of motions. We 
consider first the case of a group of motions G, of a Vz, take the 
components in the form (66.11), and choose the curves of param- 


*1899, 1, p. 79; also Ricci and Levi-Civita, 1901, 1, pp. 173, 608. 
‘ 16 
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eter z* orthogonal to the paths. Then g,, = 0, and from (70.1) 
we find that g,,; and gg are independent of xt, so that by a suitable 
choice of «®, we have 


(74.1) @ = grr (dx) + & (da), 


that is, V, is applicable to a surface of revolution, if y is definite. 

In order to determine whether a V, can admit more than one 
motion, we consider the equations of Killing for the form (74.1). 
They reduce to 


wg O91 0 &} Q 1 ae 0 & 
ees wy es > a eg — = oy > = {) 
> se ¥ 2918 0a 0 IG 9 + 8 Or os “Oia 


rom the third of these equations, we have &* — X,, where X, 
is a function of xz’ alone. Indicating by primes derivatives with 
respect to the arguments, from the first two we have 


Qe eros Von @ & Cee 
TA = SS yy = ‘ SSS Xx: . 
en det as ax Ox Pea 
of which the condition of consistency is 
ao 96? lds Veg See, 
(74.3) Vi eset ee 


where c is a constant, since the first and second terms of this 
equation are independent of «* and «* respectively. Equating to 
zero the derivatives of the first term with respect to x*, we find 
from the resulting equation that = oe 

Vou 022 
a constant. Then from (15.8) we have Rais = 911k, that is, Vo 
is of constant curvature. For a given V. the constant ¢ in (74.3) 
is determined, and the general solution of Xi’ = ce, X; involves 
two arbitrary constants. Another is introduced in the determination 
of §* from (74.2). Hence the general group is a Gs, and since the 
rank of J/ (66.20) is two, the group is transitive. Thus we have 
the theorem, well-known for the case where ¢ is definite:* 


* 1909, 1, pp. 823, 326; Bianchi, 1902, 1, p. 508. 


=k, where & is 


74. Spaces V2 which admit a group of motions QA 
The fundamental form of any surface admitting aw continuous 
deformation is reducible to (74.1), where 911 ts independent of x’, 
and the group involves one parameter, unless the surface is of 
constant curvature; in the latter case the complete group is a Gs. 
In order to determine whether Vz can admit a sub- eroup Ge of 
motions, we have that (66.16) must hold for On py ala 
There are two cases to consider, according as the constants of 
composition are zero or not. In the former case we have 


(74.4) (X4, Xe) ye ame 


called the Abelian case, and in the latter linear combinations with 
constant coefficients of X,f and Xf can be made so that 


(74.5) WA) 


We choose the paths for the codrdinate lines, which is possible in 
consequence of the fourth theorem of § 70. Then &)? = &)! = 0. 

For the case (74.4) we have that &' is a function of x! alone 
and &)* of « alone. Hence the codrdinates can be chosen so 
tates E7715 thats, 


2 0 0 
(74.6) Yyf= ae Sa ae RLY 


From the equations of Killing (70.1) it follows that yg are con- 
stants, and consequently V2 is an Sg. 
For the case (74.5) we have 
0S)7 8 log §4j7 
dx? Oe? 


as == boi" 


Hence the coérdinates can be chosen so that So)? = 1, £1)! = e-*. 
From (70.1) we have 
OG OGis, 0 Ofie 0 dss 


Ne eg 2px 


and consequently 
42 gn = 4 ge = ae +b, go = al(w')?+2ba'+¢, 


* Bianchi, 1918, 4, p. 235. 
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where a, b and c are constants. The generators are 


20 ) 
(74.8) xpa et tl, yp = Zhe 


In this case the curvature of V2 is a/(b?— ac)t. 

75. Intransitive groups of motions. Since the group induced 
by a G; upon a minimum variety is transitive (§ 67), the problem 
of finding the groups of motions of a V, is reduced to the problem 
of transitive groups by means of the following theorem due to 
Fubini:¢ 

Tf a space Vn admits an intransitive group of motions G,, which 
is the complete§ group for Vn or one of its sub-groups, the group in- 
duced on any minimum variety Vn—x has r parameters, and the finite 
equations of Gy are reducible by a suatable choice of codrdinates to 
those of a transitive group on n—k variables. 

We recall from § 67 that the order n—k of the minimum 
varieties is the rank of the matrix M (66.20), that there passes 
one of these varieties Vn—x through every point, and that if the 
induced group on any V»—x is not of order r, there exists a sub- 
group Gg of G, leaving this V,—x point-wise invariant. Let Po be 
a point of Vr, Vn—x the minimum invariant variety through Py 
and P be any point of V, not in Vy—x. Consider now the Vn=ha 
consisting of an infinity of invariant V,—x’s including V,_, and 
the one through P; this evidently is an invariant variety of G,, 
and in particular of the sub-group Go leaving Vn—z point-wise in- 
variant. In Vn—zii1 draw the geodesics of Vn—xz4i1 normal to 
Vee. Any motion of G, induces a motion in Vp—r+1 which sends 
geodesics into geodesics, preserves angles and distances (§ 70). 
In particular, any transformation G, holds the points of V,_% 
fixed and consequently all the points of the geodesics fixed, and 
in particular P. Hence Go consists of the identity and thus the 
first part of the theorem is proved. 

In order to prove the second part, we consider a hypersurface 

* Of. Bianchi, 1918, 4, p. 510. 

t Cf. 1909, 1, p. 155. 

$1903, 4, p. 40; also Bianchi, 1918, 4, p. 514. 


§ By the complete group we mean the group with the maximum number of 
parameters which satisfies the conditions of the problem. 
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Sif, consisting of invariant V,_;’s. It is an invariant variety 
of G, and the induced group of Vy_1 contains + parameters, by 
the first part of the theorem. Consider Vn referred to V,_, and 
the hypersurfaces geodesically parallel to it (§ 19) as the spaces 
x = const., z' being the distance measured from V,_, along a 
geodesic normal to it, in which case the latter is the hyper- 
surface zt = 0. For each motion of G, each of the hypersurfaces 
«* == const. moves into itself just as V,1 does. Suppose further 
that the other codrdinates z*,---, a are chosen in any manner 
whatever so that the normal geodesics are the curves x? = const., ---, 
x” = const. Since the geodesics are interchanged among them- 
selves in a motion, it follows that the codrdinates 7”, -.-, 2/” of 
a point on one V1 into which a point of codrdinates x”, ---, a” 
goes are the same for any other V,-1, and consequently the finite 
equations of any motion are of the form 


gl == x al = gi (@,---, 2") G=2, ++, 2), 


Thus for the space V;,1 we have shown that the finite equations 
can be put in the form stated in the theorem. If k>1, we take 
Vn—z in place of V, in the above process and reduce the equations 
to those in »—2 variables and so on, which proves the theorem. 
76. Spaces V3; admitting a G, of motions. Complete 
groups of motions of order n(n-+1)/2—1. A group Gy of 
a V3; is intransitive and from the fourth theorem of § 70 it follows 
that the minimum invariant varieties are V2’s. From § 75 we have 
that the induced group on these varieties is a G, and from § 74 
that their curvature is constant. From the last theorem of § 70 
it follows also that they are geodesically parallel, and that if they 
be taken for the surfaces x* — const., then £5)" 0 for o=—1,2 
and & 4)" for 71,2 are independent of «*. We take for the 
curves z' = const., «® = const. the geodesics orthogonal to one 
of the surfaces ~* = const., at points of the paths, and write the 
fundamental form 
(76.1) g = gy dx dx) + es (dz*)? G,9 == 1.2). 


For this particular surface the infinitesimal transformations are 
given by (74.6) and (74.8), and from the preceding observations 
these are the generators for V3. 
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In order that equations (70.1) be satisfied by the transformations 
(74.6), it is necessary and sufficient that gj be functions of 2° 
alone, subject only to the condition 91; g22—92° +0. In order 
that equations (70.1) be satisfied by the transformations Se 8), 1 
is necessary and suificient that 


(76.2) 1 = @, gre = oa +B, Gee == a (a)? + 28a'+y7,.: 


where «, 8, y are arbitrary functions of x* such that ay — 6? + 0.., 
In the former case the curvature of the surfaces 2° = const. is 
zero, and in the latter «/(8*— ay) (cf. § 74).* 

By means of these results we shall show that a V3 cannot admit 
a complete group G; of motions. The group cannot be intransitive, 
otherwise a family of surfaces (the minimum varieties) would admit 
a Gs, which is impossible since 5>(2-3)/2. Hence the group. 
must be transitive, and the sub-group of stability (§§ 66, 67) of 
any point Py is of order 5—3=— 2. If there were such a Gs, 
the points at a constant geodesic distance from Py would constitute 
a minimum invariant variety, and thus we should have a family 
of geodesically parallel invariant varieties. This is the case just 
considered, and from the form of the transformations (74.6) and 
(74.8) it follows that all the transformations of such a Gs are of 
order zero (§ 66), and consequently there cannot be an invariant 
point.t 

We are now in a position to prove the following theorem due 
to Fubinit 

A Vn for n >2 cannot admit a complete group of motions of 
order n(m-+-1)/2 —1. | 

We prove this theorem by induction, assuming it to hold for 
aVy+1. Ifa Vy, admits a G, with r= n(n+1)/2 —1, it must 
be transitive; otherwise by the theorem of § 75, a variety of order 
n—1, or less, would admit a group of this order, which is im- 
pectic since a V,-1 can admit at most a group of order n(z—1)/2. 
If G, is transitive, there is a sub-group of order 7; =r—vn 
= n(n —1)/2 —1 leaving a point P, fixed, which is a group of 


-* Of, Bianchi, 1918, 4, p. 542. 
+ Cf Bianchi, 1918, 4, p. 540. 
£1903, 4, p. 54. 
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motions of c' V,_1’s, the loci of points at constant geodesic distance 
from P). But this is contrary to the assumption that the theorem 
holds for a V,1. Since we have shown that the theorem holds 
tor a Vs, the proof is complete. 

77. Simply transitive groups as groups of motions. When 
for a group G, in » variables the matrix (66.20) is of rank n, the 
group is called simply transitive. We shall prove the following 
theorem due to Bianchi:* 

Any simply transitive group in n variables is the group of motions 
(complete or partial) of an infinity of spaces Vy. 

Let §° for i,7=1,---,” be the components of the infinitesimal 
transformations of the group, and denote by 4; the cofactor of 
=; in the determinant |£)"! divided by this determinant; then 


(77.1) AE’ = Oh, AGS 


In order that the group may be a group of motions it is 
necessary and sufficient that the equations of Killing 


- fe oo 
ess = k OGij Osi _8$i) 
ED) Sy 5k 1 Jib ei oh RA 


admit a set of solutions yi; symmetric in 7 and j. Multiplying 
by A‘ and summing for /, we have 


i 0 Gij tt h 
(TiS) ae = girl wb ghj Vy, 
where : 

: asy i 
(77.4) Dig = — er. 


The conditions of integrability of (77.3) are 


(77.5) Gil Bott wy (ge Gre 


* 1918, 4, p. 517. The method used in this section is different from that used 
by Bianchi. The latter considers also (pp. 522-524) the case when the group 
is not simply transitive. 
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where 
ieee de 
(77.6) Bt — oe i 


nm ql I ail 
9 at 8 att + Tj, Lb Jt re 


It is our purpose to show that the B’s are zero and consequently 
the system is completely integrable, and thus prove the theorem. 
From (77.1) and (77.4) we have 


(77.7) ri =k 


Multiplying (77.4) by &j” and summing for 7, and (77.7) by 4}, and 
summing for h, we get 


a& . 
(77.8) ae =r 
and 

a Al, ae 
(77.9) a ANT. 


Since the &’s are components of a group, we have from (66.16) 


aay it. Cait 
ee He k OS rel 
$1 5 = aie Emi aa =— Clim. gH = 


Multiplying by 4; A?” and summing for 7 and m, we have in con- 
sequence of (77.1) and (77.4) 


(77.10) re rae ry Se Ci. eae ie Aj’ ‘ 
By means of (77.10) equations (77.6) can be written 


OD. OL pilus aes ee ke 
On Ox" + ona! Le (Fo i) celal bat (Sp) Aj 4')| 


Ds 
+ Dp Pint — DH Dine 
Substituting from (77.4) in the first two terms of the right-hand 


member and reducing the resulting expressions and the next two 
terms by means of (77.8), (77.9) and (77.7), we obtain 


Exercises 249 


rp nll Be ym ‘ l 
Be — rm Ly Dn Ls ee I | is ns ae BS 
+ C p [ AM nm ( r Phe A cig Ty 
hk Oy En] tm Ay — Tee t) aie En" ( t 
h se k Mm h m 
+ A; ee roca A; fs Ti; ae Aj Ay Ly ) . 


By repeated application of (77.10) to the right-hand member of this 
equation, we have, in consequence of the first of (66.17) and (77.1) 


Os ee, Fe et Ne Au esin 1h Ae «40 k 4a 4b 
B int = Chk Cab §p| (At Aj A; + A; Aj Aj -+ Aj A; At) 


SS al (Saye) h p h DP <c Lb yk sa 4b 
= (car Che + Cra Cre’ + Con Cha’) Sp Ag Aj Ar. 


From the second of (66.17) it follows that the B’s are zero and 
hence the theorem is proved. 


Exercises 


1. When the paths of a motion form a normal congruence, the lines of 
curvature of the orthogonal hypersurfaces are indeterminate. 
2.A surface admits a translation, when, and only when, it is flat. 
Bianchi, 1918, 4, p. 507. 
3. If a V, admits a translation, the surface formed by an infinity of paths of 


translation is flat. Bianchi, 1918, 4, p. 501. 
4. When a V, admits a system of codrdinates for which 9,, = const. for 
o =1,---,r and the other g’s are independent of x°, then the V, admits 


a group G, of translations, the curves of parameters x being the paths. 
5. When the paths of a translation form a normal congruence, the orthogonal 


hypersurfaces are totally geodesic. Struik, 1922, 8, p. 157. 
6. If the rank of M (66.20) for an intransitive group G, of motions of a V,, 
is m, then r < m(m-+1)/2. Bianchi, 1918, 4, p. 515. 


7. If a V, admits an intransitive group G, of motions, where r = n(n —1)/2, 
the minimum invariant varieties are a family of geodesically parallel hypersurfaces 
of constant curvature. Bianchi, 1918, 4, p. 544. 

8. A group is said to be Abelian, when the constants of composition (§ 66) 
are zero. Show that for an Abelian group G,, for r < n, the coérdinates can 


pe chosen so that fo = Oo. Bianchi, 1918, 4, p. 260. 
9. When a V, admits a simply transitive Abelian group of motions, it is an s, 
and the group is that of translations. Bianchi, 1918, 4. p. 521. 


10. When a V, admits an Abelian group G, (r<n) of motions, the minimum 
invariant varities are of order y and are flat spaces. 
11. Show that equations (71.2) can be written 


gm R — fe Rm ie A op +6¢ é 


é Rn 
Ss igkl, m “jg eas k a iy jk m ee ikl? 
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and that, when they are multiplied by y* and summed for j and k, the resulting 
equations are 
() SA ee eee 


il, m 


12. If a space admits a motion and also an orthogonal ennuple A,/ of Ricei 
principal directions, when equations (1) of Ex. 11 are multiplied by 4, A. and 
summed for 7 and J, the resulting equations are reducible according as h = k 
or h+k to the respective sets of equations (Cf. §§ 38, 34) 


7 = 0, 


0, = er) [&” 2 CV xe hi) a - A! hj g, =a) 3 

where g, are Ricci principal invariants. Show that these invariants are invariant 

under the transformations of the group generated by &. Ricci, 1905, 1, p. 490. 

13. When a space admits a transitive group of motions and an orthogonal 

ennuple of Ricci principal directions, the Ricci principal invariants are constant. 

Ftieci, 1905, 1, p. 491. 

14. If a space admitting a motion is referred to an orthogonal ennuple 4,/', the 
invariants a, and b,,, defined by 


“ x7 2 ~ ; , 
st —— i = pers 4 
OS? 2 Cn, a. Se ies oe ee, Di. ge Meigs 
satisfy the equations 
0 ai : 
J ‘ 
0b, 


Ve JS ; j 
Sich qane rad €, (a, Trait 43 b,, la b,, y ie 


in consequence of (71.1) to which they are equivalent. Moreover, equations (71.2) 
are equivalent to 


\ eeaany: ! = os: 
p> GG Vsseay b, Meares Din Vee ale b,. Ysa b,, a) =U; 


where 
oid — PR ia Ce Ge Wee Pe eae 
Ves Fe ay fee er eine 


Ricci, 1905, 1, p. 489. 


15. Show that the invariants y,,,, of Ex. 14 are expressible in the form 


OyY,, 
Ahk S 
Leia) ~ 9, 8, == te = a O a ink ot Vg Vvie aie rhe Y igen Tie Bers® V yur) é 
Ricci, 1905, 1, p. 489. 
16. If a space admits an orthogonal ennuple of Ricci principal directions and 
the corresponding invariants Vij 8% Zero when more than two of the indices 
are different, the space is called regular by Ricci. Show that when a reguiar 


space admits a motion all of the invariants Ving 8% invariant for the motion; 
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also that if the space admits a transitive group of motions, these invariants 
are constant. Ricci, 1905, 1, p. 491. 

17. Show that the functions I,’ defined by (77.7), for two sets of codrdinates 
satisfy equations of the form (8.1) in which the Christoffel symbols are replaced 


by I”s; and that if ie are the Christoffel symbols formed with respect to the 


: 
fundamental form of the space, then J” -{ an are the components of a tensor. 


18. If &)* are the components of an orthogonal ennuple and A? have thie 


significance of § 77, the functions I’), defined by 


9 At 
= ee 
Lae “1 Oot? 


satisfy equations of the form (8.1) in two codrdinate systems; also 


ci as. 0 Ay 

(1) “Weagest e. Ii = 0, a 
19. Equations (1) of Ex. 18 may be interpreted as the vanishing of the first 
covariant derivatives of the vectors &,” and Ay for covariant differentiation de- 
fined by replacing the Christoffel symbols by corresponding Is. Show that the 
eovariant derivatives so defined are tensors. Hisenhart, 1925, 12, p. 248. 
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Matpines, 101-108. 


Mean curvature, of a V,, for a direction, 
118; of a hypersurface, 168; of a sub- 
space, 168, 178. 


Mean curvature normal, 169, 170, 178, 185. | 


Metric of a space, 34, 35. 
Meusnier’s theorem, generalization of, 152. 


Minimal, curve, 37; geodesic, 51, 210; 
surface, 177, 184: variety, 177-179, 
184, 186. 


Motion, in a space, 87, 88; infinitesimal 


? 


234, 235, 237, 239, 249; paths of, 235, | 


| 


| Normal, 


Index 


239, 240, 241, 249; of an S, into it- 
self, 192; of a space of constant cury- 
ature into itself, 204, 207, 238; see 
Group of motions. 

Murnaghan, 102, 107, 256. 

*rols? 189. 

N-tuply orthogonal systems of hyper: 
surfaces, 43, 44, 117-124, 188, 155, 
158, 220. 

Normal, to a hypersurface, 41, 158; null, 
41; toa V, ina V,,, 47, 140, 143-146, 
192; principal, to a curve, 61, 107; 
mean curvature, 169, 170, 178, 185. 

congruences, see Congruences; 
codrdinates, 55; curvature of a curve 
in a subspace, 150-154, 158, 165, 193. 

Null vector, 36, 38, 41, 111, 112. 

Q,,, 147, 158, 168. 

Q oy» 160. 

oo, ATS; 14: 

Wij? VTL, 174. 

Order, of a tensor, 9, 10; of an infini- 
tesimal transformation, 224. 

Orthogonal ennuples, 40; number of, 40; 
determination of tensors, 97; of Schmidt, 
103,104; ofnormal congruences, 117-119, 
128, 140; canonical, 125-128, 139, 140, 
154, 241. 

Orthogonal systems of hypersurfaces. see 
N-tuply orthogonal ete. 


| Osculating, geodesic surface of a curye, 


62; geodesic variety, 167, 176, 185, 186. 
Outer product, 12, 29. 


| Parallel displacement of a vector, 65-67, 


19509385 184: 

Parallelism of vectors, 64; in a sub-space, 
74, 75, 167; tangent to a sphere, 76; 
tangent to a V,, 79, 175; normal to a 


hypersurface, 158; in a totally geodesic 


sub-space, 184. 
Parallel vectors, fields of, 67-72, 142, 
” 185, 239. 
Paths of a continuous group, 222, 231, 
235, 239, 240, 241, 249. 
Peres, 00, 09, Goran 4s 
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Index 


Point, 1; umbilical, 179, 185. 

Poisson operator, 70. 

Principal, congruences, 110, 118; direc- 
tions, 107-114, 124, 181, 199, 219; 
invariants, 110, 124; normal to a curve, 
61, 107; radii of normal curvature, 
153,158; 193. 

Projective, curvature tensor, 135; plane 
space, 135. 

Quadratic differential form, 22; equi- 
valence, 23-26, 86-88; signature, 23; 
positive definite, 23; transformation, 
24, 86; of constant curvature, 25, 85, 
93, 206, 218, 219; fundamental, 34; 
Liouville form, 60; second and third of 
a hypersurface, 150, 155, 156, 219. 

RP, 19. 

R,,, 21. 

Rh, 22-83: 

Radius of, curvature of a curve, 61, 107; 
normal curvature, 150-154, 158, 165, 193. 

Regular space, 250. 

Relative, curvature, see Curvature of a 
curve; tensor, 31. 

Relativity, 34, 37, 
188, 189. 

Riccio, ela, 215 22) 30, 31, 97, 107, 
Pel Gal 24 2S 1275) 139; 
140, 159, 163, 172, 174, 181, 183, 184, 
188, 190, 241, 250-253, 256. 

Ricci, identities, 30; principal directions, 
114, 181, 199, 219; tensor, 22, 32, 47, 
92, 93, 113, 114, 185, 200. 

Riemann, 34, 53, 80, 86, 252. 

Riemann, symbols, 20, 21; tensor, 20, 25, 
30, 32, 33, 44, 47, 81-84, 93, 159, 162, 
Li2; 180) ASie 21212) 237. 

Riemannian, metric, 35; geometry, 35; 
space, 35; codrdinates, 53-55; form of 
the linear element, 86; curvature, 79-81, 
113, 159. 

Rotation, coefficients of, 97-100; in an 
ea dpe 

‘S,, 84; spaces conformal to an, 91-93, 
121-124, 182, 214-218; n-tuply or- 


51, 83, 113, 140, 
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thogonal systems in, 121; sub-spaces, 
187-220; applicable hypersurfaces, 200. 
201; motions, 87, 192. 

Sbrana, 201, 253. 

Scalar, 6; curvature of a space, 83, 157. 

Schmidt, 104, 253. 

Schouten, 16, 22, 65, 92, 98, 124, 125, 
134, 182, 185, 199, 200, 254, 255. 

Schur, 83, 252. 

Schwarzschild, 93, 188, 254. 

Severi, 64, 254. 

Signature of a quadratic differential 
form, 23. 

Six-vector, 12. 

Sommerville, 254. 

Space, n-dimensional, 1; see Hinstein 
space; see Euclidean space; metric, 
34; Riemannian, 35; flat, see Flat and 
S,,; homogeneous, 114; projective plane, 
135; regular, 250. 

Space of constant Riemannian curvature, 
83; isometric correspondence, 84; mo- 
tions, 86-88, 204, 207, 238; fundamental 
form, 25, 85, 93, 206, 218, 219; spaces 
conformal to, 91, 219; hypersurface, 
157, 159, 212, 213, 218-220; geodesics, 
134, 189, 207-210, 213, 219, 230; geo- 
desic correspondence, 134; applicable 
hypersurfaces, 212; sub-spaces, 212; 
n-tuply orthogonal systems, 220; in- 
finitesimal transformations, 230, 232; 
linear first integrals of the equations 
of geodesics, 239. 

Spaces, tangent, 75; applicable, 75, 84, 
200, 201, 212; conformal, 89; conformal 
to an S,,, 91-93, 121-124, 182, 214-218; 
conformal to an Hinstein space, 93-95; 
with corresponding geodesics, 131-139, 
141. 

Space-time continuum of a perfect fluid, 
140. 

Stdckel, 130, 140, 252. 

Struik, 92, 93, 134, 181, 185, 186, 188, 
199, 200, 249, 254, 255. 

Sub-group of stability, 225. 


262 


Surface, geodesic, 62, 79,81; of translation, 
175, 184; minimal, 177, 184. 

Synge, 65, 255. 

Tangent, to a curve, 6; sub-spaces, 75. 

Tensor, covariant, 9, 10; contravariant, 
9, 10; mixed, 9, 10; symmetric, 11; 
skew-symmetric, 11; order, 9, 10; zero, 
11; contraction, 18; conjugate, 15; 
associate, 16; rank, 16; see Riemann 
tensor; see Ricci tensor; relative, 31; 
divergence, 32; fundamental, 


Or 
O03 


conformal curvature, 91; whose first 


covariant derivative is zero, 28, 29, 
107, 124, 141, 142; satisfying equations 
(8.10) and (8.11), 32, 48. 

Tensors, addition, subtraction, multipli- 
cation of, 12; outer product, 12, 29: 
inner product, 13, 29; composition, 13; 
quotient law, 14. 

Tensor density, 31. 

Thomas, J. M., 94, 141, 256. 

Thomas, T. Y., 69, 141, 255, 256. 

Totally geodesic sub-space, 183-186, 249. 

Transformations of codrdinates, 1, 23-25, 
55, 141; linear, §, 55; linear fractional, 
141; of a group, 221, 223; conformal, 
230-233. 

Transitive group, 225, 236, 247, 249-951. 

Translation, 72, 192, 239, 241, 249: 
surface of, 175, 184. 

Umbilical point, 179, 185. 

V,, 1; elemental, 8, 39; curvature, 80, 
81, 88, 118, 157, 159; conformal to an 
S,,, 91-95, 121-124, 182, 214-218; class, 
188; of class one, 197-200; evolutes, 
193, 198. 

V, in a V,,, equations, 44; metric prop- 
erties, 45, 48; normals, 41, 47, 140, 
143-146, 158; parallelism, 74, 75, 167; 
associate directions, 74, 75, 167; geo- 


{ 


Index 


desics, 74; equations of Gauss and 
Codazzi, 163, 172; normal and relative 
curvatures of a curve, 150-154, 158, 
164, 165; second fundamental form, 
166; conjugate directions, 166, 167, 
175, 176; asymptotic directions, 166; 
asymptotic lines, 167, 175, 176; lines 
of curvature, 168; mean curvature, 
168, 178; mean curvature nermal, 169, 
170,178; relative curvature, 174; totally 
geodesic, 183-186, 249; in an S,;,, 
195-197 ; ofconstant curvature, 210-214. 

VY, nan S,,,, equations, 187; equations 
of Gauss and Codazzi, 190, 197, 198; 
motion, 192; eyolutes, 193, 198; lines 
of curvature, 193, 198, 199; principal 
radii of normal curvature, 193, 198. 

Veblen, 69, 133, 141, 255, 256. 

Vector, contravariant, 4, 5, 10, 39; co- 
variant, 7, 10, 39; divergence, 32, 47; 
magnitude, 35; unit, 36, 40; null, 36, 
38, 41, 111, 112; parallel displacement, 
65-67, 79, 93, 184; associate direction, 
73-78, 105, 157, 167; associate cury- 
ature, 75, 106, 164; relative curvature, 
151, 165; normal curvature, 165. 

Vectors, angle of, 37, 38; orthogonality, 
38; mutually orthogonal, 40, see 
Orthogonal ennuple; parallelism, see 
Parallelism and Parallel vectors. 

Vector-field, 5, 36; see Parallel vectors. 

Verjiingung, 13. 

Volume, element of, 177, 179. 

Voss, 150, 154, 163, 166, 252. 

W*., 135, 141. 

Weierstrass, coérdinates of, 204-210. 

Weight of a relative tensor, 31. 

Weyl, 65, 91, 92, 183, 185, 254. 

Wilson, 1, 254. 


The results of paragraph 31 were based upon material presented by Professors 
Veblen and J. W. Alexander in their lectures before the appearance of the paper by 
Murnaghan. 1925, 7. 
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